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1. Introduction

Consider the abstract Cauchy problem:

u′(t) = Au(t) + f(t) , t ∈ R , (1)

where A is a bounded linear operator on a Banach space E and f is a function
from R to E.

The question of asymptotic behavior of (1) is intensively studied by many
authors during the last decades, see e.g. Alsulami [1], Arendt and Batty [2],
Daleckii and Krein [4] and Vu and Schuler [10].

Of concern to us is the question of almost periodicity of solutions u, provided
f is an almost periodic function. Let us recall the definition of almost-periodic

functions. A set Λ ⊂ R is said to be relatively dense in R if there exists a
number ℓ > 0 such that the intersection (t, t + ℓ) ∩ Λ 6= ∅.
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Definition 1. A continuous function f(t) : R → E is called almost periodic

if for every ε > 0 there exists a relative dense set Λ ⊂ R such that

sup
t∈R

‖f(t + τ) − f(t)‖ < ε,∀τ ∈ Λ.

We will denote the space of E-valued almost periodic functions on R by
AP (R, E).

Note that H. Bohr was the first one, in 1925, who used the relatively dense
sets to define the complex valued almost periodic functions defined on the whole
line.

In 1926, S. Bochner established his first equivalent definition for the complex
valued almost periodic functions defined on the whole line.

Definition 2. The function f(t), t ∈ R, is almost periodic if and only if
any sequence {λ

′

n} ⊂ R contains a subsequence {λn} for which

lim
n→∞

f(λn + t) = g(t)

exists uniformly in R.

For convenience, let us denote a sequence {νn} by ν. Correspondingly, if
limn→∞ f(νn + t) = g(t) then we write T νf = g.

In 1962, S. Bochner [3] gave his second equivalent definition of complex
valued almost periodic functions defined on the whole line.

Definition 3. f(t), t ∈ R, is almost periodic if and only if for any two
sequences β

′

⊂ R and ν
′

⊂ R, there exist subsequences β of β
′

and ν of
ν

′

such that

T β+ νf = T βT νf . (2)

Note that equation (2) is equivalent to

lim
n→∞

f(t + βn + νn) = lim
n→∞

lim
m→∞

f(t + βn + νm), t ∈ R .

There are some other equivalent definitions of the almost periodicity by
Markoff [6] and Seifert [7]. We refer the reader to an interesting paper of Fink
[5], in which equivalent definitions of almost periodicity and their analysis are
presented.

Next, we give a definition of almost automorphic functions.

Definition 4. A function f(t), t ∈ R, is called almost automorphic if for
any sequence β

′

⊂ R, there exists a subsequence β such that

T
− βT βf = f ,
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where if β = {βn}, then − β = {−βn}.

Note that Bochner’s original consideration of scalar functions was subse-
quently extended to vector-valued functions, with applications to differential
equations in mind, by G. Sell [8], Sibuya [9] and Zaidman [11] and others. We
will recall some known properties of almost periodic functions:

Proposition 5. (a) If f(t) ∈ AP (R, E), then f(t) ∈ BUC(R, E) (the
space of all bounded uniformly continuous functions from R to E).

(b) Let f(t) ∈ AP (R, E) and assume that g is continuous function from
the range of f in E into a Banach space Y . Then, the composed function
g ◦ f := g(f(t)), t ∈ R, is almost periodic from R into Y .

(c) Let {fn(t)}∞
n=1 be a sequence of almost periodic functions from R into

E such that limn→∞ fn(t) = f(t) uniformly on R. Then, f(t) is an almost
periodic function.

For the proof and related facts, we refer the reader to Zaidman [11, Chapter
9].

Letting A = 0 in (1) and denoting d

dt
by L, G. Sell [8] noted that if u is

differentiable and bounded, by choosing a subsequence if necessary, Lu = f

implies T ν(Lu) = LT νu = T νf . Thus, by the continuity of the operator A

and the above observation, we conclude that if u ∈ BUC(R, E), then LT νu =
T ν(Lu) where L = d

dt
− A.

2. The Main Theorem

Theorem 6. Let f(t) : R → E be an almost periodic (resp. almost auto-
morphic) and A be a bounded operator. Assume that the differential equation

u′(t) = Au(t) + f(t)

has a unique bounded solution u. Then, u is almost periodic (resp. almost
automorphic).

Proof. We give the proof for the case of almost periodicity. The proof for
almost automorphicity is analogous and therefore is omitted.

Let β
′

and ν
′

be arbitrary sequences in R. Since f is almost periodic,
there exist subsequences β ⊂ β

′

and ν ⊂ ν
′

such that the limits T β+ νf

and T βT νf are exist.
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Furthermore, T β+ νu is the unique bounded solution of

v′(t) = Av(t) + T β+ νf(t) (3)

and T βT νu is the unique bounded solution of

v′(t) = Av(t) + T βT νf(t) . (4)

Since f is almost periodic, then (3) = (4). Thus, T β+ νu = T βT νu.
Therefore, u is almost periodic.
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