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Abstract: The main purpose standing behind the group manifold approach to
gravity and supergravity theories, is the need for describing forces of nature by
means of non-Riemannian geometries, and to examine their physical contents
in terms of a vierbein formalism. Motivated by the close relationship that
is connecting quantum gravity and Yang-Mills theory in the non-perturbative
strings theory framework, we have extended the group manifold geometrical
scenario by introducing a general gauge group G. Although we are still deeply
rooted in Regge’s ideas that led to the group-manifold approach, our work has
had its own particularities: here dynamics is controlled by geometry in the
sense that first curvatures and Bianchi identities were established and then
the Lagrangian is worked out. Using the basic tools of exterior forms and
exterior derivatives, gravitation and its extension as a Yang-Mills theory is
then described on a group manifold G. G has the same relationship to the
Poincaré group, as curved spacetime does to Minkowski spacetime, except that
the existence of a metric is now replaced by assumptions about the vierbein. In
this paper, we synthesize the main features of the extended geometrical scenario
that we have established and discuss perspectives for the nearest future.
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1. Gravity and its Extensions

As it is well known, the general theory of relativity may be characterized by
some basic assumptions: (i) the metric tensor is symmetric ( Gµν = Gνµ );
non symmetric theories (Einstein and Kaufman [10]), (Moffat [15]) have been
showed to be unsound (Hammond [12]); (ii) ∆σ Gµν ≡ Qσµν = 0 (Q = non
metricity tensor); by assuming that this vanishes, we are assumed that lenghts
of vector upon parallel transport are invariant; (iii) Γσµν = Γσνµ (the affine conR √
nection is symmetric); (iv) δ − GRdx4 = 0 (Hilbert showed that the Einstein
Vacuum field equations could be derived from a Variational Principle by considering variations with respect to the metric tensor). For a non-symmetric
connection, the antisymmetric part is defined as torsion T :
1
σ
(1)
Tµν
≡ Γσ[µν] = (Γσ µν − Γσνµ );
2

σ
σ
σ
Γσµν = σµν + 2Tµν
+ Tνµ
⇒ Γσµν = {σµν } ⇔ Tνµ
= 0;
(2)
σ
Tνµ
= T orsion .

Elie Cartan [6] was the first to relax the third assumption and introduced
torsion. Later many others like Hehl et al [13], Kibble [14], Regge [9],Hammond
[12], Borges and Masalskiene [4], Borges [2], [3] and Borges et al [5], worked on
theories with a non-symmetric connection. Torsion may be physically considered as the density of intrinsic angular momentum (Hehl et al [13]), on even
gauge potential in local gauge theories of gravity (Hammond [12]) through the
use of second order formalism; non supersymmetry used. In Regge et al [8],
as in Borges [1] through a first order formalism in superspace, it is showed
the role of torsion as a propagating field; in that work torsion also appears as
constituent of a multiplet, called “Generalized curvature” ΘA :
ΘA = (Θig , Θi )
Θig

dω ig

ω ik

ωki

(3)
Θi

dv i

ω ig

the curvature and
=
−
∧ vg the torsion
being
=
−
∧
ig
ig
µ
i
(ω = ωµ dx is the cartan connection on the manifold; v = vµi dxµ is the
vierbein).
Besides the physical interpretation for torsion, Borges [2] has extended
gauge formulation of gravity, in the approach, popularly called ”Group manifold approach to gravity and supergravity theories”. Essentially, the main
purpose of the group manifold approach has been of finding out a formulation
for supergravity theories where the group structure would appear in a simple
way, making the symmetries properties more transparent and from which all
the fields arise as constituent of only one geometrical entity. Motivated by this
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approach, we have worked in the construction of a geometric structure for an
extended five dimensional gravity theory of Yang-Mills type, that will be briefly
exposed in the next section. To conclude, we will discuss some features for the
next steps to be carried on.

2. Geometric Formulation of Extended Cartan’s Gravity
In the last years a geometric structure for the N=2, d=5 Yang-Mills theories
on the group manifold has been formulated and discussed by Regge et al [8],
Castellani et al [7] and Borges [1], [2]. These theories may be regarded as an
embedding of Einstein’s theory of gravity in a broader framework. The internal
symmetries (gauge groups of Yang-Mills) and the space-time symmetries (gauge
groups of Poincaré) are unified in an algebraic structure. In this way also the
internal symmetries show a geometrical feature that extend the geometrical
interpretation of pure gravity. We are going to be reporting the main steps in
the construction of this scenario.
The first step in the construction of the theory is the choice of the group on
which the theory is to be formulated. The group is determined from the d=5
supergravity, since the geometrical Supersymmetric Yang-Mills N=2, d=5 can
immediately be coupled to the N=2, d=5 supergravity. In the case of the supergravity, one can deduce the nature of the group upon analysis of the field content
of the theory. The group is characterized by the dual generations of the 1-forms
ω̄ ab (SO(1,4) Lorentz connection with 10 parameters), V a (vierbein associated
to the graviton with five parameters), B (spin-1 field with five parameters) and
ΨA (gravitini with four parameters); it is therefore a 24-parameter group. The
group can then be identified as SU(2,2/1) or one of its contractions. Thus, the
group manifold G of this theory is given by the direct product between the
general gauge group G and the graded Poincaré supergravity group:
G = G ⊗ SU (2, 2/1).

(4)

In the supergravity case it is shown that there exists a gauge invariance of
the theory with respect to H = SO(1, 4) ⊗ U (1). Then, the coupling between
Cartan’s gravity theory in 5 dimensions (ECGT-5) and supergravity acquires
′
a bundle strucutre, where H = G ⊗ SO(1, 4) ⊗ U (1) will be the fibre, and the
′
quotient space G/H , the base space of the principal fibre bundle.
Next, the set of curvatures of group manifold is formulated considering
the supergravity curvatures established by Regge et al [8], F the curvature
associated to the gauge group G and the covariant derivatives of the spinorial
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field λA (related to the Dirac equation), scalar field σ and the internal curvatures
associated to Yang-Mills Fab = 21 (∂a Ab − ∂b Aa ) = ∂[a Ab] . For the theories on
a group manifold an important property must be considered in setting the
curvatures too: the rheonomy. This property is equivalent to the possibility of
developing all the dynamics in space-time, giving the theory a physical meaning.
Besides that, the factorization is considered too, which is associated to the use of
the restricted basis, V A and ΨA . With this considerations and following other
criteria about degreee of the forms, Lorentz covariance, dimensional analysis
and others described in Borges [1] a general hypothesis of the expression for the
curvatures is formulated by:
F = dA = Fab V a ∧ V b + icλ¯A ∧ Γm ΨA ∧ V m
+idǫAB λ¯A ∧ Γm ΨB ∧ V m + if σ ∧ Ψ¯A ∧ ΨA

DλA = ΛmA ∧ V m + igFab ∧ Σab ΨA + hφa ∧ Γa ΨA
ab

(5)

a

+itFab ∧ ǫAB Σ ΨB + Zφa ∧ Γ ǫAB ΨB ;

Dσ = φa ∧ V a + ikλ̄A ∧ ΨA + ilǫAB λ̄A ∧ ΨB ;
[a

[a

m
DF ab = Gab
+ inΛ̄A ∧ Γb] ΨA + ipǫAB Λ̄A ∧ Γb] ψB .
m ∧V

Through the analysis of the Bianchi identities it was possible to determine a
compatible system of equations for the parameters of the theory, this means that
the hypothesis made for the curvatures are acceptable. Thus, the generalized
curvature to ECGT-5 is defined by the following multiplet:
ΘA ≡ (ΦA , RB ),

(6)

where ΦA ≡ (F, DλA , Dσ, DFab ), and RB the ”supergravity curvature multiplet”. F is the “internal curvature” associated to the gauge group of Yang-Mills
G, and DλA , Dσ, DFab , are respectively the covariant derivatives of λA , σ and
Fab .
After the explicit determination of the curvatures by means of the Bianchi
identities, the next step was to build up the geometric action on the group
manifold G. The procedure to obtain the Lagrangian used is an application of
the general scheme provided by Castellani, D’Auria and Fré [7].
In general, the construction of a Lagrangian for supersymmetric theories is
a complicated task. Some basics requirements must be taken into account as
preliminary “precautions”:
(i) the action is an integral of 5-forms developed on an arbitrary hypersurface M5 (= 5 dimensions) immersed in the whole manifold G;
(ii) the action must be stationary relating to the variations of fields and to
the variations of the hypersurface M5;
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(iii) the 5-form Lagrangian is gauge invariant under the group H = G ⊗
SO(1, 4)⊗U (1), with a general form given by L = ∆A +ΘA ν A +ΘA ∧ΘB ν AB +...,
where ∆A , ν A , ν AB are polynomials with constant coefficients and ΘA , ΘB are
the generalized curvatures.
Then the Lagrangian L is worked out with all the fields present in the theory
and A, λA , σ, Fab , φa , Va , ΨA , in first order form. The action Ac for ECGT-5,
taken in account all the basic conditions here reported and the fields in first
order version (Borges [3]) is the following:
 
Z 
1
ab c
d
e
Fab F ab V i ∧ V j ∧ V k V l ∧ V m εijklm
AC =
dAF V ∧ V ∧ V εabcde−
20
 M5
1
+
φa φa V i ∧ V j ∧ V k V l ∧ V m εijklm − φa dσV b ∧ V c ∧ V d ∧ V e εabcde
10
 
1
+
λA Γa DλA V b ∧ V c ∧ V d V e εabcde − iFab λ̄A Γm ΨA Vm ∧ V c ∧ V d V e εabcde
4
 
1
c
d
e
iφa λ̄A ΨA V b ∧ V c V d ∧ V e εabcde
− iFab Ψ̄A ΨA V ∧ V ∧ V εabcde +
2
− 6dAλ̄A Σab ΨA V a ∧ V b − 2(dσ)λ̄A Σab ΨA V c ∧ V e εabcde
 
1
ab
a
b
− 6iσ λ̄A Σ ΨA Ψ̄B ΨB V ∧ B −
iλ̄A Σab λA Ψ̄B ∧ ΨB ∧ V c ∧ V d ∧ V e εabcde
8
 
1
−
iλ̄A λB δAC Ψ̄C Σab ΨB ∧ V c ∧ V d ∧ V e εabcde
4
 
3
+
iλ̄A Σab λA Ψ̄B Γc ΨB ∧ Va ∧ Vb ∧ Vc
4
 
3
iλ̄A Γc λB δAC Ψ̄c Σab ΨB ∧ Vc ∧ Va ∧ Vb
+
4

− 6idAσ Ψ̄A Γm ΨA ∧ Vm − 3σ 2 Ψ̄A Γm ΨA ∧ Ψ̄B ∧ ΨB ∧ Vm
 

3
+
iA ∧ dA ∧ Ψ̄A ∧ ΨA .
(7)
2
The joint action (Ferrara et al [11]) for the system is obtained by the simple
addition of the supergravity action AS (Regge [8]) to the “Cartan’s action” AC
for ECGT-5.
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3. Conclusions and Perspectives

Following the basic philosophy of the Group Manifold Approach we have been
worked in the construction of an alternative gravity theory of the Yang-Mills
type over a curved group manifold. In this theory, the space-time is presented
as a hypersurface embedded in this geometrical background. The dynamics
is controlled by geometry in the sense that first the curvatures and Bianchi
identities were established and then the Lagrangian worked out. The results
obtained was formulated in the language of differential forms combined with
the exterior product, which are more compact than the usual tensor calculus.
Now, through the variational principle we are investigating how to calculate
all the motion field equations. To find the lagrangian we assume that the
action is stationary relating to the variations of fields and to the variations of
the hypersurface M5 . It implies that the equations of motion interpreted in
differential forms and resulting from the variations of the Lagrangian related to
the fields of the theory will have validity on the whole manifold. We assume that
lagrangian is not trivial too. That means that if curvatures of supergravity are
zero, then the equations of motion must be satisfactorily worked out, having as
content both the curvature of the gauge group G and of the covariant derivatives
DλA , Dσ, DFab . It is our hope to present some new results in a forthcoming
communication.
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