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Abstract: Knowledge reduction is one of the key problems in rough sets
theory. Traditional rough sets viewed partitions of universe as knowledge in
knowledge base, but, in covering rough sets model, partitions of universe re-
placed by its covers. Certainly, an universe of discourse may have several covers.
In this paper, we view covers of universe as knowledge in knowledge base, pro-
poses the concept of knowledge reduction based on covering rough sets, and the
method of measuring significance of knowledge in covering information systems
and covering decision information systems are discussed. And furthermore,
some relevant compute formulas are given.
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1. Introduction

The theory of rough sets, proposed by Pawlak [1], is a new mathematical tool to
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handle uncertain knowledge, and has been successfully applied in pattern recog-
nition, data mining, machine learning and so on. It is well known, equivalence
relation or partition play an important role in Pawlak’s rough sets model. But,
such equivalence relation or partition is still restrictive for many applications,
it limited this theory’s application scope to a certain extent. To address this is-
sue, some authors have extended equivalence relation to tolerance relations [2],
similarity relations [3], ordinary binary relations [5], and others. Particularly,
Zakowski [6] established covering generalized rough sets by replacing partitions
of an universe with its covers. Zhu and Wang [9] proposed the reduction of cov-
ering rough sets to reduce the redundant cover to find the smallest cover which
can be used to induces the same covering lower and upper approximation. But
in this covering rough sets model, some important properties of Pawlak’s lower
and upper approximations do not hold. In view of the above-mentioned facts,
Xu and Zhang [4] proposed new covering lower and upper approximations, and
the important properties of Pawlak’s lower and upper approximations all hold
in this new covering lower and upper approximations. Naturally, we need to
investigate knowledge reduction of this covering rough sets because knowledge
reduction is one of the key problems in rough sets theory. Traditional rough
sets viewed partitions of an universe as knowledge, but in covering rough sets
model, partitions of an universe replaced by its covers. However, an universe
of discourse may have several covers. If we view different covers of an universe
as different knowledge in knowledge base, they may have different significance
degree even some are redundant.

In this paper, we propose the concept of knowledge reduction based on cov-
ering rough sets, and discuss the method of measuring significance of knowledge
in covering approximation space and covering decision approximation space.

2. Basic Concepts

Definition 2.1. (see [9]) Let U be a nonempty and finite set called universe
of discourse, C = {X|X ⊆ U} be a family of subsets of U . If none subset in C
is empty, and ∪C = U , then C is called a covering of U . We call the ordered
pair (U,C) a covering approximation space.

It is clear that a partition of U is certainly a covering of U , so the concept
of a covering is an extension of the concept of a partition.

Definition 2.2. (see [9]) Let (U,C) be a covering approximation space,
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x ∈ U , then set family

Md(x) = {K ∈ C|x ∈ K ∧ (∀S ∈ C ∧ x ∈ S ∧ S ⊆ K ⇒ K = S)}

is called the minimal description of x.

For ∀x, y ∈ U , if y ∈ ∩Md(x), then ∩Md(y) ⊆ ∩Md(x). Therefore, when
y ∈ ∩Md(x) and x ∈ ∩Md(y), ∩Md(x) = ∩Md(y).

Definition 2.3. (see [4]) Let (U,C) be a covering approximation space, U
be a nonempty and finite set called universe of discourse, C = {X|X ⊆ U} be
a family of subsets of U . For any X ⊆ U , the lower and upper approximation
of X with respect to approximation space (U,C) are defined as follows:

C(X) = {x ∈ U |(∩Md(x)) ⊆ X}, C(X) = {x ∈ U |(∩Md(x)) ∩ X 6= φ}.

If C(X) = C(X), then X is said to be definite with respect to approximation
space (U,C), otherwise indefinite.

Particularly, when C is a partition of U , C(X) and C(X) will be the
Pawlak’s lower and upper approximation respectively:

RX = {x ∈ U |[x]R ⊆ X}, RX = {x ∈ U |[x]R ∩ X 6= φ}

(where R is an equivalence relation on U , [x]R denotes the equivalence class of
the relation R containing the element x).

Definition 2.4. Let U be an universe of discourse, C = {C1, C2, · · · , Cn}
be a cover of U , Cov(C) = {∩Md(x)|x ∈ U} is then also a cover of U , we call
it the induced cover of C.

For ∀x ∈ U , ∩Md(x) is the minimal set including x in Cov(C), Cov(C) = C
if and only if C is a partition of U . At the same time, Cov(C) is also the minimal
cover of U , that is to say, for every K ∈ Cov(C), K is not an union of some
sets in Cov(C) − K.

Definition 2.5. Let ∆ = {C1, C2, · · · , Cm} be a family of covers of U .
For every x ∈ U , let ∆x = ∩{∩Md(x)| ∩ Md(x) ∈ Cov(Ci)}, then Cov(∆) =
{∆x|x ∈ U} is also a cover of U , we call it the induced cover of ∆.

From the above definition, we can find that ∆x is minimal set including x
in Cov(∆). Especially, if every cover in ∆ is partition of U too, then Cov(∆) is
also a partition of U , and ∆x is equivalence class which including the element
x.

In order to discuss the relation between the covers in ∆ and measuring the
significance of them, we give the following definition.

Definition 2.6. Let ∆ be a family of covers of U , P and Q are covers in
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∆, the positive region of Q with respect to P is defined as follows:

posP (Q) =
⋃

X∈Q

PX.

Where posP (Q) represent the set which elements are those objects in U can
divide into Q according to P .

3. Knowledge Reduction and Knowledge Significance Measure of

Covering Information Systems

Definition 3.1. Let S = (U,∆, F ) be a covering information system, where
U be a universe of discourse, ∆ = {C1, C2, · · · , Cm} be a family of covers of U ,
F is information function. For ∀C ∈ ∆, if Cov(∆) = Cov(∆ − {C}), then C is
called superfluous in ∆, otherwise C is called indispensable in ∆. When every
element in ∆ is indispensable, i.e., for every C ∈ ∆, Cov(∆) = Cov(∆ − {C})
is not true, ∆ is called independent, otherwise ∆ is called dependent.

Suppose ∆′ ⊆ ∆, if ∆′ is independent and Cov(∆′) = Cov(∆), then ∆′ is
called a reduct of ∆, denoted as red(∆). The intersection of all the reducts of
∆ is called the core of ∆, denoted as core(∆), i.e., core(∆) = ∩red(∆).

Theorem 3.1. Suppose S = (U,∆, F ) be a covering information system,
∆ be a family of covers of U , then the reduction of ∆ exist invariably.

Proof. For every C ∈ ∆, if Cov(∆) 6= Cov(∆ − {C}), then ∆ is just the
reduction of itself. When Cov(∆) = Cov(∆ − {C}), let B1 = ∆ − {C}, if for
every C1 ∈ B1, Cov(∆) 6= Cov(B1−{C1}) is true, then B1 is a reduction of ∆, if
there is C1 ∈ B1 such that Cov(∆) = Cov(B1−{C1}), then let B2 = B1−{C1},
duplicate this process, the reduction of ∆ then can be obtained.

The proof is completed.

Example 1. Suppose U = {x1, x2, · · · , x8} is a nonempty finite set of
discourse, and ∆ = {C1, C2, C3} is a family of covers of U , where

C1 = {{x1, x2, x3}, {x2, x3, x4}, {x5, x6}, {x6, x7, x8}},

C2 = {{x1, x2, x3, x4}, {x5, x6, x7}, {x6, x7, x8}},

C3 = {{x1, x2}, {x3, x4, x7}, {x4, x5, x6, x8}}.

Then:

∆x1
= {x1, x2}, ∆x2

= {x2}, ∆x3
= {x3}, ∆x4

= {x3, x4} ,

∆x5
= {x5, x6}, ∆x6

= {x6}, ∆x7
= {x7}, ∆x8

= {x6, x8} ,
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Cov(∆) = {{x1, x2}, {x2}, {x3}, {x3, x4}, {x5, x6}, {x6}, {x7}, {x6, x8}},

and

Cov(∆ − {C1}) = {{x1, x2}, {x1, x2}, {x3, x4}, {x4}, {x5, x6}, {x6},

{x7}, {x6, x8}} 6= Cov(∆),

Cov(∆ − {C2}) = {{x1, x2}, {x2}, {x3}, {x3, x4}, {x5, x6}, {x6},

{x7}, {x6, x8}} = Cov(∆),

Cov(∆ − {C3}) = {{x1, x2, x3}, {x2, x3}, {x2, x3}, {x2, x3, x4},

{x5, x6}, {x6}, {x6, x7}, {x6, x7, x8}} 6= Cov(∆).

Thus, we can find C1 is indispensable in ∆, C2 is superfluous in ∆ and C3

is indispensable in ∆.

Now let us consider ∆′ = {C1, C3}, it is easy to obtain Cov(∆′) 6= Cov(C1),
Cov(∆′) 6= Cov(C3) respectively, so ∆′ is dependent, and at the same time,
Cov(∆′) = Cov(∆), thus we know ∆′ is a reduct of ∆, and core(∆) = {C1, C3}.

From above definition and example, we can find that if we view the differ-
ent covers of U as knowledge in knowledge base, they doesn’t all necessary in
knowledge base. And furthermore, for different knowledge in knowledge base,
there exists different dependent degree between them. In the next, we will dis-
cuss the concepts of knowledge dependent degree and knowledge significance
degree in covering information system.

Definition 3.2. Let U be an universe of discourse, ∆ be a family of covers
of U , for every P,Q ∈ ∆, if P ⊆ Q, then Q is called dependent on P , denoted
as P ⇒ Q. And the dependent degree of Q dependent on P is defined by

γP (Q) =
|posP (Q)|

|U |
.

Definition 3.3. Let (X,≤) be a partial set, a real function D: X × X →
[0, 1] is called inclusion degree on X if for every x, y ∈ X, there always exists a
real number D(y/x) satisfies:

(1) 0 ≤ D(y/x) ≤ 1,

(2) x ≤ y ⇒ D(y/x) = 1,

(3) x ≤ y ≤ z ⇒ D(x/z) ≤ D(x/y).

Obviously, if P (U) denotes the powerset of U , and for E,F ∈ P (U), let

D(F/E) = |E∩F |
|E| , then D is inclusion degree on P (U). In the following, we

suppose D(F/E) = |E∩F |
|E| .
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Definition 3.4. Let S = (U,∆, F ) be a covering information system,
U = {x1, x2, · · · , xn} be an universe of discourse, ∆ = {C1, C2, · · · , Cm} be a
family of covers of U , and D is inclusion degree on (P (U),⊆). For every C ∈ ∆,
we denote

Cov(∆) = {∆x1
,∆x2

, · · · ,∆xn
}, Cov(∆ − {C}) = {∆′

x1
,∆′

x2
, · · · ,∆′

xn
},

D(Cov(∆)/Cov(∆ − {C})) =

n∧

i=1

D(∆xi
/∆′

xi
) .

Then the significance degree of C in ∆ is defined by

sig(C) = 1 − D(Cov(∆)/Cov(∆ − {C})).

Theorem 3.2. Supposing S = (U,∆, F ) is a covering information system,
∆ is a family of covers of U . For every C ∈ ∆, C is indispensable cover in ∆ if
and only if sig(C) > 0.

Proof. sig(C) > 0 ⇔
n∧

i=1

D(∆xi
/∆′

xi
) < 1 ⇔ there exist i, such that ∆′

xi
≤

∆xi
do not hold, i.e., Cov(∆ − {C}) 6= Cov(∆), this shows C is indispensable

cover in ∆.

The proof is completed.

Example 2. In Example 1, ∆ = {C1, C2, C3}, for knowledge C1, C2 and
C3, we compute their significance degree respectively below:

sig(C1) = 1 − D(Cov(∆)/Cov(∆ − {C1})) = 1 −
1

2
=

1

2
;

sig(C2) = 1 − D(Cov(∆)/Cov(∆ − {C2})) = 1 − 1 = 0;

sig(C3) = 1 − D(Cov(∆)/Cov(∆ − {C3})) = 1 −
1

2
=

1

2
.

4. Knowledge Reduction and Knowledge Significance Measure of

Covering Decision Information Systems

In this section, we will discuss the concepts of relative reduction and knowledge
significance of covering decision information system.

Definition 4.1. Let S = (U,∆, F,D,G) be a covering decision infor-
mation system, where S = (U,∆, F ) is a covering information system, U =
{x1, x2, · · · , xn} is an universe of discourse, ∆ is a family of covers of U , D is a
decision attribute, G is a relation set between U and D, U/D is a partition on
U according to decision attribute D. Denote Cov(∆) = {∆x1

,∆x2
, · · · ,∆xn

},
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for C ∈ ∆, if

poscov(∆)(U/D) = poscov(∆−C)(U/D)

then C is called superfluous relative to D in ∆, otherwise C is called indispens-
able relative to D in ∆.

For ∆′ ⊆ ∆, if every element in ∆′ is indispensable relative to D, then ∆′

is called a reduct of ∆ relative to D, denoted as redD(∆). The intersection of
all redD(∆) is called the core of ∆ relative to D, denoted as coreD(∆), i.e.,
coreD(∆) = ∩redD(∆).

Definition 4.2. Let S = (U,∆, F,D,G) be a covering decision information
system, where U = {x1, x2, · · · , xn} is an universe of discourse, ∆ is a family of
covers of U , D is a decision attribute. For every C ∈ ∆, the significance degree
of C relative to D defined as:

sigC(D) =
|posCov(∆)(U/D)|

|U |
−

|posCov(∆−{C})(U/D)|

|U |
.

Theorem 4.1. Let S = (U,∆, F,D,G) be a covering decision information
system, U be an universe of discourse, ∆ be a family of covers of U , D be a
decision attribute, then for every C ∈ ∆, the following properties hold:

(1) C is a superfluous cover relative to D in ∆ if and only if sigC(D) = 0,

(2) C is a core cover relative to D in ∆ if and only if sigC(D) > 0.

The proof can be obtained easily according to Definition 4.2.

Theorem 4.1 implies that an core cover relative to decision attribute in ∆
can be characterized by its significance degree.

Example 3. Suppose U = {x1, x2, · · · , x8}, ∆ = {C1, C2, C3} is a family
of covers of U , where:

C1 = {{x1, x2, x3}, {x2, x3, x4}, {x5, x6}, {x6, x7, x8}},

C2 = {{x1, x2, x3, x4}, {x5, x6, x7}, {x6, x7, x8}},

C3 = {{x1, x2}, {x3, x4, x7}, {x4, x5, x6, x8}},

D is a decision attribute, and

U/D = {{x1, x2, x5}, {x3, x4, x6}, {x7, x8}}.

Since

Cov(∆) = {{x1, x2}, {x2}, {x3}, {x3, x4}, {x5, x6}, {x6}, {x7}, {x6, x8}},

Cov(∆ − {C1}) = {{x1, x2}, {x1, x2}, {x3, x4}, {x4},

{x5, x6}, {x6}, {x7}, {x6, x8}},
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Cov(∆ −{C2}) = {{x1, x2}, {x2}, {x3}, {x3, x4}, {x5, x6}, {x6}, {x7}, {x6, x8}},

Cov(∆ − {C3}) = {{x1, x2, x3}, {x2, x3}, {x2, x3}, {x2, x3, x4},

{x5, x6}, {x6}, {x6, x7}, {x6, x7, x8}}.

Then:

posCov(∆)(U/D) = {x1, x2, x3, x4, x6, x7},

posCov(∆−{C1})(U/D) = {x1, x2, x3, x4, x6, x7},

posCov(∆−{C2})(U/D) = {x1, x2, x3, x4, x6, x7},

posCov(∆−{C3})(U/D) = {x1, x2, x3, x5, x6}.

So sigC1
(D) = sigC2

(D) = 0, sigC3
(D) =

6

8
−

5

8
=

1

8
.

This shows that C3 is core cover relative to D in ∆.

5. Conclusions

Knowledge reduction is one of the key problems in rough sets theory. Rough
sets theory’s primal problem is obtained decision rules or classify the objects
of universe. Generally speaking, the significance of knowledge in knowledge
base not at all same, even some knowledge is redundant. In this paper, we
view the different covers as different knowledge in knowledge base, discussed
the knowledge reduction and knowledge significance measure based on covering
rough sets model, thus we come to have new cognition about covers of universe.

References

[1] Z. Pawlak, Rough sets, International Journal of Computer and Informa-

tion Sciences, 11 (1982), 314-356.

[2] A. Skowron, J. Stepaniuk, Tolerance approximation spaces, Fundam. In-

form., 27 (1996), 245-253.

[3] R. Slowinski, D. Vanderpooten, A generalized definition of rough approxi-
mations based on similarity, IEEE Trans. Data Knowledge Eng., 2 (2000),
331-336.

[4] W.H. Xu, W.X. Zhang, Measuring roughness of generalized rough sets
induced by a covering, Fuzzy Sets and Systems, 158 (2007), 2443-2455.



KNOWLEDGE REDUCTION AND KNOWLEDGE... 9

[5] Y.Y. Yao, Relational interpretations of neighborhood operators and rough
set approximation operators, Information Sciences, 101 (1998), 239-259.

[6] W. Zakowski, Approximations in the space (U, ·), Demonstratio Mathe-

matica, 16 (1983), 761-769.

[7] W.X. Zhang, W.Z. Wu, J.Y. Liang, D.Y. Li, Theory and Method of Rough

Sets, Science Press, Beijing (2001).

[8] W.X. Zhang, Y. Liang, W.Z. Wu, Information Systems and Knowledge

Discovery, Science Press, Beijing (2003).

[9] William Zhu, Fei-Yue Wang, Reduction and axiomization of covering gen-
eralized rough sets, Information Sciences, 152 (2003), 217-230.



10


