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Abstract: Aiming at future applications of the octonions in the most varied
fields of the theoretical physics (Giinaydin [4]) and geometry (Cartan [2]), it
becomes important to investigate hypercomplex exponential functions, in order
to extend results obtained recently by Pendeza et al [3]. Thus, the main purpose
of this article is to make a boarding of the exponential function of the octonionic
type f(o) = eo, o being an octonionic number, and to show its regularity in a
basic region.

AMS Subject Classification: 30G99, 30E99
Key Words: octonions, exponencial octonionic functions, hyper regularity

1. Introduction

Octonions may be regarded as a nonassociative extension of the quaternions
(H). They do form an 8-dimensional normal division algebra over real numbers
(R) which is the widest possible that can be obtained from the Cayley-Dickson
construcion (Conway and Smith, [3]). The octonion algebra in frequently de-
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noted by O. Unfortunately, octonions deserve far less attention from math-
ematicians than other normed division algebras (quaternions, for instance),
due perhaps to their nonassociative character. Nevertheless, they stand at the
crossroods of no few mathematical fields, such as Clifford algebras and Spinors
(Cartan, see [2]), Lorentizian geometry, Jordan algebras and exceptional Lie
Groups (Conway and Smith, see [3]). Octonions may also be related to many
applications in quantum mechanics (Giinaydin, see [4]) special relativity and
even supersymmetry. Even being nonassociative, they do satisfy a weaker form
of associativity: they are alternative. This means that the subalgebra generated
by any two elements is associative. One can (Baez, [1]; Kuko and Townsend
[5]) show that the subalgebra generated by any two elements of O is isomor-
phic to R, C or H, all of which are associative. In order to show that despite
being nonassociative octonions may preserve properties of complex numbers
(C) in complex on variabletheory, we will analyse in this letter the octonions
periodicity and regularity.

As well as it occurs with the function of one complex variable f(z) = ez,
where z = x+ yi, the function f(o) = eo, where o ∈ O and o = u1 +u2i+u3j +
u4l + u5k + u6li + u7lj + u8lk, is also periodic and its regularity will be called
here hyper regularity. The fact that f(o) = eo, possess hiper regularity is very
important, as it preserves characteristics of f(z) = ez in the complex variable
theory. Other important factor regarding the exponential octonionic function,
as we will see, is the existence of a region of R7 called the basic region.

2. Exponential Octonionic Function

Let be E8 ⊂ O an 8-dimensional Euclidian space and a hipercomplex number
o = u1 + u2i + u3j + u4k + u5l + u6li + u7lj + u8lk ∈ R8. Consider functions
f : O → O in the division algebra of octonions

f(u1, u2, u3, u4, u5, u6, u7, u8) = f1(u1, u2, u3, u4, u5, u6, u7, u8)

+ f2(u1, u2, u3, u4, u5, u6, u7, u8)i

+ f3(u1, u2, u3, u4, u5, u6, u7, u8)j

+ f4(u1, u2, u3, u4, u5, u6, u7, u8)k

+ f5(u1, u2, u3, u4, u5, u6, u7, u8)l

+ f6(u1, u2, u3, u4, u5, u6, u7, u8)li

+ f7(u1, u2, u3, u4, u5, u6, u7, u8)lj

+ f8(u1, u2, u3, u4, u5, u6, u7, u8)lk,
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having no restrictions over their coordinate functions fl : R8 → R.

We know from the complex variable theory that f(z) = ez, where z = x+yi,
therefore

f(z) = ez = ex(cos y + i sin y) . (2.1)

In this expression, we see clearly that

e(z+2nπi) = ez, (2.2)

what sample that f(z) = ez is periodic of imaginary period 2nπi. Thus, the
terms of z are presented in the band

−π < y ≤ π . (2.3)

The region in (2.3) is called basic region of ez. As it is obtained in (see [6]), the
exponential octonionic function is given by

eo = eu1

{

cos |~u| + ~u

(

sin |~u|
|~u|

)}

, (2.4)

where,

o = u1 + ~u, (2.5)

and

~u = u2i + u3j + u4k + u5l + u6li + u7lj + u8lk .

Thus, we have that octonionic exponential function is expressed in the following
form

eo = eu
1e~u .

Then,

e~v =

{

cos |~u| + ~u

(

sin |~u|
|~u|

)}

. (2.6)

The last factor above will be based in the agreement of the behavior of eo. For
a most complete study, the following definitions are necessary.

Definition 1. Let be f a function such that, f(o+ p) = f(x) for all o ∈ O.
Then f is hiperperiodic with period p.

Definition 2. Let be o an octonion, whose terms are different of zero
except the term uj, and f an octonionic function such that f(o+ p) = f(o), for
all o ∈ O, p ∈ O. Then the period of f is given by the value of uj .
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Theorem 1. Let be o = (u1 + u2i + u3j + u4k + u5l + u6li + u7lj + u8lk),

e ~u′
i, i = 1, 2, . . . , 7 and the vectors,

~u′
1 = (0, 2πi, 0, 0, 0, 0, 0, 0) , ~u′

2 = (0, 0, 2πj, 0, 0, 0, 0, 0) ,

~u′
3 = (0, 0, 0, 2πk, 0, 0, 0, 0) , ~u′

4 = (0, 0, 0, 0, 2πl, 0, 0, 0) ,

~u′
5 = (0, 0, 0, 0, 0, 2πli, 0, 0) , ~u′

6 = (0, 0, 0, 0, 0, 0, 2πlj, 0) ,

~u′
7 = (0, 0, 0, 0, 0, 0, 2πlk) ,

If eo is an octonionic exponential function, then eo is periodic.

Proof. In calculating e ~ui , i = 1, 2, . . . 7, it follows that, given Ai = 02 + 02 +
... + (2π)2 + ... + 02 as a sum of 8 elements equal to zero, except by the i-th
element, that is (2π)2 and i = 1, ..., 8:

e ~u1 = e(0,2πi,0,0,0,0,0,0) = cos
√

A2 +
(0, 2πi, 0, 0, 0, 0, 0, 0)√

A2
sin
√

A2

= cos 2π = 1

e ~u2 = e(0,0,2πj,0,0,0,0,0) = cos
√

A3 +
(0, 0, 2πj, 0, 0, 0, 0, 0)√

A4
sin
√

A2

= cos 2π = 1

e ~u3 = e(0,0,0,2πk,0,0,0,0) = cos
√

A4 +
(0, 0, 0, 2πk, 0, 0, 0, 0)√

A4
sin
√

A3

= cos 2π = 1

e ~u4 = e(0,0,0,0,2πl,0,0,0) = cos
√

A5 +
(0, 0, 0, 0, 2πl, 0, 0, 0)√

A5
sin
√

A4

= cos 2π = 1

e ~u5 = e(0,0,0,0,0,2πli,0,0) = cos
√

A6 +
(0, 0, 0, 0, 0, 2πli, 0, 0)√

A6
sin
√

A6

= cos 2π = 1

e ~u6 = e(0,0,0,0,0,0,2πlj,0) = cos
√

A7

+
(0, 0, 0, 0, 0, 0, 2πlj, 0)√

A7
sin
√

02 + 02 + 02 + 02 + 02 + 02 + (2πlj)2 + 02

= cos 2π = 1

e ~u7 = e(0,0,0,0,0,0,0,2πlk) = cos
√

A8 +
(0, 0, 0, 0, 0, 0, 0, 2πlk)√

A8
sin
√

A8

= cos 2π = 1 .

The results above show that e ~ui = 1; i = 1, 2, . . . , 7. Thus eo+ ~ui = eoe ~ui =
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eo.1 = eo; i = 1, 2, . . . , 7. Then,

eo+n ~ui = eo , (7)

i = 1, 2, . . . , 7, demonstrating the theorem.

Beyond preserving the regularity observed in (2.2) the octonionic exponen-
tial function exists in a region in R7 called basic region. The basic region (G)
for the function eo is given by

G = {w1, w2, w3, w4, w5, w6, w7 ∈ R7 | −π < |w1| ≤ π

− π < |w2| ≤ π , −π < |w3| ≤ π , −π < |w4| ≤ π ,

− π < |w5| ≤ π , −π < |w6| ≤ π , −π < |w7| ≤ π} .

3. Concluding Remarks

With the main results here obtained, it is clearly that the octonionic exponential
function has a similar behavior as the exponential function in complex variable
theory. In analogous way, such functions are periodic, and exist in regions where
their values are all obtained. Such developments will be of strong contribution
in future applications, such as in both quaternionic and octonionic version of
the Cauchy’s like Theorem, and int the solution of physical problems, wich are
in consideration by our research group and whose results may be reported in
nearest communications
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