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Abstract: Three basic problems on ¢-hypergeometric functions are presented
using Jackson integrals. As an example they are explained in more details in
the case of BC-type.
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1. Jackson Integrals and g-Hypergeometric Functions

Assume that an element o« € Hom(Z", C) and a finite set M in Hom(Z",Z) —
{0} are given, then we can define the g-multiplicative function of t = (¢1,...,t,)
e X =(CHH"

/.
b(p) = oo [[ (D=
peM (aut; q)oc
for arbitrary a,,a, € C* (u € M) (here we denote t* = t?(XI) Q0 g
tﬁl(m) e tﬁ(xn) with respect to the standard basis {xx}1<x<n of Z").
In the sequel we follow the references [1], [7] about the terminologies.
Consider the sum over the orbit [0, £oc], = ¢2" - € for a fixed ¢ € X and an
admissible ¢(t) as follows:
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/ tpt)my = (1-a" Y o@Op(ge) €C (1)
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1 n
This is called “Jackson integrals” provided it is convergent and is denoted by

(p,&). If gX¢ lies in a pole of ®(t)p(t), it may be replaced by a suitable residue
as its regularization. If the sum is divergent, it must be replaced by a suit-
able contour integral. From now on we call [0,{oc0], and its regularization
“n-dimensional cycle”. (1) gives the pairing between a cohomology class of ¢
in H"(X,®,V,) and an n-dimensional cycle, i.e., it gives a dual element of
H™"(X,®,V,). (1) is a quasi-meromorphic function of £ which is invariant un-
der the ¢-shift. Hence it can be represented by elliptic theta functions of &.
Our interest lies in not only g-periodic structures with respect to &, but also
holonomic g-differecne structures, asymptotic behaviors with respect to the pa-
rameters «, a,, a;“ and connection relations among various asymptotics for the
large parameters like |a| = 3¢ [a(xx)| — 0o, |a,l,la),| — 0,00.

Under a suitable genericity condition, one can prove that H"(X, ®,V,) has
a finite dimension, more precisely

dim H*(X,®,Vy) = > [p1,...pa)?
{pa, o }CM
holds where [p11,. .., jt5,] denotes the determinant of the matrix (4;(x%)); k- For
the proof see [7], [12] and the references in them.

In the sequel we shall denote by x dim H"(X, ®,V,).

2. Statement of Problems

Problem 1. Finding explicitly the holonomic ¢-difference equations satis-

fied by (p,&).

Suppose that ¢g(t), 1 < k < k, give a basis of H"(X,®,V,). The ¢-
shift operators Ty, , Ty, , T% corresponding to the parameters u; = qo‘(Xk), Ay a;L
transform H"(X,®,V,) into itself. As a consequence, we have the holonomic
g-difference equations with the coeffcients of rational functions of u = (ug)g,
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a,, a,, (veM):

uk Spja Zyl @la
au @]7 Zyl 90l7
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\

Problem 2. We fix { € X. When u, a,,, au
w and {ny,n,} for each u € M, namely, when

are at the infinity in the direction

a=wN+a, a, = q"“Nd”, aL = q”LNdL (%W»UL eZ" -{0})
for fixed &, Gy, a,, the asymptotic behaviors of (1) with respect to N — oo
(N a positive integer) generally can be expressed as

(0.6 ~ C¥ DN (14 O(1)

for a non-zero pseudo-constant C, a constant p € C* and an integer r. It is an
interesting problem to evaluate them.

Problem 3. Generally one can determine the x characteristic cycles corre-
sponding to the given direction w, {r,,n;,}. If we denote them by [0,£(1)oc]q,

, [0,&(K)o0]q, then the Jackson integral (1) over the general [0,{o0], can be
represented by a linear combination of the integrals over [0,£(k)oo], (1 <k <
K):

K
[0,600]y = > ([0, 600l : [0, &(k)olg)a - [0, £(k)oc]
k=1

where ([0, {o0], @ [0,€(k)oo]y)e are pseudo-constants with respect to &, o, ay, ay,,
and can be described by elliptic theta functions. It is an interesting problem to
evaluate the connection coefficients ([0, oo}, : [0, £(k)oo]q) -

In the next section we shall focus our argument on the case of g-hypergeometric
functions of BC type.
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3. g-Hypergemetric Functions of BC:-Type

Assume n = 1 and let s be a non-negative integer. Take as ®(t)
2s5+2

(qt/ak; @)oo
a(t) = [ ¢/2en Lo Do (2)
kl_Il (tak; @)oo
where we put ap = ¢“*. This function is of BC1-type, because ®(t) is symmetric
with respect to the inversion o (t — 1/t):

b(t) = ®(qt)/@(t) = @(1/(qt))/®(1/1)
o acts on H'(X,®,V,) as an endomorphism. We are only interested in its
skew-symmetric part H},_ (X, ®,V,). We have the basic identity

skew
/{05 OO - V1)) =0, (3)

where V1) (t) = 1(t) — b(t)1(qt) for an admissible rational function ¢(t). The
dimension of H},_ (X, ®,V,) is equal to s and one can choose as a basis the

representatives o = tF — 7% (1 < k < s) (see [5], [6] for more details).

The holonomic ¢-difference equations with respect to ay, . .., azs12 are given
as follows (see [3],[6]) :

Ty (J;) = (ak—l— )J tJi+Ji (1<j<s—1),

Es—r+1 — Estr+l
T (J5) = (ak—l— )J +J51+Z 5’”81_628;’” I

where Ji, denotes (¢, £), Jo = 0 and g, denotes the elementary symmetric poly-
nomial of degree k in ai,...,a2s12. One can prove that the above g-difference
equations have the fundamental matrix solution Y = Y'(ay,...,a,) such that
Y/ T1it, Y(ax;q) is holomorphic at its origin, where 9(z; ¢) denotes the elliptic
theta function (7;¢)eo(q/%; @)oo (q; ¢)so (see [3]).

One can choose as a dual basis of Hlkew(X,q),Vq) the cycles [0, ar00]q,
where k moves over a subset of s indices K C {1,2,...,2s + 2}. As for the
connection formula among a general [0 §oo] and [0, ai00], we have (see [10])

([0,&00]4 = [0, aroo]y) s S H . aagf ;q)V(a; /&5 q)
J#k

]aka (a’]/aka ) '

where
V(€% q)

O(£) = 5~k o .
©=¢ 1542 9(arg; q)
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In case where s = 1, (1) reduces to Bailey’s gs- formula (see [8], [9], [13]).

In case where s = 2, it reduces to Askey-Wilson polynomials and their Stieltjes
transforms with respect to the variable z by taking ajq”/ 2(1<j<4), a5 =
2q7"?%, ag = 2z~ '¢7"/? (n = 0,1,2,...) instead of a; (1 < j < 6) respectively
(see [4]).

Remark. The Jackson integrals corresponding to (2) can also be gen-

eralized to multivariable cases. They satisfy holonomic ¢-difference equations.
However we have not yet succeeded in getting explicit formulae (see [5], [6]).
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