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Abstract: An extended minimal model for wear pattern generation is pre-
sented. Instability of the surface evolution against a wavy topography results
for a finite wavenumber band close to the wavenumber corresponding to the
structural resonance frequency. It turns out that a coupling of the structural
system to ground is necessary for stability of small wavenumber perturbations.

AMS Subject Classification: 70F40, 74F99
Key Words: wear patterns, surface evolution instability, corrugation

1. Introduction

Wear patterns appear in a multitude of applications like e.g. railway tracks,
friction brake rotors, dust roads, hard disc drives, cylinders of combustion en-
gines, etc. Basically the wavelength of the emerging pattern is related to a
structural resonance frequency. Fundamental understanding of the underlying
mechanisms has been gained by analyzing minimal models. One of the most
often used minimal models consists of a single mass slider moving with constant
velocity across an infinitely extended surface [3, 1, 2]. The mass is coupled to
the surface by stiffness and damping and otherwise free. The model has been
very successful in representing wear pattern formation in systems for which the
slider is not coupled to any other systems, as e.g. in railway track corruga-
tion [4] or the formation of dust roads [3]. In other systems, as e.g. friction
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Figure 1: Minimal model

brakes [5], hard disc drives, or the cylinder surface of combustion engines, the
structural system causing wear is however coupled to some sort of background
structure. The purpose of the present study therefore lies in extending the orig-
inal minimal model such that it captures the specifics of these other systems.

2. The Model and the Approach

A graphical representation of the model considered is depicted in Figure 1. A
single mass m is coupled by linear springs and linear viscous dampers to a first
surface H subjected to wear and to a second surface G, which can be understood
as ground.

The evolution equations for this single-degree-of-freedom oscillator simply
read

m
D2

Dt2
Z + d1

D

Dt
(Z − H) + d2

D

Dt
(Z − G) + k1(Z − H) + k2(Z − G) = 0, (1)

where D

Dt
denotes the time derivative of the moving mass evaluated at is present

position. Without loss of generality one may chose G=0, such that the equa-
tions result in

m
D2

Dt2
Z +

D

Dt
[(d1 + d2)Z − d1H] + (k1 + k2)Z − k1H. (2)

To simplify the following analysis abbreviating quantities are introduced:

D = d1 + d2, d̂ =
d1

d1 + d2

, (3)

K = k1 + k2, k̂ =
k1

k1 + k2

. (4)

Note that of course D and K show that the mass is subject to a parallel con-
figuration of springs and dampers. Moreover the system becomes uncoupled to
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ground G in the limit k̂, d̂ → 1, while k̂, d̂ → 0 represents the limit of vanishing
coupling to the surface H subjected to wear. To couple the discrete oscillator
to the extended wear surface, now the single oscillator is replaced by an ensem-
ble of oscillators by changing the Lagrangian discrete vibration equation into
a Eulerian frame by setting D/Dt = ∂t + V ∂x. Using in addition the scaled
stiffness parameter ω2

0
= K

m
and the scaled damping parameter Γω0 = D

m
, the

final evolution equation for the oscillator system reads:

(∂t + V ∂x)2Z + Γω0(∂t + V ∂x)[Z − d̂H] + ω2

0 [Z − k̂H] = 0. (5)

Next an evolution equation for the wear surface is needed. For simplicity, and
in the style of previous work, wear will be assumed to be proportional to normal
load. Assuming a wear rate a, the change in surface height of H can then be
simply written down as

∂tH = a[−N + d1

D

Dt
(Z − H) + k1(Z − H)], (6)

where N stands for the constant load due to some arbitrary prestress and the
second and third terms represent the forces acting on the surface to be worn
due to the damper d1 and the spring k1.

Since in the following only the evolution leading to inhomogeneities is of
interest, the variables are split into spatial averages and their deviations from
that mean,

Z(x, t) = Z0(t) + z(x, t), (7)

H(x, t) = H0(t) + h(x, t), (8)

where z and h have a zero mean over x. With this decomposition evolution
equations for the spatial mean components and the corresponding perturbations
can be derived:

∂ttZ0 + Γω0∂t[Z0 − d̂H0] + ω2

0
[Z0 − k̂H0] = 0, (9a)

(∂t + V ∂x)z + Γω0(∂t + V ∂x)[z − d̂h] + ω2

0
[z − k̂h] = 0, (9b)

∂tH0 = −Na + d1a∂t(Z0 − H0) + k1a(Z0 − H0), (10a)

∂th = d1a(∂t + V ∂x)(z − h) + k1a(z − h). (10b)

It is noteworthy that the average quantities decouple from the oscillating ones,
such that the later ones will in the following be treated exclusively.

To solve the equations we now assume h(x, t) = h̃ exp(ikx + st), z(x, t) =
z̃ exp(ikx+st). In addition, since the vibration time-scale is much shorter than
the growth of wear patterns, equation (9b) is averaged over one time-period of
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the vibration to eliminate all time derivatives in the equation and to yield

(V ∂x)2z + Γω0V ∂x(z − d̂h) + ω2

0(z − k̂h) = 0. (11)

Inserting the above ansatz and evaluating the spatial derivatives then makes
it possible to solve explicitly for z, to insert the result in equation (10b) and
then to solve (10b) for s, i.e. the quantity containing growth and drift of the
pattern, explicitly. The resulting dispersion relation reads

s = a(d1ikV + k1)
(k̂ − 1)ω2

0
+ (d̂ − 1)ikΓω0V + V 2k2

ω2

0
− V 2k2 + ikΓω0V

, (12)

or, using the given definitions,

s = ma(ikΓω0V d̂ + ω2

0
k̂)

(k̂ − 1)ω2

0
+ (d̂ − 1)ikΓω0V + V 2k2

ω2

0
− V 2k2 + ikΓω0V

, (13)

which shows that the stability behavior is merely a question of the equiva-
lent damping and stiffness parameters Γ and ω0 and the relative damping and
stiffness parameters d̂ and k̂.

3. Results

Figure 2 shows characteristic results for some arbitrary, but fixed parameters
for varying values of d̂ = k̂.
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Figure 2: Re(s), i.e. growthrates (left) and Im(s), i.e. drift parameter

(right) for d̂ = k̂ = 1 (solid), 0.5 (dashed), 0.33 (dash-dotted) and 0.09
(dotted) with a = 1.0 · 10−10s kg−1, m = 1kg, V = 1m/s, ω0 = 1s−1,
Γ = 0.1
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At first sight, the well known picture results: large growth appears only
for wavenumbers that correlate to the oscillator’s natural frequency. However,
Figure 2 reveals also that perturbations with smaller wavenumbers are typically
stable, unless the coupling of the mass to ground vanishes (i.e. d̂ = k̂ = 1). To
make the result clearer, Figure 3 shows - for the same parameters as in Figure
2 - the wavenumber range of instability and also the maximum growth that
appears.
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Figure 3: Wavenumber range of instability (left) and maximum growth

rate (right) vs. d̂ = k̂.

It turns out (left graph in Figure 3) that the more strongly the oscillating
mass is bound to ground (i.e. the smaller d̂ and k̂ are), the smaller is the range
of unstable wavenumbers; there even exists a limiting parameter beyond which
the whole system has become linearly stable. The right graph in Figure 3 in
adddition shows that also the maximum growthrate decreases when d̂ and k̂
decrease, and that for very small values of d̂ and k̂ positive growth does not
occur.

Intuitively the results described could have been expected: In the limit of
very small k, i.e. very large wavelengths, the mass will move quasistatically
across the surface such that “hills” on the surface will experience large normal
force, while valleys feel small pressure values, which corresponds to a stable
configuration of the surface evolution equation. Although this behavior seems
very plausible, it has not yet been described in previous studies.

In addition one should not that for large k the growth rate also saturates
at an asymptotic negative value, corresponding to stability (see Figure 2): this
limit corresponds to very small wavelength perturbations of the surface, for
which the inertia effects of the oscillator dominate, such that the mass basically



354 N. Hoffmann

remains at a given surface height and the underlying surface is loaded merely
according to the values of k1 and d1. Simple quantitative calculations show
that in both cases of either k → 0 or k → ∞ quasistatic calculations render the
same growth rates as the full calculation presented.

4. Summary and Conclusions

In the present study a minimal model for wear pattern generation has been
introduced that also allows consideration of structural interaction of the oscil-
latory system with some outside components. It turns out that then and only
then the quasistatic picture of slow relative motion is taken into account prop-
erly: the system is not unstable any more for small wavenumbers, instability
results only in a finite positive interval of wavenumbers, and too strong binding
to the outside system (or ground) may even completely stabilize the system.

For future studies one therefore has to conclude that a proper modeling
of the complete structural dynamics in wear pattern formation is unavoidable.
Only with a sufficiently detailed model the determination of proper stability
boundaries seems feasible.
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