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1. Introduction

Let {X,,, n > 1} be a sequence of independent identically distributed (iid) ran-
dom variables with cumulative distribution function (cdf) F'(z) and probability
density function (pdf) f(z). The j-th order statistic of a sample (X1, ..., X,,)
is denoted by Xj.,. For a fixed k > 1 we define the sequence Ly(n), n > 1, of
k-th lower record times of {X,,, n > 1} as follows:

Ly(1) =1, Lg(n+1)=min{j > Lg(n) : Xpop, (ny+h-1 > Xbjrh-1f,n > 1.
The sequence {Z,(f“'),n > 1} with Z}f“‘) = Xp:Lp(m)+k—1, 1 = 1, is called the
sequence of k-th lower record values of {X,,n > 1}. Note that ka) =

max{Xi,..., X} and Z,(ll) = Xpm), n = 1, are lower record values. It is
known that
Foe) = o F WP (FE TG, e R ()
and
n—1
f(z)

21> ... > Z
P F(Zz)’ 1 )

(cf. Pawlas and Szynal [16]). (2)

The probability density function (pdf) and the corresponding cumulative
distribution function (cdf) of the generalized exponential distribution is

f@|o) =0 (1—e )" 0<a<+o0; 00, (3)
and

F(zlf) = (1—e )’ 0<z<+o0; 6>0. (4)

Estimators of parameters for various classes of distributions for example
Gumbel, power, Weibull, Rayleigh, logistic, Pareto, based on record values
were given in Ahsanullah [2]. Moreover, two types of predictors of the sth
record values based on the first m (m < s) record values were presented there.
The Bayesian estimators of parameters for the Gumbel distribution and the
Burr X distribution based on record values and Bayes prediction bounds for the
s-th lower record were discussed in Ali Mousa [3], [4], Malinowska and Szynal
[14], [15]. Bayes estimates under squared error and LINEX loss function for
a generalized exponential distribution and exponential distribution via record
values was obtained in Jaheen [10] and [11]. Prediction bounds for future
lower record values by using Bayes and empirical Bayes techniques were given
there. Inferences for generalized exponential distribution based on record values



INFERENCE AND PREDICTION FOR A GENERALIZED... 213

were considered in Ragab [17]. Bayesian prediction of rainfall records using
the generalized exponential distribution was given in Madi and Raqab [13].
Moreover, in Ahmadi et al [1] was considered estimation and prediction in a
two-parameter exponential distribution based on k-record values under LINEX
loss function.

This contribution contains the MVU estimator, the ML estimator and the
Bayesian estimator for the parameter of generalized exponential distribution
expressed in terms of k-th lower record values. The Bayes estimators which
assume that the prior distribution is a gamma distribution, are obtained using
both symmetric and asymmetric error loss functions. The classical squared
error, squared log error loss functions and Kullback-Leibler divergence type
loss function are applied in the symmetric case. As asymmetric functions we
use LINEX, General Entropy function and Modified General Entropy function.
Interval prediction for future k-th lower record values is also discussed from a
Bayesian point of view. A simulation study is included.

2. Non-Bayesian Inference

2.1. Point Estimation

Suppose we observe the first m k-th lower record values ka) = a:lk), Zék) =

:z:gk), - ng ) — :1:,(7{? from the generalized exponential distribution, with cdf and

pdf given by (3) and (4), respectively. By (2) the likelihood function is as
follows:

(7RO T Ge i o1 (k)
L(G|z®)) = k™ [1 —e tm } H — < kmpme T

i1 1— efxgk)

2B s 2P s s a® o (5)

Where g(k) e (,/L‘gk),xgk), 7x£7]§)), and
T\

(k)

K) = —In (1—67“”). (6)

Then using (5) the ML estimator of 6 is given by

j(kom)
Orr = ) (7)

where T\F) is given by (6).
)

From (5) one can see that the statistic 7, %) is sufficient and complete for
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the parameter @ and from (1) that it is distributed as gamma (m, k6) with pdf
(1)) = FO" (T&k))m‘l (ko7
I(m)
and the random variable Z = (1 / T )) has the inverted gamma (m, k6) distri-
bution with

, T >0, (8)

m

202
B0 = 2 Var(z)0) = = f)e(m 5

(cf. Lin et al [12]).

Hence
202
Ak m) 0 mo Var(®m 19y — m-60
( |) m_17 a‘r( ML |) (m—l)Q(m—2)
As mentioned earlier, the statistic TT%' ) is sufficient and complete for 6. It then
follows from the Rao—Blackwell and Lehmann—Scheffe Theorems that the MVU

estimator of 0 is

ol —
/-cT#f)
with
(k,m) (ke 62
E(@S5710) = 0. Var@i =

2.2. Interval Estimation

Writing Q = QkHTgC ), then from (8), @ is distributed as a Chi-squared rv with
2m degrees of freedom. (@ is therefore a pivotal quantity for the parameter 6,
and a (1 — 7)100% classical confidence interval for 6 is given by

q1 q2
ok F) " op k) |7

where ¢ = x? ((7/2),2m) and ¢ = x2 (1 — (1/2),2m) .

3. Bayesian Inference

Assume that the parameter 6 is a realization of a rv © which has the gamma
conjugate prior distribution of the form
BY a-1,-po

) = ——0°"te 0> 0; > 0. 9

w(0) = gt 0> 00, ©)
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Combining (5) and (9), the posterior density of 0 is a gamma distribution with
parameters (m + a, k:T,Sf) + ), given by

k)\m
(ﬂ + kT?% )) o 9m+a716*(ﬁ+kTr(rf))9
I'(m+ «)

7 (0lz®)) = , 6>0. (10)

3.1. Symmetric Bayes Estimation

Assuming a squared error loss function

L(¢(6),6(0)) = (6(6) — 6(6))?
-the Bayes estimate of # is its posterior mean, or
~(k.m m + «
0" = ——- (11)
O+ kT,
Note that
é(l,m)  m+ta
B =

G+Th

For m =1, ég’l) = gfﬁl) is the estimator based on a sample of size 1. Our
1
approach allows us to give the Bayesian estimator of # using a sample of size
k. I\Iarne]y7 for m = 1 we have ch,l) = ﬁJrle]?(k) . Note that when o and ﬂ tend
1
to zero then the estimator (11) tends to the estimator
glm) _
B g

which is the ML estimator ég\]f[}jl) in (7). This was given by Jaheen [10] for the

case k = 1. Combining (8) and (9) the marginal density of T, k) i

g (T8 )>m_1

" B(m,a) (g 4 gTPymra’
where B(a,b) is the beta function, i.e. B(a,b) = fol o1 — )b tdt, a >
0, b> 0. It follows from (12) that for ég’m) in (11) we have

™) =3 Vals ) = TR
Now we study the estimation of # under the squared log error loss (cf. Ferguson
[8]). The squared log error has the form

L(6(8),¢(8)) = (In$(6) — In 6(6))°, (13)

T > 0, (12)
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whose minimum occurs at 5(49) = ¢(#). The Bayes estimator of ¢(#) denoted
by ¢pre under the squared log error loss (13) has the form:

(/b\BLG = exp [Eg (Ing(6))] ,
provided that E4 (In¢(6)) — the expectation of (In¢(f)) under the posterior
distribution — exists and is finite.

From (10) we have
gikm) _ exp(y(m +a))

= 14
i = S (14)
where ¢ (z) = % InT'(z). It follows from (12) that for ég{iné) in (14) we have
~(k,m aexp((m + « ~(k,m am (exp(yP(m + « 2
Bty _ QSR E0)) o om (exp(m + )

Bm+a) (m+a)?(m+a+1)32
We consider a new symmetric error loss function, called the Kullback-Leibler
divergence type loss function for ¢(0), given by:

- N RN ()
L(o(0),00)) = (¢(0)) In = o0)) In—=, 15
(26),6(0)) = (9(6)) =0 CORE (15)
where gg is an estimate of ¢ and r is a positive number. The posteriori expec-
tation of this loss function in (15) is

By (L (6(6),6(0)) ) =By ((6(6))" n.6(8)) — n6(6) By (6(0))"
+(80)) md(0) - (6(0)) Eolno(0),

where E, (.) denotes posteriori expectation with respect to the posterior density
of ¢. The Bayes estimator of ¢(6), denoted by ¢ := ¢k under the error loss

function (15) is the solution of the equation
r <¢A5BKL) Indprr + <$BKL) —r (GEBKL) EyIng(0) = Ey (6(0))",
provided that Ey (-) exists and is finite.

From (10) we obtain Ey ("), Eg (Inf) and 5(;;?2) is the solution of the
equation

r(05)) mog + (057) —r (967) (vim+a) —n (B+kTH))

_ % (5 + kTéf))ir, a.s. (almost surely).
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3.2. Bayes Estimation Based on the LINEX Loss Function

An useful asymmetric loss function, known as the LINEX loss function (linear-
exponential), was introduced in Varian [19] and was widely used by several
authors. This function rises approximately exponentially on one side of zero and
approximately linearly on other side. Under the assumption that the minimal
loss occurs at gg = ¢, the LINEX loss function for ¢ := ¢(6) can be expressed
as
L(A)=¢e —aA—1, a#0,

where A = 5(0) — ¢(#), and ¢ is an estimate of ¢ (cf. Varian [19]). The
sign of a represents the direction and its magnitude represents the degree of
symmetry. First, for a = 1 the LINEX loss function is quite asymmetric about
zero with overestimation being more costly than underestimation. Second, if
a < 0, L(A) rise exponentially when A < 0 (underestimation) and almost
linearly when A > 0 (overestimation). For a near zero L(/\) approximates the
squared error loss function, and so is almost symmetric. The Bayes estimator
of ¢(0), denoted by &EB 1, under the LINEX loss function is the value 5(9) given
by

~ 1
épr = —~In (E(be*ww))
a
provided that Eg (e‘“¢(0)) exists and is finite (see Calambria and Plucini [5]).

From (10) we have
(k) a+m
m 1 Tm
g~ L[ (o )\ "
B+ kTy’ +a

BL a

It follows from (12) that for égim) in (16) we have
00 atm (k)™
gy _ 1 O™ [ B+ KTy (Tm ) a7 (k)
O ) = “aBmao | P\ (k) m
a B(m, a) / B+kTY +a (B + kT ym+e
. J
) (_1)J+1 a
= (@)m+1 Z . <ﬁ) ; when | ———| <1, a.s.
a jla+5)m 8+ kTP

Jj=1
From the fact (Choi et al [6])
m—1 i )
L — Z Al - where Al = ﬂ <m ]_)

(K)m — k+i
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we have |
(ks =, (-5)
E(H _ \@)m+41 A |
(O™ ﬂ ;; ;% G+a+i+1)(G+1)
Using the following formula (cf. Hansen [9])
s k
z
— (kx +y)"(ku+ o)™
n—1
— 1 m—n —m (m—l—k;—l)l Y v
= (m_l)!l‘ (xv —yu) 2 il (E__) C(n—Fk,=, 2)
1 n—m _nm_l m+k—=—1! /v y\—k v
+ (n—l)!u (yu — xv) kZOT(a—E> C(m—k‘,a,z),
we obtain
jkm) +1m 1 1) (m—1 [C(l,l,—%)—C(l,a+z’+1,_%)]
E(HBL l . .
i a+1

1=0
Next from (cf. Hansen [9])

(log(1 - 2)* =23
=2

l‘i
il

W) —vD)], -1 <z <1,

we have

1
i m+a)? o= (-1)" [(a\"
B0 = By 2 () 1) v [t syt
’ =2

0
_ 2B +a)(a)m+1 $ (=" <a>” [¥(n) —»O)]

(I
n=2

Hence

Var(égim)) _ 2(8 + a)(@)m+1 i (_;)n ( >n M

a?

n=2

_ ((O‘)m+1 mz_:l : (1) (m - 1) [C(l’l’_%) —((La+i+ 1,—%)} i

i a+i } ’

when <1, as.,

3+ kTP
where (z),, denotes the Pochhammer symbol defined by (z),, =
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1)..(# + n — 1 ), n € N. Note that when parameter a tends to zero then
the estimator (16) tends to the estimator
é(kvm) __m + «
7 B rny

which is the Bayes estimator under squared error loss function Hgf’m).

3.3. Bayes Estimators Using General Entropy Loss

Another useful asymmetric loss function is the General Entropy loss, for which

L(9(0),0(0)) o< (¢(0)/¢(0))? — qIn(é(6)/6(0)) — 1 (17)
and its minimum occurs at ¢(6) = ¢(#). This function is a generalization of the
entropy loss used by several authors, where the shape parameter q is equal to
1 (see for example, Dey et al [7], Soliman [18]). The Bayes estimator denoted
by 5(9) pae under the General Entropy loss is:

~ 1
¢pcr = [Eg (6(0)79)] ¢
provided that Ey (¢(6)™?) exists and is finite.

From (10) we have

Gikm) _ [ I'(a+m) ]q 1
BGE I‘(a—l—m—q) <B+kT1§f))

It follows from (12) that for égéng in (18) we have

NN I'(m+ «a) 1a @
20 = (utess) Fonsa

A(kym)y I'(m+ a) 2/a am
Var(lpep) = <m> (m+a)?(m+a+1)52

Now we consider a negative loss function for which the condition L ((;5(9), (15(9))

(18)

> —c¢ > —oo (cf. Ferguson [8]) is satisfied, and we modify (17) as follows

L(¢(0), 6(6)) o< (¢(0)/6(0))" — q(0) In(6(6)/¢(6)) — 1.
We call it the Modified General Entropy loss function. The Bayes estimator
denoted by ¢(0)pycr under the Modified General Entropy loss is:

1
SBMGE = [7]3‘? ((6)) r
By (¢(6)79)]
provided that Ey () exists and is finite.



220 I. Malinowska, D. Szynal

From (10) we have

Q=

g = |DlotmtD) 1 | (19)
F(Oé-i-’ffl - Q) (ﬁ—l—sz,Sf))qHJ

It follows from (12) that for QE\ZJ;nC)JE in (19) we have

sem) [ Tim+a+1) 1/a (@)m
Pl = ( ) w

MBGE) — BT(m+a —q a—|—1+1/(1)m’
Var(@hm) y_ (Limt+a+ DY (@) 1 N Ol
ar(Vy/par)= m4+a—q)) B2 | (a+2+2/¢)m (a+1+1/q)2,

3.4. Interval Estimation

Writing R = 2(8 + kT.%)0 then from (10), R is distributed as a Chi-squared
rv with 2(m + «) degrees of freedom. R is therefore a pivotal quantity for the
parameter 6 and a (1 — 7)100% Bayesian confidence interval for 6 is given by

T T2
( (B+ KT) 2 (ﬁ+kT(k))>
where 1 = X% ((7/2),2(m + «)) and ro = % (1 — (7/2),2(m + a)).

4. Bayesian Prediction

Assume that we have the first m k-th lower records ZYC) = mgk), Zék) =

a:gk), ...,Z,gf) = :L‘,(ﬁ) from the generalized exponential distribution. Based on
that sample, we would like to predict the s-th one of the k-th lower record val-
ues, 1 <m < s. Now let Y¥) = ng) be the s-th lower record value, 1 < m < s.
The conditional pdf of Ys(k) given the parameter 6 and the observed value :L‘,(ﬁ)

of fo) is

e o (F)\ 1)
FOP10) = s ) — HY) (F Lo ) pemr @
where f(-), F(-) are the pdf and cdf, respectively, and H(ygk)) = —In F(ys (k ))
HTS(k), H(a:gi)) =—In F(a:gi)) = HT,gf), where T" is obtained from (6). Apply-
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ing (3) and (4) in (20) we get
s—m (k)
K)gy — _F 7k _ pka-m—1ge-m_¢ " — (ko -1

* )= ——— S
f(ys ‘) F(s—m)[s m 1_€*y£k)€ )
0<y® <zl < oo,
Combining the posterior density, given by (10), and integrating out the param-

eters 6, we obtain the Bayesian predictive density function of Ys(k)

the past m k-th lower record values, in the form

/fys 10)7*(0]2%))do

= Zs(k) given

T(k T(k) a+m+1

3+ kT®
0<y£)<x£ff)<oo,

B+ kT

= Aksm
8+ kT®)

1—e" yt”

where
L= (B+ kT B(s — m, o+ m).
The Bayesian prediction bounds for Ys(k) = Zs(k)
o)
Pr(v® 2l = [ )y
¥

z k) efygk)
= Ak ®
v 1—eYs

Using the transformation w =

are obtained by evaluating

s—m—1 a+m+1

KT — kT e

3+ kT®
kT( ) kT(k)
B+kT®

1

B(s —m,a+m
= FB(w"{)v

B+ kT
B+ kT®)

, the above integral simplifies to

PrY) > 4J2®) = e eyt
0

(21)

where
(k) (k)
z®) = (xgk),:cg ),...,ng)), Wy = —kTﬂ’ _ kg;l
B+ kT,
and Fp(-) is the incomplete Beta cdf with parameters (s — m,a + m). The
(1 — 7)100% predictive interval for Ys(k) = ng) is obtained by evaluating both
the lower, L(z®)), and upper, U(z*¥)), limits which satisfy

Prv® > ™)) =17, Prv® > U@®)ia®) -

LT =—In(1-e7). (22)

| S
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m_ k|| O Omvu 9B 98rc  b2,Bxr  93,Brkr baBrr 92,BL 0-2BL 9BGE 9BMGE

3 1] 4.173 2.782  1.839 1.658 1.836 1.929 2.030 1.378 3.325  2.520 2.231
2 || 2.665  1.776  1.599  1.442 1.597 1.678 1.766 1.236  2.553  2.192 1.996
3| 1789 1.193  1.360 1.226 1.358 1.427 1.501 1.085  1.963 1.864 1.753
4 || 1.342  0.894 1.180 1.064 1.178 1.238 1.303 0.966  1.597 1.618 1.565
5| 1.418 0945 1.215 1.095 1.213 1.275 1.341 0.990 1.664 1.665 1.602
6 || 1.182 0.788  1.102  0.993 1.100 1.156 1.216 0.912 1.453  1.510  1.481

4 1| 2.505 1.879 1.668  1.531 1.666 1.737 1.812 1.326  2.436  2.189 1.976
2 || 3.160 2.370 1.837 1.686 1.835 1.913 1.996 1.433 2.843  2.410 2.134
3 || 2.368 1.776  1.626  1.493 1.624 1.693 1.767 1.299  2.344  2.134 1.936
4| 1776 1.332  1.411  1.295 1.409 1.469 1.533 1.156  1.907  1.851 1.728
5| 1.431  1.073  1.251  1.148 1.250 1.303 1.359 1.046  1.619  1.642 1.570
6 || 1.488 1.116 1279 1.174 1.278 1.332 1.390 1.065 1.668  1.679 1.598

5 1] 2.384 1.907 1.708 1.588 1.707 1.769 1.835 1.391  2.344  2.169 1.948
2 || 3.584 2.867 2.062 1.916 2.060 2.135 2.214  1.612 3.113 2.617 2.265
3| 2.633 2106  1.795  1.669 1.794 1.859 1.928 1.449  2.518  2.279 2.027
4 || 2.056 1.644  1.579  1.468 1.578 1.635 1.696 1.303  2.100  2.005 1.830
5| 1.776  1.421  1.454 1.351 1.453 1.505 1.561 1.216  1.879  1.846 1.712
6 || 1.491 1193  1.307 1.215 1.306 1.354 1.404 1.111 1.637 1.660 1.573

6 1| 1.835 1.529 1.518 1.424 1.517 1.565 1.616 1.287  1.909 1.878 1.728
2 || 4173 3.477 2.327 2.183  2.325 1.399 2.477 1.834 3.487 2.879 2.432
3 || 2.867 2.390 1.955 1.834 1.953 2.015 2.081 1.591 2.683  2.419 2.115
4 || 2.370 1975  1.765 1.656 1.764 1.820 1.879 1.462  2.329  2.184 1.949
5| 1.973 1.645  1.587  1.489 1.586 1.636 1.689 1.336  2.022  1.964 1.791
6 || 1.776  1.480  1.487  1.395 1.487 1.534 1.583 1.264 1.860 1.841 1.700

0 Br 1 estimators 057/ with r = 2, 3,4 respectively.
-~ k,m)

a,B1 estimators 05, with a = 2, —2 respectively.

Table 1: The estimators 5(]\];’?), 5(]\];‘%),, 5(; ’m), é\(ggg, 5(;1’??, ﬁgim),

B and 8 of 6 = 2.336

Thus, applying (21), one can obtain the lower and upper prediction bounds of

Y;(k) = Zs(k), analytically, in the forms
(

L(z®) =Tn o ;
kT’ +601(s)
L—exp | =50

1

kT 4865 (5)
1 —exp _71@(1—52(32))5

U(z®) = In

where
5i(s) = Fg! (1 — %) . Gy(s) = Fg! (%) ,

F5'(-) is the inverse incomplete Beta cdf with parameters (s —m, a + m).

For the special case, when predicting the next k-th lower record Yn(ﬁl =
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m k|| Our Omvu op OprLc 92,BxkL 93,BxkrL 0baBrkL 02,BL 995”];2 scE Y9BMGE
3 1 || 11.163 3.854  0.476  0.703 0.479 0.384 0.297 1.116 1.434  0.132  0.129
2 || 11.208 4.052 0.556 0.787 0.559 0.461 0.371 1.118 1.436  0.177  0.175
3 || 9.495  3.476 0.589 0.823 0.592 0.492 0.399 1.215 1.310 0.185  0.192
4 || 11.686  4.403  0.600 0.834 0.603 0.503 0.410 1.225 1.384  0.193  0.199
5| 9.503  3.584 0.623 0.859 0.626 0.523 0.429 1.246 1.278  0.198  0.209
6 || 8924 3.329 0.617 0.853 0.620 0.518 0.424 1.241 1.265 0.195  0.206
4 1] 5.671  2.461 0.353 0.515 0.355 0.289 0.232 0.876 1.117  0.156  0.125
2 || 5.077  2.294 0.439 0.606 0.441 0.371 0.309 0.956 1.085 0.199  0.176
3 || 4606 2.099 0.458 0.629 0.460 0.389 0.325 0.976 1.032  0.203  0.186
4 || 4823 2279  0.483 0.656 0.485 0.412 0.346 1.001 1.009  0.210  0.199
5 || 4602  2.173  0.496 0.669 0.498 0.424 0.358 1.012 1.018  0.218  0.207
6 || 4230 2.000 0.503 0.677 0.505 0.431 0.364 1.019 0.980 0.219  0.211
m k|| O Omvu B OprLc Y2,BrkL 03 BkL 0aBKL 92,BL egkéf',;)L BcE 9BMGE
5 1| 3.255 1.593 0.283  0.403 0.284 0.237 0.198 0.711 0.868  0.169  0.124
2 || 3.385 1.735 0.356  0.479 0.357 0.309 0.267 0.776 0.953  0.222  0.172
3| 3293 1.741 0.375 0.501 0.376 0.324 0.280 0.800 0.889  0.215  0.180
4 || 3.066 1.639 0.403 0.532 0.404 0.351 0.305 0.828 0.880  0.229  0.198
5| 2.824 1.533 0.425 0.556 0.426 0.372 0.323 0.851 0.843  0.235  0.211
6 || 2789  1.503  0.417  0.548 0.418 0.364 0.316 0.844 0.837  0.231  0.206
6 1 || 2.483 1.363 0.256 0.346 0.257 0.223 0.195  0.604 0.770  0.195 0.135
2 || 2.327  1.311  0.309 0.402 0.310 0.273 0.243 0.655 0.786  0.225  0.170
3 || 2.344  1.347  0.327 0.423 0.328 0.290 0.259 0.675 0.786  0.231  0.181
4 || 2.240 1.313  0.351 0.449 0.352 0.312 0.279 0.701 0.766  0.239  0.196
5| 1.992  1.183 0.370 0.471 0.371 0.329 0.294 0.724 0.718  0.240  0.208
6 || 1.919  1.145 0.367  0.470 0.368 0.326 0.289 0.725 0.687  0.230  0.205
~ . Nkm) . .
0, B 1 estimators 05/ with r = 2, 3,4 respectively.
7 ;(k.m)

04,81 estimators 05, with a = 2, —2 respectively.
Table 2: MSE of the estimators 5(]\];’?), 5(]\];31[)], §(B]f ’m), gg“i”é), 5(;}(”2),

03 95an) and G4y, of 6 = 2.336.

z® (s =m+1), (21) reduces to

m—+1
Pr(Vyly 2 2la®™) =1 - (1 - w)mre, (23)
where w, is given by (22). By using (23), the lower and upper prediction bounds
for Yn(ﬂl are given by
1
Li(z®) =In ®
kT +B8(1—¢1)
\ 1 —exp | —="——"
1
Uy (z™) =In ®
kT +B(1—¢2)
1—exp | —="—5—=

where

¢ = <Z>1/m+a’ G = (1 B Z)l/m—i—a'
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)

§(k,'m,)

m  k B OprLc Y92,BKL 03, Bk 04 BKL 02, BL 3 BL BcE OBMGE
3 1 0.489  0.703 2.688 4.973 9.080 1.236 1.142 0.421 1.770
2 0.576  0.787 2.877 5.384 10.028 1.293 1.372 0.864 1.576
3 0.613  0.823 2.963 5.572 10.461 1.317 1.413 1.273 1.515
4 0.632  0.834 3.016 5.689 10.736 1.323 1.443 1.385 1.464
5 0.643  0.859 3.031 5.721 10.814 1.325 1.466 1.229 1.429
6 0.661 0.853 3.088 5.844 11.096 1.327 1.459 1.435 1.379
4 1 0.373  0.155 2.240 4.085 7187 1.021 0.935 0.360 2.181
2 0.457  0.192 2.416 4.450 7.984 1.081 1.161 0.763 1.982
3 0.485  0.206 2.476 4.577 8.265 1.117 1.209 1.011 1.927
4 0.508  0.217 2.546 4.733 8.633 1.126 1.257 1.230 1.866
5 0.515  0.219 2.583 4.817 8.851 1.131 1.261 1.126 1.817
6 0.544  0.233 2.650 4.962 9.180 1.133 1.233 1.314 1.749
5 T 0.295  0.114 1.840 3.255 5.319 0.853 0.800 0.336 2.571
2 0.374  0.147 2.049 3.693 6.284 0.928 0.995 0.679 2.335
3 0.414  0.164 2.111 3.802 6.453 0.952 1.073 0.902 2.255
4 0.426  0.171 2.159 3.924 6.794 0.974 1.107 1.076 2.219
5 0.432  0.173 2.206 4.035 7.084 0.981 1.113 1.109 2.177
6 0.466  0.187 2.302 4.240 7.546 0.988 1.145 1.219 2.067
6 1 0.272  0.098 1.595 2.726 4.045 0.741 0.735 0.407 2.809
2 0.317  0.116 1.738 3.033 4.734 0.805 0.851 0.595 2.651
3 0.363  0.133 1.822 3.179 4.953 0.830 0.985 0.793 2.537
4 0.382  0.142 1.870 3.290 5.239 0.847 0.972 0.963 2.491
5 0.379  0.143 1.888 3.350 5.452 0.855 0.987 1.081 2.491
6 0.402  0.151 1.957 3.490 5.738 0.866 0.998 1.114 2.408

Table 3: ER of the estimators 4/9\(51,C ’m), 5(; Lné), 4/9\(51,C I’(mL), 4/9\(51,C im), é\(ang and
gl of § = 2.336

5. Numerical Illustration

Here we discuss some numerical results of a simulation study testing the per-
formance of non-Bayesian and Bayesian methods in estimating the parameter
of the generalized exponential distribution. We generate the first m (m = 6)
lower k-th record values (k =1, 2, 3, 4, 5, 6) from the generalized exponential
distribution with the parameter § = 2.336 which was generated via the gamma
conjugate priori distribution with the parameters o« = 2.0 and 8 = 2.0. In the
prediction we take m = 7. The values of the shape parameter a in the LINEX
loss function, and value of ¢ in GE and MGE loss functions, respectively, are
a=2,a=—2and ¢ =—5. In the Kullback-Leibler divergence type loss func-

tion we take with » = 2, 3 and 4. The point estimators 5(]\];’?), 0/9\(]\];31[)], 5(; ’m),

ggff’?g, g(;im),g(;éng, ggfj\:[nc);E and 5(;]’;”5) of 6 are given in Table 1, where we
omit (k,m) and bold numbers in rows are for the two closest estimates to the
estimated values. Table 2 contains the MSE of estimators. Table 3 contains
the Bayesian risk (ER) under symmetric and asymmetric error loss functions
which are considered in this paper. The 95% classical and Bayesian confidence
intervals for 6 and also the 95% Bayesian prediction bounds for the next k-th
record l‘gii_l are presented in the Table 4. The MSE and ER of 0, based on

1000 replications.
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m ] Conf.int. Bayes pred. int. Conf.int. Bayes pred. int.

3 2.336  (0.362,4.230)" 0.149° (0.551, 4.434)7 0.115°
(0.438, 2.762) (0.003, 0.195)% (0.553,2.934) (0.005, 0.148)%
(1.001, 11.694)® 1.254¢ (1.623, 13.057)% 0.764°¢
(0.620, 3.912)° (0.193, 1.307)% (0.824, 4.368)" (0.261, 1.240)%
(0.667, 7.796)% 1.254¢ (1.082, 8.705)¢ 1.227¢
(0.554, 3.499)° (0.292, 1.311)¢ (0.732, 3.880)" (0.364, 1.244)%
(1.329, 15.529)% 1.647°¢ (1.274,10.251)% 1.325°¢
(0.658, 4.154)° (0.605, 2.184)% (0.771, 4.086)" (0.589, 1.635)%
(1.063, 12.423)® 1.647° (1.019, 8.201)% 1.325°¢
(0.629, 3.967)° (0.706, 2.188) % (0.717, 3.802)" (0.653, 1.637)%
(0.886, 10.353)® 1.647°¢ (0.849, 6.834)% 1.325°¢
(0.602, 3.796)" (0.787,2.190)% (0.671, 3.554)° (0.708, 1.638)%

5 (0.731, 4.641)° 0.073° (0.829, 4.395)7 0.055°
(0.667, 3.094) (0.006, 0.113)% (0.742, 3.098)° (0.004, 0.072)%
(1.294, 8.166)* 0.645¢ (1.481,7.851)¢ 0.350¢
(0.865, 4.013)° (0.189,0.757)% (0.991, 4.137)° (0.187,0.640)%
(1.560, 9.841)% 0.764°¢ (1.170, 6.203)% 0.645°
(0.925, 4.295)° (0.430, 1.218)¢ (0.889, 3.716)° (0.288,0.759)%
(1.314, 8.288)% 1.254°¢ (1.639, 8.689)% 1.227°¢
(0.869, 4.036)° (0.543, 1.317)¢ (1.083, 4.314) (0.576, 1.248)%
(1.051, 6.631)% 1.254¢ (1.312,6.951)% 1.227°¢
(0.794, 3.684)° (0.596, 1.318)% (0.939, 3.920)° (0.624, 1.249)%
(0.876, 5.526)% 1.254°¢ (1.093, 5.793)% 1.227°¢
(0.730, 3.389)" (0.635, 1.319)% (0.860, 3.592) (0.659, 1.249)%

@ The 95% classical confidence interval for 6.
b_the 95% Bayesian confidence interval for 6.

¢ The generated lower k-th record l‘gii_l

4 The 95% Bayesian prediction interval for :1:,(721

Table 4: The 95% classical and Bayesian confidence intervals for 0, the

95% Bayesian prediction bounds for the next k-th record l‘gii_l

Comments. As can be seen from Table 1, Table 2 and Table 4:

1. Simulations show the performance of estimators under many classical

and modified loss funcions.

2. The Bayes estimations 5(2]@3”;{) ; under Kullback-Leibler divergence type

loss function with r = 2 are almost equal to the Bayes estimators ggf m),

3. The MSE estimators 5(1\];’?), 5(1\];‘7}3 and Bayes estimators under squared
error, squared log error, Kullback - Leibler divergence type and LINEX, General
Entropy, Modified General Entropy loss functions decrease when m increases.

4. The generated k-th lower record :1:,(721 is in the 95% Bayesian prediction

(k)

interval for x,, T
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