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1. Introduction

Certain difference equations of type

xn+1 = fn(xn, xn−1) (1)

have a symmetry in their forms that can be used to reduce the order of the
equation by substituting a new variable for the symmetric form. This feature
was exploited in Sedaghat [8] in the case, where each fn is homogeneous of
degree 1 (or HD1), i.e., fn(tu, tv) = tfn(u, v). If every fn is HD1 then the form

symmetry is easy to identify when equation (1) is written as

xn+1 = xn fn

(

1,
xn−1

xn

)

or
xn+1

xn
= fn

(

1,
xn−1

xn

)

. (2)
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If we define tn = xn/xn−1 then (2) can be written as a first order equation

tn+1 = gn(tn), gn(t) = fn

(

1,
1

t

)

. (3)

Information about each solution {tn} of (3) can then be translated into
information about the corresponding solution of (1) using the linear first order
equation xn = tnxn−1. A substitution of type xn−1/xn also works in this
problem. Form symmetries in the above sense simplify studying the behaviors
of second order difference equations in, e.g., Dehghan et al [2], Kent et al [5],
Sedaghat [7] and Sedaghat [8]. Non-HD1 difference equations can also possess
form symmetries that allow reduction of their orders; see, e.g., Dehghan et al
[3] and Sedaghat [7].

No single general procedure is known for identifying possible form symme-
tries (or achieving order reductions) in non-HD1 equations. In this paper, we
use semiconjugacy to define form symmetries in a sufficiently general way to
include all of the above-mentioned cases. We use a procedure based on solving
a partial differential equation for deriving specific formulas. This partial differ-
ential equation is easy to solve in the case of separable difference equations, i.e.,
equations of type (1) in which the function f factors as

f (n, u, v) = α(n)φ(u)ψ(v), or in sequential notation:

fn(u, v) = αnφ(u)ψ(v). (4)

Separable difference equations of this type are usually not HD1 so our order
reduction results are complementary to those in Sedaghat [8].

We note that there are some similarities in methods and applications (such
as reduction of order) between form symmetries and Lie symmetries. However,
these symmetry concepts are different in the following sense: Form symmetries
are sought in the difference equation itself, whereas Lie symmetries are sought
in the solutions of the difference equation. For discussions of Lie symmetries of
difference equations see, e.g., Hydon [4] and Maeda [6].

2. The Semiconjugate Form

The unfolding or vector form of equation (1) is defined as

(xn+1, yn+1) = Fn(xn, yn) = [fn(xn, yn), xn].

Each map Fn(u, v) of two variables is semiconjugate to a map gn(t) of one
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variable if there is a function H such that for every n,

H ◦ Fn = gn ◦H. (5)

We refer to each mapping gn as a semiconjugate factor of the corresponding
Fn and call the function H a form symmetry. For an introduction to semicon-
jugacy for real functions and a discussion of topological issues relating to them
see [9].

In this paper we consider only form symmetries of type

H(u, v) = uh(v) , (6)

where h is a function of one variable. This restriction on H is not necessary
in general but it gives some natural symmetries for equation (1) which is of
recursive type; i.e., xn+1 is given explicitly by the functions fn in terms of xn

and xn−1. With H defined by (6), identity (5) takes the form

fn(u, v)h(u) = gn(uh(v)). (7)

If each fn is HD1 then defining h(t) = 1/t in (7) gives fn (1, v/u) = gn (u/v)
as in (3) with form symmetryH(u, v) = u/v. Generally, if (7) holds then setting
tn = xnh(xn−1) gives

gn(tn) = fn(xn, xn−1)h(xn) = xn+1h(xn) = tn+1.

Hence, the second order difference equation (1) with initial values x0, x−1

is equivalent to the following system of first order equations

xn+1 =
tn+1

h(xn)
, (8a)

tn+1 = gn(tn), t0 = x0h(x−1). (8b)

System (8) effectively uncouples the second order equation into a pair of first
order equations in which (8b) is independent of (8a). Thus (8) is a triangular
system, where information about a solution {tn} of (8b) can be translated,
using (8a), into information about the corresponding solution {xn} of equation
(1). This feature of triangular systems is commonly used in studies of periodic
and non-periodic solutions of difference equation; see, e.g., Alseda [1], Dehghan
et al [2] and [3], Kent et al [5], Sedaghat [7] and Sedaghat [8].

To obtain system (8) we need to solve the functional equation (7) for the
unknown functions h, gn. A possible approach is the following: Suppose that all
functions involved are continuously differentiable and take partial derivatives
of (7) with respect to u, v (using the prime notation in single variable cases) to
obtain

fn h
′(u) +

∂fn

∂u
h(u) = g′n(uh(v))h(v) , (9a)
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∂fn

∂v
h(u) = g′n(uh(v))uh′(v). (9b)

Since equations (9) must hold for all (u, v) we may eliminate g′n from them
to obtain

ufnh
′(u)

(∂fn/∂v)h(u)
+
u∂fn/∂u

∂fn/∂v
=
h(v)

h′(v)
. (10)

It is necessary to find a solutions h of this PDE. In the next section we do
this for separable functions fn defined by (4).

3. Separable Equations

In this section we show next that the PDE (15) is separable and can be solved
easily in the case of the separable difference equation

xn+1 = αnφ(xn)ψ(xn−1), αn, x0, x−1 ∈ (0,∞) , (11)

with continuously differentiable functions

φ,ψ : (0,∞) → (0,∞). (12)

Our main result on equation (11) is stated next. To see why it is important
to consider the set C of complex numbers in this result we refer to Example 1
below.

Theorem. If there is c ∈ C such that

ψ(t)φ(t)c = tc
2

for all t ∈ (0,∞) (13)

then equation (11) has form symmetry of type (6) with h(t) = ψ(t)1/c or
h(t) = tc/φ(t), depending on whether ψ or φ is solved for in (13). Accord-
ingly, equation (11) reduces to the triangular system (8) where (8a) is either
one of the following

xn+1 = tn+1ψ(xn)−1/c or xn+1 = tn+1x
−c
n φ(xn)

and (8b) is given by

tn+1 = αnt
c
n, t0 = x0ψ(x−1)

1/c = x0x
c
−1/φ(x−1).

Proof. Let us first note that if the number c in the statement above is real
then the function h there is a self-map of (0,∞), i.e.,

h(0,∞) ⊂ (0,∞). (14)

It is easier to first find h satisfying (14) for a real value of c and then extend
to complex c. If (14) holds then defining the new variable σ(t) = lnh(t) we
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may write equation (10) more simply as

ufn

∂fn/∂v
σ′(u) +

u∂fn/∂u

∂fn/∂v
=

1

σ′(v)
. (15)

If fn is given by (4) then

∂fn

∂u
= αnφ

′(u)ψ(v),
∂fn

∂v
= αnφ(u)ψ′(v).

Inserting these functions and fn into (15) gives

uφ(u)ψ(v)

φ(u)ψ′(v)
σ′(u) +

uφ′(u)ψ(v)

φ(u)ψ′(v)
=

1

σ′(v)

which may be rewritten as

uσ′(u) +
uφ′(u)

φ(u)
=

ψ′(v)

ψ(v)σ′(v)
. (16)

The two variables in equation (16) are separated on different sides of the
equation, so each side must be equal to a constant. Setting the left hand side
equal to a constant c gives the linear first order differential equation

uσ′(u) +
uφ′(u)

φ(u)
= c, c ∈ R , (17)

whose solution for u > 0 is easy to find as follows:

σ′(u) =
c

u
− φ′(u)

φ(u)
⇒ σ(u) = c lnu− lnφ(u) = ln

uc

φ(u)
. (18)

From this solution of the ODE (17) we obtain

h(t) =
tc

φ(t)
, t > 0. (19)

Similarly, setting the right hand side of (16) equal to the same constant c
as before we obtain:

σ′(v) =
ψ′(v)

cψ(v)
⇒ σ(v) =

1

c
lnψ(v) . (20)

From this solution of the ODE in (20) we obtain

h(t) = ψ(t)1/c, t > 0. (21)

Note that we suppressed the constants of integration in (18) and (20) which
would show up as coefficients in (19) and (21), respectively. Thus the function
h is uniquely determined only up to a real parameter by the above process.
Since (up to a constant) h in both (19) and (21) comes from the same solution
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σ of the differential equation (16) it is necessary that for all t > 0,

ψ(t)1/c =
tc

φ(t)
. (22)

The identity (22), which is equivalent to (13), implies that only one of the
two functions φ and ψ can be arbitrary. If we solve (22) for φ to eliminate it
then the second order difference equation (11) takes the form

xn+1 = αnx
c
nψ(xn)−1/cψ(xn−1) (23)

which has form symmetry with h given by (21) and first order equation (8a)
given by

xn+1 = tn+1ψ(xn)−1/c. (24)

On the other hand, if we solve (22) for ψ to eliminate it then the second
order difference equation (11) takes the form

xn+1 = αnx
c2

n−1φ(xn)φ(xn−1)
−c. (25)

This equation has form symmetry with h given by (19) and its first order
equation (8a) is

xn+1 = tn+1x
−c
n φ(xn). (26)

Finally, the factor functions gn can be determined. By (7) gn(uh(v)) =
fn(u, v)h(u), so using the h in (19) gives

gn

(

uvc

φ(v)

)

= αnφ(u)ψ(v)h(u) = αnφ(u)

[

vc

φ(v)

]c uc

φ(u)
= αn

[

uvc

φ(v)

]c

.

Since the quantity uvc/φ(v) has range (0,∞), it is clear that

gn(t) = αnt
c, t > 0, c ∈ R, c 6= 0. (27)

A similar calculation using h in (21) yields the same functions gn. Finally,
suppose that c is complex in (19) and (21) with (13) holding as stated for t > 0
(having obtained these forms, it is not necessary to return to the PDE). Even
with complex c, setting v = 1 shows that the quantity uvc/φ(v) = u/φ(1) again
ranges over all of (0,∞) as u does. Therefore, if the mappings gn are again
defined as in (27) for c ∈ C then (7) still holds by our construction and (23)-
(26) may be derived to give the system (8) with the functions h, gn generally
complex-valued. This completes the proof of the theorem.

Example 1. A second order difference equation over the real numbers may
have complex (rather than real) form symmetry. To illustrate this fact, consider
the rational equation

xn+1 =
axn

xn−1
, x0, x−1 ∈ (0,∞) . (28)



REDUCTION OF ORDER OF SEPARABLE SECOND... 161

This separable equation is of type (23) where αn = a > 0 is a constant
sequence and ψ(t) = 1/t provided that c satisfies the equation

c+
1

c
= 1. (29)

This equation has complex roots (1± i
√

3)/2 and we may choose c to be either
one of these, say c = (1 + i

√
3)/2. Thus equation (28) has a complex form

symmetry of type (6) and is equivalent to the following system of complex first
order equations

tn+1 = at(1+i
√

3)/2
n , t0 = x0h(x−1) = x0x

−1/c
−1 ∈ C , (30)

xn+1 = tn+1x
(1−i

√
3)/2

n . (31)

Now, using (29) it can be readily verified that all solutions of (30) have
period 6 with the following pattern repeating:

{t0, atc0, a1+ctc−1
0 , a2ct−1

0 , a2c−1t−c
0 , ac−1t1−c

0 }.
Using these values for tn+1 in (31) and using (29) we obtain real solutions

of period 6 with the following pattern repeating:
{

x−1, x0,
ax0

x−1
,
a2

x−1
,
a2

x0
,
ax−1

x0

}

.

This conclusion can be verified by directly iterating equation (28). By way
of comparison, the similar equation xn+1 = axn−1/xn with ψ(t) = t gives a
real form symmetry of type (6) with h(t) = t1/c and real c = (−1 ±

√
5)/2.

In contrast to (28), the solutions of this reciprocal version are generally not
periodic.

Example 2. Equations (23) and (25) represent different types of equations.
For instance, if c = −1 then with ψ(t) = t + β, where β > 0, (23) gives the
rational equation

xn+1 =
αn(xn + β)(xn−1 + β)

xn
, (32)

whereas with φ(t) = t+ β (25) produces the polynomial equation

xn+1 = αnxn−1(xn + β)(xn−1 + β). (33)

Although the last two equations have the same factor equation, namely
tn+1 = αn/tn (in (27) set c = −1) their dynamics are qualitatively different. For
(32), the first order equation (8a) is given by (24) as a linear xn+1 = tn+1(xn+β)
whereas for (33), (8a) is given by (26) as a quadratic xn+1 = tn+1xn(xn + β).

Example 3. The separable difference equation

xn+1 = xn−1e
b(xn−xn−1), b > 0 (34)
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is of type (25) with c = αn = 1 for all n and φ(t) = ebt. Thus (34) has a
form symmetry H(u, v) = uve−bv and its factor equation (27) is tn+1 = tn with
initial value t0 = x0h(x−1) = x0x−1e

−bx
−1 . Thus the second order equation

(34) is equivalent to the following first order equation from (26)

xn+1 =
t0
xn
ebxn , with t0 = x0x−1e

−bx
−1 .

We see that variations in the initial values x0, x−1 result in changes in the
parameter t0 of the first order equation. A straightforward study of the behav-
ior of the map t0e

bt/t shows that variations in t0 can result in the occurrence
of bifurcations; as t0 approaches zero, a pair of fixed points appear the smaller
of which is asymptotically stable and the other is unstable. This bifurcation
implies the existence of bounded solutions of (34) that converge to positive num-
bers; therefore the qualitative behaviors of solutions of equation (34) depend
substantially on initial values (note that (34) has no isolated fixed points).
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