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1. Introduction

Let N be the set of positive integers, Ny = NU {0} and Ay = {(z,y) € R x
Rlz,y > 0,z +y < 1}. For m € N, the operator B,, defined for any function
f € C(Az) by
ko j
Bl = 3 pmasteas (£ 2) (1)

m’ m

k,j=0
ki<m
for any (z,y) € Ag, where
_ mt o m—k—j

for any k,j € No, k+ 7 < m and any (x,y) € Ay is named the Bernstein
bivariate operator (see [12]).

Let p € Ny be given and m € N. The operator Bm,p defined for any function
f€C([0,1+p)*) and any (z,y) € Ay by
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Bugl ) = X mepsstoas (L), (13)

k,j=0
k+j<m-+p

is a bivariate operator of Schurer type (see [10]).

Let a1, 31, a2, B2 be given real parameters such that 0 < o; < 1, 0 <
ag < fBa. For m € N, the operator S(O‘l’O‘Q’ﬁl’@)
feC([0,1?) by

k+ar j+ a
572?1,&2”31,@) z,y) = ki (T, ( ) > ) 1.4
( F(z,y) 1;0 Pk (S S p (1.4)

k+j<m

defined for any function

for any (z,y) € Ag is a bivariate operator of Stancu type (see [11]).

Let e;; : [0,1 + p]> — R be the functions test, defined by e;;(z,y) = x'y
for any (x,y) € [0,1 + p]?, where i,j € Ng. In the paper [9] the following
representation for the polynomials B,,e;; is proved.

Lemma 1.1. The operators (By,)m>1 verify for any (x,y) € Ay and any
m € N, i,j € Ny the following equality'

(Bmeij)(2,y) = —=— sz["ﬂ‘]s i,0)S(j, p)a* y, (1.5)
v=0 pu=0

where S(i,v), S(j,uu) are the Stirling’s numbers of second kind and m!* =

m(m—1)...(m—k+1), k€ Ng, ml% = 1.
Let f:]0,1+ p]> — R be a bounded function. The function wiq(f5 -, ) :
[0,00) x [0,00) — R, defined for any (d1,d2) € [0,00) X [0,00) by
wtotal(f; 51752) = Sup {|f(xay) - f(wl’y/)‘ : (xay)¢ (.I‘I,y/) S [0> 1 +p]2’ (16)
[z —a'| <o, ly —y| < o2}

is called the first order modulus of smoothness of function f or total modulus
of continuity of function f. For some further information on this measure of
smoothness see for example [5] or [16]. The following result is given in [15].

Theorem 1.1. Let L : C([0,1 + p]*) — B([0,1 + p]?) be a constant
reproducing linear positive operator. For any f € C([0,1 4+ p]?), any (z,y) €
[0,1 4+ p]? and any 61,82 > 0, the following inequality

(L)) = fp) < (1467 VIEE= 2D y) -
(1403 LG - y>2)<x,y>) wtotat(f181,82)  (L7)

stand for the first and the second variable.

holds, where” -7 and” %7
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The purpose of this paper is to give a representation for the bivariate op-
erators and GBS operators of Schurer-Stancu type, to establish a convergence
theorem for these operators. We also give an approximation theorem for these
operators in terms of the first modulus of smoothness and of the mixed modulus
of smoothness.

2. The Construct of the Bivariate Operators of Schurer-Stancu
Type. Approximation and Convergence Theorems

In the paper [5], the following construct is given. Let p1,ps € N be given and
let aq, a9, 81, B2 be real parameters satisfying the conditions 0 < a3 < 1 and
0 < ag < . For my, mg € N, the operator gﬁ%{’ﬁ{ﬁ’g}fﬁ) :C([0,14p1] x[0,1+
p2]) — C(]0,1] x [0,1]), defined for any function f € C([0,1+ p1] x [0,1 + p2])
and any (z,y) € [0,1 + p1] x [0,1 4 po] by

mi1+p1 ma2+p2

(Sﬁll,ﬁgjgll,’gf)f)(%?/) = Z Z Pmi+pi,k1 (x)pm2+172,k2 (y)

k1=0 ko=0
k14+a1 ko4 an )
: . (21
f<m1+51 ma + (o 21)

where p, () = (’7:):5’“(1 — )" % meN, ke{0,1,...,m} and z € [0, 1] are
the Bernstein fundamental polynomials, is called the Schurer-Stancu bivariate
operator. Some properties of this operator are given there, too.

Next, we will construct a type of Schurer-Stancu bivariate operator, in-
spired by the Bernstein bivariate operator (1.1). Let p € Ny be given and let
ay, (1, ag, P2 be given real parameters such that 0 < o < 1, 0 < ag < 5. For

m € N, the operator gﬁ},’a”ﬁl’ﬁ?), defined for any function f € C([0,1 + p]?)
by
- k+o1 j+o
Gla1,a2,81,82) Jy) = m i(x, < ) > ) 2.2
Bty P e = X mmenssten! (g g) 22
k+j’§m+p

for any (z,y) € Ag is an operator of Schurer-Stancu type. Obviously, this
operator is linear and positive on As. For 1 = (2 = 0, we obtain the bivariate
operator of Schurer type (1.3), for p = 0, we obtain the bivariate operator of
Stancu type (1.4) and for p = 31 = 32 = 0, we obtain the bivariate operator of
Bernstein type (1.1).

Lemma 2.1. The operators (gﬁ},’a”ﬁl’&))mzl verify for any (x,y) € Ay
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the following equalities:

(S{ene2 B eg) (a,y) = 1, (2.3)
(m + p1)(S,02 %) egg) (2, y) = (m + p)a + o, (2.4)
(m+ B2) (S 50202 ey ) (2, y) = (m+ p)y + oz, (2.5)
(m+ Br)*(Se52 PP egg) (2, y) = (m + p)(m + p — 1)2” (2.6)
+ (14 20q)(m + p)z + a3

and
(m+ B2) (S22 P ey ) (2, y) = (m + p)(m +p — 1)y” (2.7)

+ (1 4 2a)(m + p)y + a3.

Proof. We use the equalities
(57(7%;7’0(2”61”62)600)(x7 y) = (Bm+p€0())(.1‘, Z/)’

(m + B1) (S22 e ) (2, y) = m(Buspero) (@, y) + a1 (Bmpeoo)(z, y),

(m + B2) (S22 601 ) (2, ) = m( B peor) (2, y) + a2(Bmpeoo)(z, y),

(m + /8 ) ( a;},OthBlw62)620)(Q;7 y) — m2(Bm+p620)(x’ y) + 2a1m.
- (Bmp€10)(#,y) + i (Bmipeoo) (2, 1)
and
(m + B2) (852008 ega) (2, y) = m* (B peon) (2, y) + 2a2m-
- (Bmapeo1)(@,y) + &b (Bmipeoo) (z,y). O

S(a1,a2,81,62) )
m,p

Lemma 2.2. The operators (Sp, m>1 verify for any (z,y) € A

the following equalities:

(m+ B8>S (- = 2)*)(@,y) = (m+p)z(l —z) + (p— )z + a1)® (28)
and

(m+ Ba)* (S5 (+ = 9)*) (@, y) = (m +p)y(1 —y) + ((p = Ba)y + a2)®. (2.9)

Proof. We use the equalities (2.3)-(2.7) and the relations
(B389 (- 2)(,) = (3% o) 2,)
— 2$(S(a;,’°‘2’ﬂ1’52)610)(:1: y)+x (S(O‘l’”ﬁl’ﬁ?)eoo)(ac Y)

and

(Sl (5 — ) (w,y) = (S{e ™2 Pegs) (@, y)



ABOUT SOME BIVARIATE OPERATORS OF... 509

_ Qy(gﬁgamﬂl,&)em)(% y) + yQ(Sﬁ}J’M’ﬁl’@)eoo)(% y). O

a(on,a2,61 7,@2))
m7p

Lemma 2.3. The operators ( m>1 verify for any (z,y) € Ag

the following inequalities:

A(m + B1)2(SL02 PP (- — )Y (2, y) < m A+ p+ Ay (2.10)
and
4(m + B2)? (501020082 (s — 4)?) (2, y) < m + p+ 47, (2.11)

where 71 = max{ad, (p — b1 + 1)’} and 72 = max{a3, (p — B2 + a2)?}.

Proof. We use the relations (2.8), (2.9) and the inequalities z(1 —z) < 1/4,
y(1—y) < 1/4, ((p— Bz + a1)* <7, ((p = Bo)y + @) < 7o, for any z,y €
[0,1]. O

Theorem 2.1. If f € C([0,1 + p]?), then for any (x,y) € Ay and any
m € N, we have the following inequalities:

m+p+ 4y
4(m + ﬂ1)2

|f(,y) — (S§1,02 0052 f) (2, y)| < <1 + o7t

1 Im+p+dy
X (1+(521 m) Wtotal(f§51752)a (2'12)

for any 61,92 > 0 and
|f(,y) — (S53,020002) f) (2, y)]

< dw f: m+p+4yr Im+p+4y
> total ) 4(m+ﬁl)2 ) 4(m+ﬁ2)2 .
Proof. The relation (2.12) results from Theorem 1.1 and Lemma 2.2; choos-
ing by §; = Z’E;T'ﬁﬂé and Jy = , /ZEZZES@, we obtain the relation (2.13). O

Corollary 2.1. If f € C([0,1 + p]?), then
lim S{ene2fnf) f = f (2.13)

m—00

uniformly on As.
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3. Approximation and Convergence Theorems for GBS Operators of
Schurer Type

A function f : [0,1+p]?> — R is called B-continuous (Bdgel-continuous) function
at (zo,y0) € [0,1 + p]* if

lim Af [(xa y)7 (x(h ?/0)] =0.
(z,y)—(w0,y0)

Here Af[(z,y). (z0,y0)] = f(z,y) = f(z0,y) — f(x,50) + f(x0,y0) denotes a
so-called mixed difference of f.

A function f : [0,1+p]? — Ris called B-differentiable (Bogel-differentiable)
function at (xg,y0) € [0,1 + p]? if it exists and if the limit is finite:

A
lim f [(.T, y)’ (.T(), yO)] ]
(@y)—(@o.0) (T —20)(y — Yo)

The limit is named the B-differential of f at the point (zg,y¢) and is noted by
Dp f(z0,y0)-

The definitions of B-continuity and B-differentiability were introduced by
K. Bogel in the papers [7] and [8].

The function f : [0,1+ p]> — R is B-bounded on Ay, if there exists K > 0
such that

[Af[(2,y), (s,1)]] < K
for any (z,y), (s,t) € [0,1 + p]*.
We shall use the function sets B([0, 1+p]?) { [0, 1+p — R|f bounded

on [0,1+p] } with the usual sup-norm || - ||, Bp([0, 1+ {f :[0,14p]? —
R|f B-bounded on [0,1 + p]*} and we set
Ifllz = sup [Af [z, y), (s, )]

Y),(s,t)€[0, 1+P]2

( 7
where f € By([0,1 + p]?), Cy ([0 1 +p*) ={f:[0,1+p]> = R|f B-continuous
on [0,1+ p]*} and Dy([0,1 + = {f [0,1+ p]> — R|f B-differentiable on

0,1+ p]?}.

Let f € By([0,1 + p]?). The function wpixed(f;-,-) : [0,00) x [0,00) — R,
defined by

Wmnixed(f501,02) = sup{[Af[(z, y), (s, 0)]] : [x = s| <o, [y —t[ < d2}  (3.1)
for any (61,92) € [0,00) X [0, 00) is called the mixed modulus of smoothness.

For related topics, see [1], [2], [3] and [4].

Let L : Cy([0,1+ p]?) — B(As) be a linear positive operator. The operator
UL : Cy([0,1 + p)?) — B(As) defined for any function f € Cy([0,1 + p]?) and
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any (z,y) € Ag by
(ULf)(x,y) = (L(f(,y) + f(z,%) = f(-,%))) (z,9) (3.2)

is called GBS operator (“Generalized Boolean Sum” operator) associated to the
operator L, where “” and “x” stand for the first and respectively the second
variable. The following theorem is proved in the paper [3].

Theorem 3.1. Let L : Cy([0,1 + p]?) — B(As) be a linear positive
operator and UL : Cy([0,1+ p]?) — B(Ay) the associated GBS operator. Then
for any f € Cy([0,1 + p]?), any (x,y) € Ay and any 81,302 > 0, we have

[f(@,y) = (UL (@, y)| < [f (2, 9)[[1 = (Leoo)(, y)] (3-3)

+ | (Leoo) (2,y) + 07V (L(- = )?) (2,) + 65 '/ (L(x — 9)?) (2,y)

+ (51_152_1\/(L( - x)Q(* - y)2) (J}, Z/) wmixed(f; (51, 52)

For B-differentiable functions, we have (see [13]):

Theorem 3.2. Let L : Cy([0,1 + p]?) — B(As) be a linear positive
operator and UL : Cy([0,1+ p]?) — B(A3) the associated GBS operator. Then
for any f € Dy([0,1 + p)?) with Dpf € B([0,1 + p]?), any (z,y) € Ay and any
01,02 > 0, we have

[f(z,y) = (ULf)(z,y)| (3-4)
< £ (@, 9)l11=(Leoo) (@, y)[+3]| Dp flloo v (L(- — 2)2(+ = y)?) (2, )

+ [VLC = 2)2(+ = 9)D)(x,y) + 67 V(L( — 2)(x = 9)?)(,y)
+ 05 VI(L(- = 2)2(x — )Y (2, y)

+ 670 (L= 2)2(x — 1)?) (2,Y) | Wmixed (DB f5 01, 02).

Lemma 3.1. There exists a natural number mq € N such that

(Sﬁgamﬁbﬂﬁ(. — 33)2(* — y)Q)(g% y) < m+ ﬁj(m n ﬂg)’ (3.5)
(57(7?&7,012,51752)(. — q;)4(* _ y)Q)(l‘, y) < 4(m T 51)12(m T 52) (36)
and
- 1
(Senezfif2) (. — )2 (x — y)t)(z,y) < T T B T B (3.7)

for any m € N, m > my and any (z,y) € As.
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Proof Using the relations (m + B31)%(m + B2)7(Sm alm A, ’82)6”')(% Y)

= Z Z <V1> (1;72) vtV o) "2 (Bumtpeinws ) (z,y), for any i, j € Ny, we

v1=01v9=0
get (1% (m+2) 2 (S55 7 ) (-—2)2 (+—)?) (2, y) = Am*+Bm-+C, where
A, B,C are real numbers depending on p,z,y, a1, f1, a2, 02 and A = zy(1 —
x)(1—y)+22%y? < 3/16. Further on, we have (m—l—ﬁ1)4(m—|—ﬁg)2(§,(qﬁ}ja2’ﬁl’ﬁ2)(-—
7)2(x —y)?) (7, y) = Am3 + Bm?+ Cm + D, where A, B, C, D are real numbers
depending on p,z,y, a1, B1, ag, B2 and A = 3z(1—x)[zy(1—2)(1—y) +422y?] <
15/64. We used the inequalities (1 — z) < 1/4, for any = € [0,1] and
ry(1 —z)(1 —y) < 1/16, vy < 1/4, 2%y < 1/16, for any (z,y) € As. O

Theorem 3.3. If f € Cy([0,1 + p]?), then for any (z,y) € Ay and any
m € N, m > my, the following inequalities

- 4
(a1,02,01,82) o < 1 (571 m+ p + Y1 )
|(USm,p f)(xay) f(xay” = ( + 1 4(m+ﬁ1)2 (3 8)
o mtp+dy g 1
+0 1 — =160 Wmize f;daé )
2 4(m + (2)? e 2y/(m+ B1)(m + B2) alf301,02)
for any 61,92 > 0 and
(USSe020082) ) (@, y) — f(z,y)] (3.9)
5 m+p+4yr /m+p+4y
S SWmized f 2 ) 2
2 m m
hold, where
k+ «
USSP fy @ y) = N prpr(,y) <f< - y)
P + b1
k+j<m+p

j+0£2 k:—i—a1 j+a2
+f<x’m+ﬁ2> _f<m+ﬁ1’m+52>>'

Proof. For the first inequality, we apply Theorem 3.1 and Lemma 3.1.
The inequality (3.9) is obtained from (3.8) by choosing d; = 4/ %454% and

§y = 4/ Ttptne O
m

Corollary 3.1. If f € Cy([0,1 + p]?), then
lim US{ ezl f = f (3.10)

m—00
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uniformly on As.

Proof. It results from the relation (3.9). O
Theorem 3.4. Let the function f € Dy([0,1 + p]?) with Dgf € B([0,1 +
p|?). Then, for any (z,y) € Ag, any m € N, m > my, we have

G ,2,81,62) _ 3
[(USp Hy) = flzy)] < 2\/m+ﬂ1\/m+ﬂ2”DBf”oo (3.11)
+ . <1+5‘171 L

2vm + Bivm + Ba LymEB 7 Vmt B

1
+(5_1(5_1 > mixe: D ;(5 aé )
N Y Wiixed (DB f;01,02)

for any §1,92 > 0 and

~ 3
U S(a1,a2,61,82) z,y) — f(z,y)] < D 00 3.12
(US> Pay) = F@)| € 5= Dp o (312
7 1 1
+ Wmixed <DBf§ ; ) .
4y/m + Biv/m + Ba ¢ vVm+ B vm+ B
Proof. It results from Theorem 3.2 and Lemma 3.1. O

Remark 3.1. For p = 0 we obtain the results from the paper [11] and for
B1 = (2 = 0 we obtain the results from the paper [10].
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