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1. Introduction

Given a function f0 in an L2 Sobolev space L2
s(R

d), s > 0, d ≥ 1, we will
examine here both constructive and non-constructive weighted L∞ approxima-
tions of f0 using finite combinations of compactly supported scaling functions
or, equivalently, compactly supported wavelets.

We follow an approach which parallels statistical learning theory (SLT)
methods first developed by Girosi [5]. Our non-constructive result is an exten-
sion of one appearing in [11]. The constructive results are probabilistic, and
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approximate f0 in a multiresolution analysis (scaling) space Vn using a finite
number of terms, whose cardinality is controlled by a desired approximation er-
ror, the probability η of such error, and the VC dimension of the scaling space
Vn.

Let {Vn}
∞
n=−∞ be a multiresolution analysis (MRA) on R

d with a bounded
compactly supported scaling function φ(x) ∈ L2(Rd) and (consequently) with
an associated family of bounded compactly supported wavelets {ψλ(x)}λ∈Λ (see
[4]). The error of our L∞ approximation f̃ of f0 has two components. The first
is a bound on approximation error, i.e., the distance d(f0, Vn) between f0 and its
closest approximation fn (assuming it exists) in the hypothesis space Vn, based
on L∞ wavelet approximation results (see [7], [8], [9]). The second is based on
an analogue of statistical learning estimation error (the estimation error ) i.e.,
the distance between fn and its SLT-based approximation f̃ , given by a finite
combination of translates of the reproducing kernel for (the projection onto) Vn

(see Section 5).

In our main result, the approximation f̃ is effectively obtained from sam-
pling a probability distribution derived from fn, which yields non-asymptotic
weighted L∞ error bounds. Specifically, in controlling the estimation error one
has a weighted L∞ approximation f̃ of f0, if f is in an Lp Sobolev space (p > 1),
see [11], the approximation is in fact unweighted when p = 1. We also show
existence of analogous non-constructive weighted L∞ approximations which,
with the same number of translations of the scaling function, give better ap-
proximations.

Girosi [5] first applied SLT to obtain approximation theoretic bounds in
L1. Generalizations of Girosi’s result to Lp (p ≥ 1) Sobolev spaces are found in
[11]. These results are extended to a reproducing kernel Hilbert space (RKHS)
L2 setting in [10]. The bounds there depend only on the complexity of the
reproducing kernel, and the number of data points. Specifically, for functions
in RKHS the results give weighted sup norm non-asymptotic bounds.

The present multiresolution expansion results are obtained by considering
reproducing kernels K(x,y) which are L2 projections onto the closed MRA
spaces Vn. Equivalently, the RKHS inner product is the L2 inner product
restricted to Vn.

We note that RKHS, [1] as hypothesis spaces are often spaces of choice in
statistical learning theory (e.g., Cucker and Smale [3], Smale and Zhou [15],
[16], Poggio and Smale [12], Vapnik [18], Zhou [20]), and applications such as
support vector machines (e.g. Schölkopf and Smola [13], Shawe-Taylor and
Chistianini [14]).
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We remark that purely approximation theoretic results are important in
SLT to the extent that they represent a portion of the full generalization error
in approximating a function f from partial information. See for example Smale
and Zhou [15], who obtained L2 approximation error bounds for (quite different)
hypothesis spaces of compact Sobolev balls (and more generally reproducing
kernel Hilbert balls) in L2(Rd).

In contrast to the approximation error results of [15], we bound our full
error (known in SLT as generalization error) by a sum of approximation and
estimation errors, in the context of a set of nested hypothesis spaces consisting
of increasing multiresolution spaces Vn. The L∞ bounds in the approximation
error component of this analysis are shown in Kon and Raphael [8], [9] to be
optimal, in the sense that the exponent characterizing the convergence rate
cannot be improved under the given hypotheses. Similarly, the L∞ bounds on
the estimation error component are close to optimal (within a logarithm) when
they are stated for L1 Sobolev functions (see [5]) and hence by adaptation [11]
for L2 Sobolev functions, given a choice of weight functions (see [5]). Therefore,
at least for this method of obtaining bounds through a partition into estimation
and approximation error, these bounds are “logarithmically close” to the best
possible of their type for a choice of weight functions.

In Section 2 we review some basic facts on VC dimension and give references
to SLT background. In Section 3 we cite our generalization of Girosi’s result for
our reproducing kernel Hilbert space. We define some basic wavelet concepts in
Section 4. Section 5 contains a new proposition on VC dimension bounds of a
family of scaled projection kernels associated with an MRA, as well as our main
result. The latter involves constructive uniform non-asymptotic error bounds
for approximation by finite combinations of bounded compactly supported scal-
ing functions.

2. VC Dimension

Girosi was the first to establish a probabilistic connection between SLT and
approximation theory, showing that SLT methods can be used to prove re-
sults of a purely approximation theoretic nature. In [11] we extended this
probabilistically-based bound for L1 Sobolev functions to an analogous result
for Lp Sobolev spaces for 1 < p ≤ ∞ with smoothness s > 0. In [10] we showed
these results true in a reproducing kernel Hilbert space setting.

Here we use the main results of [11], [10] to derive a probabilistic VC
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dimension-based bound on the error of approximating f ∈ L2 by a finite sum of
translates of a bounded compact scaling function or equivalently, the wavelets
associated with this scaling function. This uses the VC dimension (below) of
reproducing (projection) kernels of the scaling spaces Vn of our multiresolution
expansion. We start by giving a general definition of VC dimension.

Definition 1. The VC dimension of a family F of functions on a space
X is the maximum number h of points {ti}

h
i=1 which can be shattered, i.e.,

separated into two classes in all possible ways, using classes of the form {t :
f(t) − α ≥ 0}f∈F,α∈R. More specifically we require that there exist a subset
S ⊂ X of cardinality |S| = h, and an α ∈ R such that f(t) − α ≥ 0 iff t ∈ S.
We also require that h be the largest cardinality of such a set S.

Given a kernel K(x, t) its VC dimension is the VC dimension of the family
{K(x, t)}x∈Rd in the variable t and parameter x.

Examples of function classes of VC dimension d+ 1 include [5]:

— characteristic functions of half-spaces on Rd;

— characteristic functions of balls on Rd;

— equivariant Gaussian kernels on Rd, see [5].

We will use the next theorem in our main results of Section 5 to bound the
VC dimension of the projection kernel onto a multiresolution space.

Theorem 2. (Sontag, see [17]) If X is a set and F is a finite dimensional
vector space of functions f : X → R (which does not contain the constant
function 1), then the VC dimension of F equals dim F + 1, with dim F the
dimension of F .

We note that this statement differs from that of the theorem in [17], since
the definition of VC dimension there does not include the parameter α. If
the class F were to contain 1, then inclusion of α would not change the VC
dimension, since multiples of 1 would already play this role. In the latter case
the VC dimension according to the theorem would be dimF .

We refer the reader to the seminal theorem of Vapnik and Chervonenkis
known as the VC Bound Theorem [18], which gives probabilistic estimates of
integrals by finite sums. This is a main tool in [5], [10], [11], and is used in the
following section.
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3. Generalization of Girosi’s Result and RKHS

An important consequence of the VC bound theorem [18] is that the uniform
deviation between an integral and finite sum approximation can be bounded in
terms of VC dimension. Girosi [5] used this to estimate integrals of the form∫

J(x, t)ρ(t)dt (1)

in L∞ using quadrature-based sums

1

n

n∑

i=1

sgn(ρ(ti))J(x, ti)‖ρ‖L1 (2)

with ρ(t) ∈ L1(Rd).

For completeness we cite our version [11] of Girosi’s [5] original result.

Proposition 3. Let f(x) be represented as an integral in the form (1),
with ρ ∈ L1(Rd). If the kernel J satisfies A ≤ J(x, t) ≤ B for x, t ∈ Rd, the
following probabilistic error bound holds with probability 1− η for a sample of
n points {ti}

n
i=1 taken with respect to the probability density |ρ(x)|dx

‖ρ‖L1
:

∥∥∥∥∥f(x) −
1

n

n∑

i=1

sgn(ρ(ti))J(x, ti)‖ρ‖L1

∥∥∥∥∥
L∞

≤ 4τ‖ρ‖L1

√
h ln 2en

h − ln η
4

n
, (3)

where τ = B −A and h is the VC dimension of J .

Letting η → 1, Proposition 3 leads to the following non-constructive corol-
lary, see [11].

Corollary 4. Under the assumptions of Proposition 3, for every ǫ > 0
there exists a sample {ti}

n
i=1 ∈ R

d such that

∥∥∥∥f(x)−
1

n

n∑

i=1

sgn(ρ(ti))J(x, ti)‖ρ‖L1

∥∥∥∥
L∞

≤ 4τ‖ρ‖L1

√
h ln 2en

h + ln 4

n
+ ǫ. (4)

We can improve the result in this corollary with some additional assump-
tions to let ǫ = 0.

Corollary 5. If J(x, t) → 0 as x → ∞, the inequality in the above
corollary holds when ǫ = 0, with the possible replacement of the set {ti}

n
i=1 by

a set of smaller cardinality (with no change in n on the right side).

Proof. Since ǫ can be made arbitrarily small, we let {tki}
n
i=1 be a sequence

of samples for k = 1, 2, . . . for which the error ǫ = ǫk → 0 as k → ∞. The
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vector Tk = (tk1, . . . , tkn) (i.e., the concatenation of {tki}
n
i=1) must have a

convergent subsequence in the one point compactification R of R (thus allowing
some components to converge to ∞).

We pass to this subsequence, and denote the limit for each i by

ti = lim
k→∞

tki;

note that some ti may equal infinity. Without loss of generality, we may by
taking a further subsequence assume that sgn(ρ(tki)) converges for each i. Fi-
nally, we redefine the density function ρ on (at most a finite number of points)
ti so that

sgn(ρ(ti)) = lim
k→∞

sgn(ρ(tki)).

Note for any convergent sequence of functions ai(x) on a measure space,

lim sup
i→∞

‖ai‖∞ ≥ ‖ lim
i→∞

ai‖∞ = L.

Indeed, for any β > 0 there are arbitrarily large i for which |ai(x)| ≥ L− β on
a set of positive measure.

Thus defining J(x,∞) = 0, it follows easily that
∥∥∥∥f(x) −

1

n

n∑

i=1

sgn(ρ(ti))J(x, ti)‖ρ‖L1

∥∥∥∥
L∞

≤ lim
k→∞

[
4τ‖ρ‖L1

√
h ln 2en

h + ln 4

n
+ ǫk

]
= 4τ‖ρ‖L1

√
h ln 2en

h + ln 4

n
.

Note in particular that the sum
∑n

i=1 sgn(ρ(tki))J(x, tki)‖ρ‖L1 converges
almost everywhere in x as k → ∞. In addition, if some ti = ∞ (and hence
J(x, ti) = 0)), then we are left with a lower order sum, i.e., the corresponding
terms in the sum vanish. The effective sample {ti}

n
i=1 is now smaller, with its

size n replaced by m < n in the left sum only, proving the result.

In [11] we have generalized Girosi’s result in two different ways to Lp(Rd)
for p > 0. In [10] we have also extended it to reproducing kernel Hilbert
spaces. Here we use the RKHS setting and apply it to compact scaling function
multiresolution expansions.

Definition 6. On a measure space X we define a Hilbert space H of real
functions to be a reproducing kernel Hilbert space if for each x ∈ X, the map
f → f(x) is a continuous linear functional on H.

By the Riesz Representation Theorem, for any real reproducing kernel
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Hilbert space there exists a symmetric real functionK(x,y) such that for f ∈ H,
x ∈ X,

f(x) = 〈(K(x, ·), f(·)〉 .

Definition 7. The weighted L∞ norm of a function f with respect to a
weight function a(x) is

‖f‖L∞,a(x) = ess supx|f(x)a(x)|. (5)

The following proposition follows from results in [10].

Proposition 8. Assume that on R
d a reproducing kernel Hilbert space HK

is a subspace of L2(Rd) and inherits the L2 inner product, with a bounded, sym-
metric, and positive semi-definite reproducing kernel K(x,y). Assume there
exist positive functions g(t) and k(x), bounded away from 0, with g ∈ L2(Rd)
such that

ess supx,t

∣∣∣∣
K(x, t)

g(t)k(x)

∣∣∣∣ ≤ τ. (6)

Let h be the VC dimension of
K(x, t)

g(t)k(x)
in the parameter x and the variable t.

Then for every f ∈ HK and every η > 0 the weighted L∞ norm
∥∥∥∥∥f(x) −

1

n

n∑

i=1

sgnf(ti)‖fg‖L1

K(x, ti)

g(ti)

∥∥∥∥∥
L∞,1/k(x)

≤ 4τ‖f‖L2‖g‖L2

√
h ln 2en

h − ln η
4

n
, (7)

with probability greater than 1− η, if ti are chosen independently with respect
to the density |fg|

‖fg‖1
.

4. MRA and Wavelet Background

A multiresolution analysis (MRA) is defined as an increasing nested sequence
of closed subspaces {Vn}

∞
n=−∞ of L2(Rd) (d ≥ 1) such that

f(x) ∈ Vn iff f(2x) ∈ Vn+1,

with an intersection
⋂∞

n=−∞Vn = {0}, a union
⋃∞

n=−∞Vn which is dense in

L2(Rd), and with V0 invariant under integer translations. It is also generally
assumed that there exists a scaling function φ(x) whose integer translates form
an orthonormal basis for V0. For detailed definitions and theory of an MRA we
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refer to Chapter 10 in [4] and [2], [6], [19].

Let Wn be the orthogonal complement of Vn in Vn+1, i.e., Wn = Vn+1 ⊖Vn,
so that Vn+1 = Vn ⊕Wn. From existence of φ it follows [4] that there is a set
of basic wavelets {ψλ(x)}λ∈Λ (with Λ a finite index set) such that ψλ

jk(x) ≡

2jd/2ψλ(2jx − k) (j ∈ Z,k ∈ Z
d, λ ∈ Λ) form an orthonormal basis for Wj for

fixed j, and form an orthonormal basis for L2(Rd) as λ, j,k vary. Our results
will hold for any wavelet set {ψλ}λ on R

d associated with a bounded, compactly
supported scaling function, regardless of how they are constructed, see [4].

For f(x) a function on R
d, let f̂(ξ) denote its Fourier transform.

Definition 9. Define the Sobolev space L2
s(R

d), s ∈ R by

L2
s(R

d) ≡

{
f ∈ L2(Rd) : ‖f‖L2

s
≡

√∫
|f̂(ξ)|2(1 + |ξ|2)sdξ <∞

}
.

The homogeneous Sobolev space is

L2
hom,s(R

d) ≡

{
f ∈ L2(Rd) : ‖f‖L2

hom,s
≡

√∫
|f̂(ξ)|2|ξ|2sdξ <∞

}
.

Note the spaces in fact contain the same functions (by virtue of the fact
that L2

hom,s is restricted to L2). However, the norms on the two spaces differ,

and the second space is incomplete as defined (its completion contains non-L2

functions which grow at ∞).

5. Main Result

We now combine approximation and estimation errors to obtain sup norm error
bounds for approximations of Sobolev functions using multiresolution expan-
sions with finite numbers of terms.

Our next proposition, which is of independent interest, bounds the VC
dimension of a family of projection operators associated with an MRA for a
compactly supported scaling function. It can be used to bound the VC dimen-
sion h in Definition 7. In the proposition, the scaling function φ is compactly
supported, and the projection Pn onto Vn has kernel

Pn(x, t) ≡ 2nd
∑

k∈Zd

φ(2nx− k)φ(2nt− k).

Proposition 10. Let φ be a compact scaling function associated with a
real multiresolution analysis Vn, with Pn the projection onto Vn with kernel
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Pn(x, t). Let k(x), g(t) be positive functions. Then the VC dimension h of the
family

Kn(x, t) =
Pn(x, t)

k(x)g(t)

in the variable t and parameter x satisfies

h ≤ l2(l + 1) + 1 ,

where l is the maximum number of translates φ(x−k) (with k a multi-integer)
whose support in x intersects the open unit cube C = [0, 1]d.

Proof. The VC dimension h of the kernel Kn(x, t) is the maximum number
of points ti that can be separated by the family of functions {Kn(x, t)−α}α∈R,
with x and α as function family parameters. We assume henceforth that n = 0
without loss of generality and let K0 = K. Given a set H of h points in R

d,
we note that in order to shatter H in the variable t with functions in the class
Φ = {K(x, t) − α : x ∈ R

d, α ∈ R}, there may be at most l + 1 points in H
contained in any given unit cube C − k. This follows from the fact that the
dimensionality of Φ (in the variable t) in such a cube is at most l+1 (counting
the degree of freedom from the parameter α), bounding the VC dimension
of Φ restricted to such a cube (see Theorem 2 above). Note we are again
incorporating the constant α in the dimensionality of Φ in using Theorem 2.

On the other hand, notice that for fixed x, the above sum in k has at most
l non-zero terms (since for such x, φ(x − k) is non-zero for at most l values of
k). Note that the support in t of

∑
k φ(x − k)φ(t − k) is also bounded by the

fact that each term is supported in t on at most l integer translates of C. Thus
for fixed x the full sum P0(x, t) =

∑
k φ(x− k)φ(t− k) is supported in t on at

most l2 translates of C by integer vectors.

Finally note if H is shattered by Φ, then the maximum number of different
translates C − k of the cube C which intersect with H can be bounded by the
following fact. First the support (in t) of

∑
k φ(x − k)φ(t − k) contains at

least h− 1 elements of H for at least one x. Indeed, otherwise there would be
no member of Φ which would separate a single member of H from the others.
These h− 1 points of H must thus be contained within l2 integer translates of
C. As shown above, restricted to any fixed translate of C, the dimensionality of
Φ is l+ 1. Thus the total dimensionality of Φ restricted to the above l2 integer
translates of C is l2(l+ 1). Based on Theorem 2, the most points which can be
shattered within this set is l2(l + 1). Thus the bound

h = VC(Φ) ≤ l2(l + 1) + 1

on the VC dimension of the family Φ is based on Theorem 2.
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We now give our main result allowing a constructive probabilistic sup-norm
approximation of a function in Vn with a finite number of terms. We note
that the number of terms will be controlled by desired approximation error, its
probability η and the VC dimension of the family of kernels.

As noted earlier the error of our approximation of f0 has two components.
The first involves the classical approximation error in the MRA, i.e., the dis-
tance AE = d(f0, Vn) between f0 and its closest (projected) approximation fn

in Vn, whose estimates will be based on L∞ wavelet error bounds (see [7], [8],
[9]). The second is based on estimation error EE, i.e., the distance between fn

and its SLT-based approximation as a finite combination of translates of the
reproducing kernel for Vn. We define

Aλ = sup
t

∑

k∈Zd

|ψλ(t − k)|;

note below τ is defined as in (6). Recall that as above, l is defined as the
maximum number of multi-integer translates φ(x − k) whose support in the
variable x intersects the open unit cube C = (0, 1)d.

Theorem 11. Let {Vn}n be a multiresolution analysis on R
d generated

by a bounded compactly supported scaling function φ with a corresponding
family of (bounded and compactly supported) wavelets {ψλ}λ ∈ L2

hom,−s, with
Pn the orthogonal projection onto Vn.

Assume that f ∈ L2
s(R

d) with s > d/2, and let g(t) be any bounded
continuous positive function in L2. Then there exists a positive function k(x)

bounded away from 0 such that for all n, Pn(x,t)
g(t)k(x) ≤ 2nτ for some constant

τ > 0.

For every integer m > 0 and every 0 < η < 1, a scaling function (equiva-
lently, wavelet) approximation of f

f̃(x) =

p∑

j=1

dkj
φ(2nx − kj)

can be constructed, with {kj}
p
j=1 a finite indexed subset of Z

d, and

‖f − f̃‖∞, 1/k(x) ≤ AE + EE

with probability at least 1 − η. Here

AE ≤ ‖1/k‖∞‖f‖L2
s
‖ψ‖L2

hom,−s
C(s, d)

EE ≤ 4 · 2ndτ‖g‖L2‖f‖L2

√
h ln

(
2em

h

)
− ln

(η
4

)

m
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and C(s, d) = 2−(n+1)(s−d/2)

1−2d/2−s

∑
λAλ. Above h is the (bounded) VC dimension of

the kernel Pn(x,t)
k(x)g(t) , and p ≤ ml.

Remark. From Proposition 6 the VC dimension h satisfies

h ≤ l2(l + 1) + 1,

even though it may depend on n above.

Proof. We first construct the approximation error (AE) bound. Note that
ψλ are bounded and compactly supported, which follows from the same property
for φ, and

Aλ ≤ sup
t

|ψλ(t)|Lλ,

where Lλ denotes the number of integer translates ψλ(x− k) supported in the
open unit cube C. Let fn = Pnf . By the boundedness and compact support
assumptions on φ, it follows that the hypotheses of (see [8], Theorem 2.2.4) are
satisfied, and in particular the wavelets ψλ(x) are bounded by an L1(Rd) radial
function. Thus (see [8])

‖f − fn‖∞ ≤
∑

λ

∞∑

j=n+1

2−j(s−d/2)Aλ‖f‖L2
hom,s

‖ψλ‖L2
hom,−s

=
2−(n+1)(s−d/2)

1 − 2d/2−s

∑

λ

Aλ‖f‖L2
hom,s

‖ψλ‖L2
hom,−s

.

Now note that for s > 0

‖f‖2
L2

hom,s
=

∫
| f̂(ξ)|2|ξ|2sdξ ≤

∫
| f̂(ξ)|2 (1 + |ξ|2)sdξ = ‖f‖2

L2
s
.

Thus for any k(x) > 0

AE ≡ ‖f − fn‖∞,1/k(x)

≤ ‖1/k‖∞
2−(n+1)(s−d/2)

1 − 2d/2−s
‖f‖L2

s
sup

λ
‖ψλ‖L2

hom,−s

∑

λ

Aλ. (8)

To construct the estimation error EE, we recall that an MRA space Vn has
a reproducing kernel Pn(x, t) which is the kernel of the projection operator Pn.
We note that technically Vn is defined to be an RHKS only if its kernel Pn(x, t)
is continuous, which occurs if φ is assumed continuous. We do not require
this continuity assumption, but we will still use the term RHKS to describe Vn,
since even without continuity, Vn has the RKHS properties required by us. Note
that the reproducing kernel inner product in this case is inherited from L2. The
reproducing kernel Pn(x, t) is bounded, symmetric, and positive semi-definite.
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Our result will follow from Proposition 5 as a bound on h, the VC dimension,
is determined by Proposition 6.

Note for any non-zero continuous function g(t) ∈ L2(Rd) we can find a
positive k(x), bounded away from 0, such that

ess supx,t

∣∣∣∣
Pn(x, t)

g(t)k(x)

∣∣∣∣ ≤ 2ndτ, (9)

for some constant τ > 0 if n ≥ 0. This follows from the fact that Pn(x, t) is
non-zero only on a restricted band of the form |x − t| ≤ β2−n for some β > 0,
given φ is compactly supported. We could for example let

k(x) = sup
|x−x′|≤β

1

g(x′)
.

This quantity is positive since g is positive and continuous. Note that we have
chosen g, k, τ which do not depend on n and since g(x) ∈ L2 we have gf ∈ L1.

Let h be the VC dimension of
Pn(x, t)

g(t)k(x)
in the parameter x and the variable

t. Then fn = Pnf ∈ L2 and by Proposition 5, for every η > 0 there exist
{t1, . . . , tm} ⊂ R

d, and m coefficients ci = sgn(fn(ti)) = ±1, such that the
weighted L∞ norm

∥∥∥∥∥fn(x) −
1

m

m∑

i=1

ci‖fng‖L1

Pn(x, ti)

g(ti)

∥∥∥∥∥
L∞,1/k(x)

≤ 4 · 2ndτ‖f‖L2‖g‖L2

√
h ln

(
2em

h

)
− ln

(η
4

)

m
, (10)

with probability at least 1 − η (note that ‖f‖ ≥ ‖fn‖; above 2nd represents
the standard scaling factor in front of Pn(x, t)). Putting together (8) and (10),
f ∈ L2

s in the weighted L∞ norm is approximated by

f̃(x) =
1

m

m∑

i=1

ci‖fng‖L1
Pn(x, ti)

g(ti)
(11)

=
1

m

m∑

i=1

ci‖fng‖L1

2nd
∑

k∈Zd φ(2nx− k)φ(2nti − k)

g(ti)
(12)

with probability at least 1− η. Interchanging the finite sums, this is equivalent
to:

f̃(x) =

p∑

j=1

dkj
φ(2nx− kj)
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where

dkj
=

1

m
‖fng‖L1

m∑

i=1

2ndciφ(2nti − kj)

g(ti)
, (13)

and {kj}
p
j=1 is an indexing of the multiintegers k for which 2nti − kj is in the

support of φ for some ti (hence p ≤ ml).

As an immediate consequence of letting η → 1 in the above theorem, we
have

Corollary 12. Given an MRA as above, f ∈ L2
s(R

d) and the assumptions
of Theorem 7 and Corollary 4, there exists a finite subset {ti}

m
i=1 ⊂ R

d (with
m ≤ n) such that if f̃ is as above, then

‖f̃ − f‖∞,1/k(x) ≤ AE + EE∗ ,

where

EE∗ = 4 · 2ndτ‖g‖L2‖f‖L2

√
h ln

(
2en
h

)
+ ln(4)

n
.

Proof. By letting η → 1, we see

EE∗ = lim
η→1

EE.

Note we can use the method of Corollary 4 to eliminate the additive epsilon on
the right of the estimate for EE*.

We remark that the above results can be rewritten using wavelets ψλ instead
of φ by rewriting the projections Pn in terms of ψλ instead of φ. However, our
estimate on VC dimension of the wavelet/scaling approximation (Proposition
6) is much more easily stated in terms of scaling function rather than wavelet
properties.

We note that in practical terms the constructive statements of the above
results (in which η 6= 1) are more helpful, to the extent that they make a claim
about a random choice of points ti, which can be made, given that we know
ρ = gf , which gives us the correct probability density function. The η → 1
limit gives the sharpest bound, but for a set of {ti} which are unknown.

6. Conclusion

By obtaining bounds through a partition into estimation and approximation
errors and using approximation results from wavelet theory (see [8], [9]) and
statistical learning theory [18], [5], we have obtained finite scaling function
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approximations of Sobolev functions and shown that the weighted L∞ errors are
“logarithmically close” (based on analogous results in [5]) to the best possible
of their type.
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