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1. Introduction

The state estimation problems for dynamic control systems with uncertain ini-
tial state were studied in [3, 4, 1]. We consider here the case of combined
controls. The control is a pair of classical (measurable) control and the im-
pulsive control function. We assume that both parts of admissible control are
restricted by ellipsoids. Namely, the classical control should belong to a given
finite-dimensional ellipsoid and there is also an additional constraint on the im-
pulsive control part represented by a special restriction of ellipsoidal type. Such
problems arise when the possibilities of control of impulsive dynamic system are
non-even in different directions [6, 5].

The problem is studied under uncertainty conditions with set – member-
ship description of uncertain initial states, which are taken to be unknown but
bounded with given bounds. In this paper we use the well known results of pro-
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fessors A.B. Kurzhanski [3, 4] and F.L. Chernousko [1] devoted to ellipsoidal
state estimation theory for dynamical systems with classical (measurable) con-
trols.

We present here the method of constructing ellipsoidal estimates of reach-
able sets of dynamic control systems with combined control and with uncertain
initial state that uses the special structure of linear control problem.

2. Problem Formulation

Consider a dynamic control system described by a differential equation with
combined control:

dx = A(t)xdt + v(t)dt + du(t), x ∈ Rn, x(−0) = x0, t ∈ [0;T ] , (1)

or in the integral form

x(t; v(·), u(·), x0)=X(t)x0+

t
∫

0

X(t)X−1(τ)v(τ)dτ+

t
∫

0

X(t)X−1(τ)du(τ). (2)

Here we assume that A(t) is a continuous n×n – matrix function on [0, T ], X(t)
is the fundamental matrix solution Ẋ = A(t)X (X(0) = I). The control is a pair
of classical (measurable) control v(t) and the impulsive control function u(t).
The integrals in (2) are taken as the Lesbegue integral and as Riemann-Stieltjes
integral relatively.

The control v belongs to a given finite-dimensional ellipsoid

v(t) ∈ E(0, P ) = {z ∈ Rn| z′P−1z ≤ 1}, t ∈ [0, T ], (3)

where P is a given symmetric positive definite n × n matrix. Denote by V the
class of measurable functions v(t) that satisfy (3).

Given an ellipsoid E0 = E(0, Q−1

0
) = {l∈Rn| l′Q0l≤1}, we introduce a spe-

cial restriction U on the impulsive part u(·) of control functions in the space V n

of functions of bounded variations on [0, T ] [6]:

U={u(·)∈V n|

T
∫

0

y(t)du(t)≤1,∀y(·)∈Cn, y(t)∈E0, ∀t∈[0, T ]}, (4)

where Cn is the space of continuous n-vector functions y(·), Q0 is a given
symmetric positive definite n × n matrix.

In particular, under such restriction vectors of impulsive jumps of controls
∆u = u(ti+1) − u(ti) ∈ U have to lie in the ellipsoid E∗

0 = E(0, Q0).
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We will assume that the initial value x(−0) = x0 for the system (1) is
unknown but bounded with a given bound x0 ∈ X0 = E(0, R), where R is a
symmetric positive definite n × n matrix.

Denote

X (t;X0) =
⋃

x0∈X0

⋃

v∈V

⋃

u∈U

{x(t; v(·), u(·), x0)} (5)

the reachable set of the impulsive differential system (1) from the initial set X0

at the instant t under restriction (3)-(4).

So the main problem considered in this paper is to find external and internal
ellipsoidal estimates for reachable sets X (t;X0) of dynamical control system (1)
with combined controls and with uncertain initial state basing on the special
structure of the data V, U and X0.

3. Main Results: Ellipsoidal Estimates

In this section we apply the techniques of the ellipsoidal calculus to find the
estimates for the X (t;X0). For simplicity and without loss of generality we will
consider the case t = T .

Consider, at first, two auxiliary problems.

Problem 1. Find an external E+

1
= E(0,Q+

1
) and internal E−

1
= E(0,Q−

1
)

ellipsoidal estimates for the reachable set X1(T ;X0) of impulsive system

dx = A(t)xdt + du(t), x(−0) ∈ X0, t ∈ [0;T ], u ∈ U . (6)

The solution of Problem 1 was considered in [6, 5]. In these papers in order
to find ellipsoidal estimates we used the fact that the reachable set X1(T ;X0)
of system (6) has the following forms:

X1(T,X0) =
⋃

x0∈X0

⋃

u∈U

{X(T )x0 +

T
∫

0

X(T )X−1(τ)du(τ)} (7)

and that for any ε>0 there exist δ>0 and finite set Tδ⊂[0, T ] such that the
inclusions are true

X0 + co(
⋃

τ∈Tδ

E(0, Qτ )) ⊂ X1(T,X0) ⊂ X0 + co(
⋃

τ∈Tδ

E(0, Qτ )) + εS,

where Qτ = X(T, τ)Q0X
′(T, τ). So, in the case of Problem 1 we need to

construct the external and internal ellipsoidal estimates for the convex hull of
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the union of a family of ellipsoids. This problem does not arise in the case of
estimating states of dynamic systems with controls of classical type [3] and is
new for estimation problems in impulsive systems [6, 5].

Problem 2. Find an external E+

2
= E(0,Q+

2
) and internal E−

2
= E(0,Q−

2
)

ellipsoidal estimates for the reachable set X2(T, {0}) of system

ẋ = A(t)x + v, x(0) = 0, t ∈ [0;T ], v ∈ V. (8)

In this case the reachable set X2(T, {0}) of system (8) has the form:

X2(T, {0}) = X2(T ) =
⋃

v∈V

{

T
∫

0

X(T )X−1(τ)v(τ)dτ}. (9)

The solution of Problem 2 is done in the monographes [4, 1].

The following lemma is true.

Lemma. The reachable set X (T,X0) of system (1) with constrains (3)-(4)
has the form

X (T,X0) = X1(T,X0) + X2(T ). (10)

Proof. Formula (10) follows from the structure of the systems (1), (6), (8)
and formulas (2), (5), (7), (9).

Theorem. The inclusions

X (T,X0) ⊂ E+

1
+ E+

2
⊂ E+ = E(0,Q+), (11)

E(0,Q−) = E− ⊂ E−

1
+ E−

2
⊂ X (T,X0), (12)

are true, where

Q− = Q−

1
+ Q−

2
+ 2(Q−

1
)1/2((Q−

1
)−1/2Q−

2
(Q−

1
)−1/2)1/2(Q−

1
)1/2,

Q+ = (p−1 + 1)Q+

1
+ (p + 1)Q+

2
,

p is the unique positive root of the equation:

Tr(Q+

2
Q+

2
)p3 + Tr(Q+

1
Q+

2
)p2 − Tr(Q+

1
Q+

2
)p − Tr(Q+

1
Q+

1
) = 0

(here Tr(M) is the trace of n × n matrix M [2]).

Proof. The proof of Theorem follows from Lemma, inclusions

X1(T,X0)⊂E+

1
=E(0,Q+

1
), X2(T )⊂E+

2
=E(0,Q+

2
),

X1(T,X0)⊃E−

1
=E(0,Q−

1
), X2(T )⊃E−

2
=E(0,Q−

2
)

which were proved in [6, 5] and results of [4, 1].

Theorem solves the problem of constructing the external and internal el-
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(a) (b)

Figure 1:

lipsoidal estimate for the reachable set X (T,X0) of system (1) with constrains
(3)-(4).

4. Example

Consider the following control system:
{

dx1(t) = x2(t)dt + v1(t)dt + du1(t),
dx2(t) = v2(t)dt + du2(t).

(13)

Here X0 = {0}, the set U is generated by the ellipsoid

E0=
{

l∈R2 | l′Q0l≤1
}

, Q0=

(

a2 0
0 b2

)

, a, b ∈ R (a, b > 0),

and

v(t) ∈ E(0, P ), P =

(

c2 0
0 d2

)

, c, d ∈ R (c, d > 0).

Figure 1(a) shows the dynamics of X (T ) of the system (13). The exact reachable
set X (T ) and its external and internal ellipsoidal estimates are presented at
Figure 1(b).
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