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1. Introduction

Nonexpansive mappings, T , have been widely studied in relation to the ex-
istence of fixed points in normed spaces. Among several authors who have
contributed to this study are Browder [4], Karlovitz [6], Kirk [7], Mijajlovic
[9] and others. Closely related to nonexpansive mappings are norm-decreasing
operators in Banach algebras. This paper establishes convergence results for
a norm-decreasing isomorphism T of a Banach algebra A. The motivation for
this work comes from the interesting paper of Oshobi [10].

A normed algebra is unital (or norm-unital) if it contains an identity element
which has norm one. We denote such identity by 1. Let A be a unital normed
algebra. The set {w ∈ A∗ : w(1) = ‖w‖ = 1} is denoted by A∗

W . For any
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element a ∈ A the numerical range W (a) of a is the set {w(a) : w ∈ A∗
W } and

the number ‖a‖W = sup{|λ| : λ ∈ W (a)} is called the numerical radius of a.
We recall that W (a) is a nonempty, compact, convex subset of the complex
plane. Also if A is a unital Banach algebra, then ‖a‖W ≤ ‖a‖.

Definition 1.1. An element h of a unital Banach algebra A is called
Hermitian if its numerical range is included in the real axis. We denote by
H(a) the set of Hermitian elements in A.

The following result is presented in Bonsall [3].

Lemma 1.2. Let A be a norm-unital Banach algebra. The following con-
ditions are equivalent for an element h ∈ A:

(i) h ∈ H(a),

(ii)
∥

∥eiαh
∥

∥ = 1 ∀ α ∈ ℜ,

(iii) lim
α→0

1
α
{‖1 − iαh‖ − 1} = 0.

Furthermore, if ρ(h) represents the spectral radius of h, then

(iv) ρ(h) = ‖h‖W = ‖h‖ .

Remark 1.3. An operator T : A → A is said to be norm-decreasing if
‖Tx‖ ≤ ‖x‖. However, it is easy to see that every norm-decreasing operator is
nonexpansive.

2. Main Results

Our main results are presented below.

Theorem 2.1. Let A be a unital Banach algebra. Then H(A) is a closed,
bounded and convex Banach space.

Proof. We first observe that H(A) is a real linear space which is closed in
the weak topology and therefore closed in the norm topology of A. Moreover,
the boundedness of H(A) follows from that of W (a) and the condition (iv)
above.

Indeed, λ ∈ W (a) implies |λ| ≤ M < ∞. But ‖h‖ = ‖a‖W = sup{|λ| : λ ∈
W (a)}, h ∈ H(A). Therefore, ‖h‖ ≤ M < ∞.

We now show that if x, y ∈ H(A), then s = λx+(1−λ)y ∈ H(A) whenever
λ ∈ [0, 1].

Now, since αλ, α(1 − λ) ∈ ℜ, then by Lemma 1.2, we have
∥

∥eiαs
∥

∥ =
∥

∥

∥

eiαλx.eiα(1−λ)y
∥

∥

∥

≤
∥

∥

∥

eiαλx
∥

∥

∥

∥

∥

∥

eiα(1−λ)y
∥

∥

∥

= 1.



FIXED POINT RESULTS FOR THE BANACH SPACE... 621

On the other hand, from 1 = ‖1‖ =
∥

∥eiαs.e−iαs
∥

∥ ≤
∥

∥eiαs
∥

∥

∥

∥e−iαs
∥

∥ , we obtain,

1

‖eiαs‖
≤

∥

∥e−iαs
∥

∥ =
∥

∥

∥
e−iαλx.e−iα(1−λ)y

∥

∥

∥
≤

∥

∥

∥
e−iαλx

∥

∥

∥

∥

∥

∥
e−iα(1−λ)y

∥

∥

∥
= 1.

These yield
∥

∥eiαs
∥

∥ ≤ 1 ≤
∥

∥eiαs
∥

∥ , which means
∥

∥eiαs
∥

∥ = 1. Thus, s ∈ H(A).

Finally, H(A) is a Banach space follows from Proposition 2.3 of [10].

The following forms a part of Oshobi’s results in [10].

Theorem 2.2. (see Oshobi [10]) Let T be a norm decreasing isomorphism
of a complex unital Banach algebra A onto another B, then TH(A) ⊆ H(B).

The following is a fixed point result in H(A).

Theorem 2.3. Let A be a complex unital Banach algebra that is uniformly
convex. Let T : A → A be a norm-decreasing isomorphism and TH(A) the
restiction of T to H(A), then the sequence {xn}

∞
n=0 ⊆ H(A) defined by xn+1 =

λxn + (1 − λ)TH(A)xn, converges to the fixed point of TH(A).

Proof. For the sake of simplicity, we write TH instead of TH(A). We note
that TH is a selfmap of H(A) by Theorem 2.2.

The Brouwer’s Fixed Point Theorem guarantees that the set of fixed points
FTH

of TH is nonempty. Now let p ∈ FTH
,

‖xn+1 − p‖ = ‖λ(xn − p) + (1 − λ)(THxn − p)‖

≤ λ ‖xn − p‖ + (1 − λ) ‖xn − p‖ = ‖xn − p‖ .

That is, the sequence {‖xn+1 − p‖} ⊂ R is monotonic decreasing, and hence
converges to a real number a.

Suppose a > 0. Since ‖xn − THxn‖ ≤ ‖xn − p‖+ ‖p − THxn‖ ≤ 2 ‖xn − p‖,
{‖xn+1 − p‖} is a bounded sequence. It was shown (see Rhoades [11]), using
the lemma of Groetsch, that lim ‖xn+1 − THxn‖ = 0. Since T (H(A)) is compact
there exists a subsequence {Txni

} of {Txn} such that limi Txni
= u ∈ H(A).

Therefore,

‖xni
− u‖ ≤ ‖xni

− THxni
‖ + ‖THxni

− u‖ → 0 as i → ∞.

But TH is nonexpansive, so we have ‖THxni
− THu‖ ≤ ‖xni

− u‖ → 0 as i → ∞.

That is, THu = u. If we now replace p by u in the early part of the proof, we
see that {‖xn − u‖} is monotone decreasing in n. Since limi xni

= u, it means
lim xn = u, and {xn} converges to a fixed point of T .



622 G. Akinbo, A.O. Bosede

References

[1] V. Berinde, Abstract ϕ-Contractions which are Picard mappings, Mathe-

matica, 34, No. 2 (1992), 107-122.

[2] V. Berinde, A priori and a posteriori error estimates for a class of ϕ-
contractions, Bull. Appl. Math., 90-B (1999), 183-192.

[3] F.F. Bonsall, J. Duncan, Numerical Ranges of Operators on Normed Spaces

and of Elements of Normed Algebras, Cambridge (1971).

[4] F.E. Browder, Nonexpansive nonlinear operators in a Banach space, Proc.

Nat. Acad. Sci., 54 (1965), 1041-1044.

[5] J. Jachymski, General solutions of two functional inequalities and converses
to contraction theorems, Bull. Pol Acad. Sci. Math., 51, No. 2 (2003), 148-
156.

[6] L.A. Karlovitz, Some fixed point results for nonexpansive mappings, Fixed

Point Theory and its Applications, Academic Press (1976), 91-103.

[7] W.A. Kirk, A fixed point theorem for mappings which do not increase
distance, Amer. Math. Monthly, 72 (1965), 1004-1006.

[8] M.A. Krasnoselskij, Two remarks on the method of successive approxima-
tions, Uspehi. Math. Nauk, 10 (1955), 123-127.

[9] B.S. Mijajlovic, Nonexpansive mappings and convex sequences, Krag. J.

Math., 26 (2004), 25-30.

[10] E.O. Oshobi, Norm-decreasing isomorphim on Hermitian elements and the
group of isometric and invertible multipliers of a Banach algebra, Studia

Mathematica, LV (1976), 207-214.

[11] B.E. Rhoades, A comparison of various definitions of contractive mappings,
Trans. Amer. Math. Soc., 226 (1977), 257-290.


