
International Journal of Pure and Applied Mathematics
————————————————————————–
Volume 49 No. 3 2008, 427-431

A DISTANCE-REGULAR GRAPH WITH INTERSECTION

ARRAY {4, 2, 2, 1, 1, 1; 1, 1, 1, 2, 2, 4} DOES NOT EXIST

M.R. Alfuraidan
Department of Mathematics and Statistics

King Fahd University of Petroleum and Minerals
P.O. Box 1285, Dhahran 31261, KINGDOM OF SAUDI ARABIA

e-mail: monther@kfupm.edu.sa

Abstract: We prove that a distance-regular graph with intersection array
{4, 2, 2, 1, 1, 1; 1, 1, 1, 2, 2, 4} does not exist. The proof is purely combinatorial
and computer free.

AMS Subject Classification: 05E30, 05C12
Key Words: distance-regular graph, intersection array

1. Introduction

The problem of deciding whether a distance-regular graph with a given inter-
section array does not exist is a very hard one, and far from solution. Distance-
regular graphs have rich combinatorial structure. This structure alone ruling
out unfeasible arrays, but vast numbers of arrays are left, for which there are
no proofs either of existence or of nonexistence of corresponding graphs.

If the simple ad hoc argument use here turns to be applicable in yet another
situation, namely, for generalized 2d−gons, then the results obtained in this
paper together with the work done in a previous paper of J.I. Hall and the
author [2] will complete the classification of all imprimitive distance-transitive
graphs with primitive image of diameter at least 3.

References [1] and [2] may be recommended to give a complete picture
about the classification of such graphs and [3] as introduction to the theory
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of distance-regular graphs. But in this paper we shall need only the basic
definition.

Defintion. A connected graph G is called distance-regular graph if it is
regular of valency k, diameter d, and if there are natural numbers b0 = k,
b1, ..., bd−1, c1 = 1, c2, ..., cd such that, for all u, v ∈ V (G) with d(u, v) = i, we
have

1. ci = |Gi−1(v) ∩ G1(u)| (1 ≤ i ≤ d);

2. bi = |Gi+1(v) ∩ G1(u)| (0 ≤ i ≤ d − 1).

In this case, we say that G is a distance-regular graph with intersection array
{b0, b1, ..., bd−1; c1, c2, ..., cd}.

Theorem. A distance-regular graph with intersection array {4, 2, 2, 1, 1, 1;
1, 1, 1, 2, 2, 4} does not exist.

The remainder of the paper is devoted to the proof of this theorem. From
now on, we suppose that G is a distance-regular graph with the specified inter-
section array.

We shall use the following notations:

d(x, y) – distance between vertices x and y in the graph G. Gi(v) – the set
of vertices at distance i from v. G≤i(v) – the set of vertices at distance at most
i from v. An m−cycle or m−path is a cycle or path of length m.

Lemma 1. (a) For each vertex v ∈ V (G), there are exactly 4, 8, 16, 8, 4,
and 1 vertices at distance 1, 2, 3, 4, 5, and 6 from v.

(b) Any two vertices at a distance 2 are connected by exactly two paths of
length 3.

(c) Any two vertices at a distance 3 are connected by a unique 3-path.

(d) There are no cycles of length 4 or 6.

Proof. The diagram below represents distribution of vertices and edges of
G relatively to a vertex v.
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All the properties (a), (b), (c) and (d) follows from the distribution diagram.

Next we shall determine uniquely the structure of the graph induced on
G≤2(v) for every vertex v in G.
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Let I = {1, 2}
⋃
{1′, 2′}. From now on, whenever symbols x, y, z, w use in a

statement, x, y represent distinct elements of {1, 2} and z,w represent distinct
elements of {1′, 2′}.

Lemma 2. For every vertex v ∈ G, vertices of the graph N = G≤2(v) can
be labeled by the following symbols:

G1(v) = I = {1, 2} ∪ {1′, 2′}; G2(v) = {xz or zx| x ∈ {1, 2}, z ∈ {1′, 2′}};

so that all edges of N are as follows: v ∼ x; v ∼ z; x ∼ y; z ∼ w; x ∼ xz;
z ∼ zx; xz ∼ xw; zx ∼ zy.

Proof. Let v be any vertex of G. Label its neighbors arbitrarily by the
symbols 1, 2, 1′, 2′. Each one of them is adjacent to exactly one of the same
group. WLOG, let 1 ∼ 2 and 1′ ∼ 2′. There are 8 vertices in G2(v). Label
them by xz and zx where x ∈ {1, 2} and z ∈ {1′, 2′}. Any vertex in G1(v) is
adjacent to two vertices of G2(v). WLOG, let x ∼ xz and z ∼ zx. Now pick
up any vertex of G2(v), say xz. Then xz ≁ yz otherwise x ∼ xz ∼ yz ∼ y ∼ x

will form a 4−cycle (contradicts Lemma 1(d)). Similarly, xz ≁ yw. Now, let
us assume that xz ∼ zx. By above argument, xw must be adjacent to one of
zy, wx, or wy. Yet this is not possible since:

(1) if xw ∼ zy, then x ∼ xz ∼ zx ∼ z ∼ zy ∼ xw ∼ x will form a 6−cycle
(contradicts Lemma 1(d));

(2) if xw ∼ wx, then x ∼ xw ∼ wx ∼ w, x ∼ y ∼ v ∼ w and x ∼ v ∼ y ∼ w

will give three different 3−paths between x and w (not possible by Lemma 1(b)
since d(x,w) = 2). Similarly, xw ≁ wy. The Lemma follows.

Now, pick up any vertex i ∈ G3(v). i must be adjacent to exactly 2 vertices
from the same set G3(v) say j and k. Moreover, i is adjacent to one vertex
from the set G2(v). WLOG, let i ∼ xz. We do have the following shape:

xz i

j

k

Lemma 3. xw ≁ j (or k).

Proof. If xw ∼ j then xz ∼ xw ∼ j ∼ i ∼ xz will form a 4−cycle which is
not possible by Lemma 1(d). Similarly, xw ≁ k.

Lemma 4. yz ≁ j (or k).
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Proof. If yz ∼ j then xz ∼ x ∼ y ∼ yz and yz ∼ j ∼ i ∼ xz are two
different 3−paths between xz and yz, which is not possible by Lemma 1(c)
since d(xz, yz) = 3. Similarly, yz ≁ k.

Lemma 5. yw ≁ j (or k).

Proof. If yw ∼ j then i ∼ xz ∼ x ∼ y ∼ yw ∼ j ∼ i will form a 6 cycle,
which is not possible by Lemma 1(d). Similarly, yw ≁ k.

Lemma 6. xz ≁ j (or k).

Proof. First notice that the vertices i, j and k are located in a cycle Cn ∈
G3(v). Now assume that j ∼ xz. We do have the following cases:

1. n = 3, not possible since then xz ∼ j ∼ ... ∼ i ∼ xz will form a C4

contradicts Lemma 1(d).

2. n = 4, not possible by Lemma 1(d).

3. n = 5, not possible since then xz ∼ j ∼ ... ∼ i ∼ xz will form a C6

contradicts Lemma 1(d).

4. n = 6, not possible by Lemma 1(d).

5. n = 7, that means will have C7 and C9 in G3(v). But this is not possible
since always will be able to find a vertex without adjacent vertex from
G2(v) either because of Lemma 1 parts or Lemmas 3, 4 and 5.

6. n = 8, that means will have 2C8 in G3(v). But this is not possible since
always will be able to find a vertex without adjacent vertex from G2(v)
either because of Lemma 1 parts or Lemmas 3, 4 and 5.

Hence xz ≁ j.

We have proved that for every vertex i ∈ G3(v), there are at least two
vertices in G3(v) that cannot be connected to the same lower level (same set
of G2(v)) vertices. Yet, no enough vertices in G2(v) are available for the 16
vertices in G3(v). The theorem is proved.

2. Concluding Remark

We have proved, in fact, a stronger result than the theorem. Since only prop-
erties of the graph listed in Lemma 1 were used in the proof, we proved nonex-
istence of graphs which locally look like around every vertex.
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