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1. Introduction

Let N be the set of positive integers, N0 = N ∪ {0} and ∆2 = {(x, y) ∈ R ×
R|x, y ≥ 0, x + y ≤ 1}. For m ∈ N, the operator Bm defined for any function
f ∈ C(∆2) by

(Bmf)(x, y) =
∑

k,j=0

k+j≤m

pm,k,j(x, y)f

(

k

m
,

j

m

)

(1.1)

for any (x, y) ∈ ∆2, where

pm,k,j(x, y) =
m!

k!j!(m − k − j)!
xkyj(1 − x − y)m−k−j , (1.2)

for any k, j ∈ N0, k + j ≤ m and any (x, y) ∈ ∆2 is named the Bernstein
bivariate operator (see [12]).

Let p ∈ N0 be given and m ∈ N. The operator B̃m,p defined for any function
f ∈ C([0, 1 + p]2) and any (x, y) ∈ ∆2 by
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(B̃m,pf)(x, y) =
∑

k,j=0

k+j≤m+p

pm+p,k,j(x, y)f

(

k

m
,

j

m

)

, (1.3)

is a bivariate operator of Schurer type (see [10]).

Let α1, β1, α2, β2 be given real parameters such that 0 ≤ α1 ≤ β1, 0 ≤
α2 ≤ β2. For m ∈ N, the operator S

(α1,α2,β1,β2)
m , defined for any function

f ∈ C([0, 1]2) by

(S(α1,α2,β1,β2)
m f)(x, y) =

∑

k,j=0

k+j≤m

pm,k,j(x, y)f

(

k + α1

m + β1
,

j + α2

m + β2

)

, (1.4)

for any (x, y) ∈ ∆2 is a bivariate operator of Stancu type (see [11]).

Let eij : [0, 1 + p]2 → R be the functions test, defined by eij(x, y) = xiyj

for any (x, y) ∈ [0, 1 + p]2, where i, j ∈ N0. In the paper [9] the following
representation for the polynomials Bmeij is proved.

Lemma 1.1. The operators (Bm)m≥1 verify for any (x, y) ∈ ∆2 and any

m ∈ N, i, j ∈ N0 the following equality:

(Bmeij)(x, y) =
1

mi+j

i
∑

ν=0

j
∑

µ=0

m[ν+µ]S(i, ν)S(j, µ)xνyµ, (1.5)

where S(i, ν), S(j, µ) are the Stirling’s numbers of second kind and m[k] =
m(m − 1) . . . (m − k + 1), k ∈ N0, m[0] = 1.

Let f : [0, 1 + p]2 → R be a bounded function. The function ωtotal(f ; · , ·) :
[0,∞) × [0,∞) → R, defined for any (δ1, δ2) ∈ [0,∞) × [0,∞) by

ωtotal(f ; δ1, δ2) = sup
{

|f(x, y) − f(x′, y′)| : (x, y), (x′, y′) ∈ [0, 1 + p]2, (1.6)

|x − x′| ≤ δ1, |y − y′| ≤ δ2

}

is called the first order modulus of smoothness of function f or total modulus
of continuity of function f . For some further information on this measure of
smoothness see for example [5] or [16]. The following result is given in [15].

Theorem 1.1. Let L : C([0, 1 + p]2) → B([0, 1 + p]2) be a constant

reproducing linear positive operator. For any f ∈ C([0, 1 + p]2), any (x, y) ∈
[0, 1 + p]2 and any δ1, δ2 > 0, the following inequality

|(Lf)(x, y) − f(x, y)| ≤
(

1 + δ−1
1

√

(L(· − x)2)(x, y)
)

·

·
(

1 + δ−1
2

√

(L(∗ − y)2)(x, y)
)

ωtotal(f ; δ1, δ2) (1.7)

holds, where ” · ” and ” ∗ ” stand for the first and the second variable.
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The purpose of this paper is to give a representation for the bivariate op-
erators and GBS operators of Schurer-Stancu type, to establish a convergence
theorem for these operators. We also give an approximation theorem for these
operators in terms of the first modulus of smoothness and of the mixed modulus
of smoothness.

2. The Construct of the Bivariate Operators of Schurer-Stancu

Type. Approximation and Convergence Theorems

In the paper [5], the following construct is given. Let p1, p2 ∈ N be given and
let α1, α2, β1, β2 be real parameters satisfying the conditions 0 ≤ α1 ≤ β1 and

0 ≤ α2 ≤ β2. For m1,m2 ∈ N, the operator S̃
(α1,α2,β1,β2)
m1,m2,p1,p2

: C([0, 1 + p1]× [0, 1 +
p2]) → C([0, 1] × [0, 1]), defined for any function f ∈ C([0, 1 + p1] × [0, 1 + p2])
and any (x, y) ∈ [0, 1 + p1] × [0, 1 + p2] by

(S̃(α1,α2,β1,β2)
m1,m2,p1,p2

f)(x, y) =

m1+p1
∑

k1=0

m2+p2
∑

k2=0

pm1+p1,k1
(x)pm2+p2,k2

(y)·

· f
(

k1 + α1

m1 + β1
,

k2 + α2

m2 + β2

)

, (2.1)

where pm,k(x) =
(

m
k

)

xk(1 − x)m−k, m ∈ N, k ∈ {0, 1, . . . ,m} and x ∈ [0, 1] are
the Bernstein fundamental polynomials, is called the Schurer-Stancu bivariate
operator. Some properties of this operator are given there, too.

Next, we will construct a type of Schurer-Stancu bivariate operator, in-
spired by the Bernstein bivariate operator (1.1). Let p ∈ N0 be given and let
α1, β1, α2, β2 be given real parameters such that 0 ≤ α1 ≤ β1, 0 ≤ α2 ≤ β2. For

m ∈ N, the operator S̃
(α1,α2,β1,β2)
m,p , defined for any function f ∈ C([0, 1 + p]2)

by

(S̃(α1,α2,β1,β2)
m,p f)(x, y) =

∑

k,j=0

k+j≤m+p

pm+p,k,j(x, y)f

(

k + α1

m + β1
,

j + α1

m + β1

)

, (2.2)

for any (x, y) ∈ ∆2 is an operator of Schurer-Stancu type. Obviously, this
operator is linear and positive on ∆2. For β1 = β2 = 0, we obtain the bivariate
operator of Schurer type (1.3), for p = 0, we obtain the bivariate operator of
Stancu type (1.4) and for p = β1 = β2 = 0, we obtain the bivariate operator of
Bernstein type (1.1).

Lemma 2.1. The operators (S̃
(α1,α2,β1,β2)
m,p )m≥1 verify for any (x, y) ∈ ∆2
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the following equalities:

(S̃(α1,α2,β1,β2)
m,p e00)(x, y) = 1, (2.3)

(m + β1)(S̃
(α1,α2,β1,β2)
m,p e10)(x, y) = (m + p)x + α1, (2.4)

(m + β2)(S̃
(α1,α2,β1,β2)
m,p e01)(x, y) = (m + p)y + α2, (2.5)

(m + β1)
2(S̃(α1,α2,β1,β2)

m,p e20)(x, y) = (m + p)(m + p − 1)x2 (2.6)

+ (1 + 2α1)(m + p)x + α2
1

and

(m + β2)
2(S̃(α1,α2,β1,β2)

m,p e02)(x, y) = (m + p)(m + p − 1)y2 (2.7)

+ (1 + 2α2)(m + p)y + α2
2.

Proof. We use the equalities

(S̃(α1,α2,β1,β2)
m,p e00)(x, y) = (Bm+pe00)(x, y),

(m + β1)(S̃
(α1,α2,β1,β2)
m,p e10)(x, y) = m(Bm+pe10)(x, y) + α1(Bm+pe00)(x, y),

(m + β2)(S̃
(α1,α2,β1,β2)
m,p e01)(x, y) = m(Bm+pe01)(x, y) + α2(Bm+pe00)(x, y),

(m + β1)
2(S̃(α1,α2,β1,β2)

m,p e20)(x, y) = m2(Bm+pe20)(x, y) + 2α1m·
· (Bm+pe10)(x, y) + α2

1(Bm+pe00)(x, y)

and

(m + β2)
2(S̃(α1,α2,β1,β2)

m,p e02)(x, y) = m2(Bm+pe02)(x, y) + 2α2m·
· (Bm+pe01)(x, y) + α2

2(Bm+pe00)(x, y). �

Lemma 2.2. The operators (S̃
(α1,α2,β1,β2)
m,p )m≥1 verify for any (x, y) ∈ ∆2

the following equalities:

(m + β1)
2(S̃(α,β)

m,p (· − x)2)(x, y) = (m + p)x(1 − x) + ((p − β1)x + α1)
2 (2.8)

and

(m + β2)
2(S̃(α,β)

m,p (∗ − y)2)(x, y) = (m + p)y(1 − y) + ((p − β2)y + α2)
2. (2.9)

Proof. We use the equalities (2.3)-(2.7) and the relations

(S̃(α1,α2,β1,β2)
m,p (· − x)2)(x, y) = (S̃(α1,α2,β1,β2)

m,p e20)(x, y)

− 2x(S̃(α1,α2,β1,β2)
m,p e10)(x, y) + x2(S̃(α1,α2,β1,β2)

m,p e00)(x, y)

and

(S̃(α1,α2,β1,β2)
m,p (∗ − y)2)(x, y) = (S̃(α1,α2,β1,β2)

m,p e02)(x, y)
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− 2y(S̃(α1,α2,β1,β2)
m,p e01)(x, y) + y2(S̃(α1,α2,β1,β2)

m,p e00)(x, y). �

Lemma 2.3. The operators (S̃
(α1,α2,β1,β2)
m,p )m≥1 verify for any (x, y) ∈ ∆2

the following inequalities:

4(m + β1)
2(S̃(α1,α2,β1,β2)

m,p (· − x)2)(x, y) ≤ m + p + 4γ1 (2.10)

and

4(m + β2)
2(S̃(α1,α2,β1,β2)

m,p (∗ − y)2)(x, y) ≤ m + p + 4γ2, (2.11)

where γ1 = max{α2
1, (p − β1 + α1)

2} and γ2 = max{α2
2, (p − β2 + α2)

2}.

Proof. We use the relations (2.8), (2.9) and the inequalities x(1−x) ≤ 1/4,
y(1 − y) ≤ 1/4, ((p − β1)x + α1)

2 ≤ γ1, ((p − β2)y + α)2 ≤ γ2, for any x, y ∈
[0, 1].

Theorem 2.1. If f ∈ C([0, 1 + p]2), then for any (x, y) ∈ ∆2 and any

m ∈ N, we have the following inequalities:

|f(x, y) − (S̃(α1,α2,β1,β2)
m,p f)(x, y)| ≤

(

1 + δ−1
1

√

m + p + 4γ1

4(m + β1)2

)

×
(

1 + δ−1
2

√

m + p + 4γ2

4(m + β2)2

)

ωtotal(f ; δ1, δ2), (2.12)

for any δ1, δ2 > 0 and

|f(x, y) − (S̃(α1,α2,β1,β2)
m,p f)(x, y)|

≤ 4ωtotal

(

f ;

√

m + p + 4γ1

4(m + β1)2
,

√

m + p + 4γ2

4(m + β2)2

)

.

Proof. The relation (2.12) results from Theorem 1.1 and Lemma 2.2; choos-

ing by δ1 =
√

m+p+4γ1

4(m+β1)2 and δ2 =
√

m+p+4γ2

4(m+β2)2 , we obtain the relation (2.13).

Corollary 2.1. If f ∈ C([0, 1 + p]2), then

lim
m→∞

S̃(α1,α2,β1,β2)
m,p f = f (2.13)

uniformly on ∆2.
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3. Approximation and Convergence Theorems for GBS Operators of

Schurer Type

A function f : [0, 1+p]2 → R is called B-continuous (Bögel-continuous) function
at (x0, y0) ∈ [0, 1 + p]2 if

lim
(x,y)→(x0,y0)

∆f [(x, y), (x0, y0)] = 0.

Here ∆f [(x, y), (x0, y0)] = f(x, y) − f(x0, y) − f(x, y0) + f(x0, y0) denotes a
so-called mixed difference of f .

A function f : [0, 1+p]2 → R is called B-differentiable (Bögel-differentiable)
function at (x0, y0) ∈ [0, 1 + p]2 if it exists and if the limit is finite:

lim
(x,y)→(x0,y0)

∆f [(x, y), (x0, y0)]

(x − x0)(y − y0)
.

The limit is named the B-differential of f at the point (x0, y0) and is noted by
DBf(x0, y0).

The definitions of B-continuity and B-differentiability were introduced by
K. Bögel in the papers [7] and [8].

The function f : [0, 1 + p]2 → R is B-bounded on ∆2,p if there exists K > 0
such that

|∆f [(x, y), (s, t)]| ≤ K

for any (x, y), (s, t) ∈ [0, 1 + p]2.

We shall use the function sets B([0, 1+p]2) =
{

f : [0, 1+p]2 → R|f bounded
on [0, 1+p]2

}

with the usual sup-norm ‖·‖∞, Bb([0, 1+p]2) =
{

f : [0, 1+p]2 →
R|f B-bounded on [0, 1 + p]2

}

and we set

‖f‖B = sup
(x,y),(s,t)∈[0,1+p]2

|∆f [(x, y), (s, t)] | ,

where f ∈ Bb([0, 1 + p]2), Cb([0, 1 + p]2) =
{

f : [0, 1 + p]2 → R|f B-continuous
on [0, 1 + p]2

}

and Db([0, 1 + p]2) =
{

f : [0, 1 + p]2 → R|f B-differentiable on
[0, 1 + p]2

}

.

Let f ∈ Bb([0, 1 + p]2). The function ωmixed(f ; · , ·) : [0,∞) × [0,∞) → R,
defined by

ωmixed(f ; δ1, δ2) = sup {|∆f [(x, y), (s, t)]| : |x − s| ≤ δ1, |y − t| ≤ δ2} (3.1)

for any (δ1, δ2) ∈ [0,∞) × [0,∞) is called the mixed modulus of smoothness.

For related topics, see [1], [2], [3] and [4].

Let L : Cb([0, 1 + p]2) → B(∆2) be a linear positive operator. The operator
UL : Cb([0, 1 + p]2) → B(∆2) defined for any function f ∈ Cb([0, 1 + p]2) and
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any (x, y) ∈ ∆2 by

(ULf)(x, y) = (L(f(·, y) + f(x, ∗) − f(·, ∗))) (x, y) (3.2)

is called GBS operator (“Generalized Boolean Sum” operator) associated to the
operator L, where “·” and “∗” stand for the first and respectively the second
variable. The following theorem is proved in the paper [3].

Theorem 3.1. Let L : Cb([0, 1 + p]2) → B(∆2) be a linear positive

operator and UL : Cb([0, 1+ p]2) → B(∆2) the associated GBS operator. Then

for any f ∈ Cb([0, 1 + p]2), any (x, y) ∈ ∆2 and any δ1, δ2 > 0, we have

|f(x, y) − (ULf)(x, y)| ≤ |f(x, y)| |1 − (Le00)(x, y)| (3.3)

+

[

(Le00)(x, y) + δ−1
1

√

(L(· − x)2) (x, y) + δ−1
2

√

(L(∗ − y)2) (x, y)

+ δ−1
1 δ−1

2

√

(L(· − x)2(∗ − y)2) (x, y)

]

ωmixed(f ; δ1, δ2).

For B-differentiable functions, we have (see [13]):

Theorem 3.2. Let L : Cb([0, 1 + p]2) → B(∆2) be a linear positive

operator and UL : Cb([0, 1+ p]2) → B(∆2) the associated GBS operator. Then

for any f ∈ Db([0, 1 + p]2) with DBf ∈ B([0, 1 + p]2), any (x, y) ∈ ∆2 and any

δ1, δ2 > 0, we have

|f(x, y) − (ULf)(x, y)| (3.4)

≤ |f(x, y)||1−(Le00)(x, y)|+3‖DBf‖∞
√

(L(· − x)2(∗ − y)2) (x, y)

+

[

√

(L(· − x)2(∗ − y)2)(x, y) + δ−1
1

√

(L(· − x)4(∗ − y)2)(x, y)

+ δ−1
2

√

(L(· − x)2(∗ − y)4)(x, y)

+ δ−1
1 δ−1

2

(

L(· − x)2(∗ − y)2
)

(x, y)

]

ωmixed(DBf ; δ1, δ2).

Lemma 3.1. There exists a natural number m1 ∈ N such that

(S̃(α1,α2,β1,β2)
m,p (· − x)2(∗ − y)2)(x, y) ≤ 1

4(m + β1)(m + β2)
, (3.5)

(S̃(α1,α2,β1,β2)
m,p (· − x)4(∗ − y)2)(x, y) ≤ 1

4(m + β1)2(m + β2)
(3.6)

and

(S̃(α1,α2,β1,β2)
m,p (· − x)2(∗ − y)4)(x, y) ≤ 1

4(m + β1)(m + β2)2
, (3.7)

for any m ∈ N, m ≥ m1 and any (x, y) ∈ ∆2.
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Proof. Using the relations (m + β1)
i(m + β2)

j(S̃
(α1,α2,β1,β2)
m,p eij)(x, y)

=

i
∑

ν1=0

j
∑

ν2=0

(

i

ν1

)(

j

ν2

)

mν1+ν2αi−ν1

1 αj−ν2

2 (Bm+peν1ν2
)(x, y), for any i, j ∈ N0, we

get (m+β1)
2(m+β2)

2(S̃
(α1,α2,β1,β2)
m,p (·−x)2(∗−y)2)(x, y) = Am2+Bm+C, where

A,B,C are real numbers depending on p, x, y, α1, β1, α2, β2 and A = xy(1 −
x)(1−y)+2x2y2 ≤ 3/16. Further on, we have (m+β1)

4(m+β2)
2(S̃

(α1,α2,β1,β2)
m,p (·−

x)2(∗− y)2)(x, y) = Am3 + Bm2 + Cm + D, where A,B,C,D are real numbers
depending on p, x, y, α1, β1, α2, β2 and A = 3x(1−x)[xy(1−x)(1−y)+4x2y2] ≤
15/64. We used the inequalities x(1 − x) ≤ 1/4, for any x ∈ [0, 1] and
xy(1 − x)(1 − y) ≤ 1/16, xy ≤ 1/4, x2y2 ≤ 1/16, for any (x, y) ∈ ∆2.

Theorem 3.3. If f ∈ Cb([0, 1 + p]2), then for any (x, y) ∈ ∆2 and any

m ∈ N, m ≥ m1, the following inequalities

|(US̃(α1,α2,β1,β2)
m,p f)(x, y) − f(x, y)| ≤

(

1 + δ−1
1

√

m + p + 4γ1

4(m + β1)2
(3.8)

+δ−1
2

√

m + p + 4γ2

4(m + β2)2
+ δ−1

1 δ−1
2

1

2
√

(m + β1)(m + β2)

)

ωmixed(f ; δ1, δ2),

for any δ1, δ2 > 0 and

|(US̃(α1,α2,β1,β2)
m,p f)(x, y) − f(x, y)| (3.9)

≤ 5

2
ωmixed

(

f ;

√

m + p + 4γ1

m2
,

√

m + p + 4γ2

m2

)

hold, where

(US̃(α1,α2,β1,β2)
m,p f)(x, y) =

∑

k,j=0

k+j≤m+p

pm+p,k,j(x, y)

(

f

(

k + α1

m + β1
, y

)

+f

(

x,
j + α2

m + β2

)

− f

(

k + α1

m + β1
,

j + α2

m + β2

))

.

Proof. For the first inequality, we apply Theorem 3.1 and Lemma 3.1.

The inequality (3.9) is obtained from (3.8) by choosing δ1 =
√

m+p+4γ1

m2 and

δ2 =
√

m+p+4γ2

m2 .

Corollary 3.1. If f ∈ Cb([0, 1 + p]2), then

lim
m→∞

US̃(α1,α2,β1,β2)
m,p f = f (3.10)
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uniformly on ∆2.

Proof. It results from the relation (3.9).

Theorem 3.4. Let the function f ∈ Db([0, 1 + p]2) with DBf ∈ B([0, 1 +
p]2). Then, for any (x, y) ∈ ∆2, any m ∈ N, m ≥ m1, we have

|(US̃(α1,α2,β1,β2)
m,p f)(x, y) − f(x, y)| ≤ 3

2
√

m + β1
√

m + β2
‖DBf‖∞ (3.11)

+
1

2
√

m + β1
√

m + β2

(

1 + δ−1
1

1√
m + β1

+ δ−1
2

1√
m + β2

+δ−1
1 δ−1

2

1

2
√

m + β1
√

m + β2

)

ωmixed(DBf ; δ1, δ2),

for any δ1, δ2 > 0 and

|(US̃(α1,α2,β1,β2)
m,p f)(x, y) − f(x, y)| ≤ 3

2
√

m + β1
√

m + β2
‖DBf‖∞ (3.12)

+
7

4
√

m + β1
√

m + β2
ωmixed

(

DBf ;
1√

m + β1
,

1√
m + β2

)

.

Proof. It results from Theorem 3.2 and Lemma 3.1.

Remark 3.1. For p = 0 we obtain the results from the paper [11] and for
β1 = β2 = 0 we obtain the results from the paper [10].
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Şt., Ser. Mat., To Appear.
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