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Abstract: We give an efficient algorithm to solve resultant type equations in
two unknown polynomials over global function fields. The method is based on
the complete resolution of unit equations in three variables over function fields.
This is the first time when such equations are completely solved.
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1. Introduction
Let R be an integral domain, 0 6= r ∈ R and let
f (x) = am xm + . . . + a1 x + a0 , g(x) = bn xn + . . . + b1 x + b0
be polynomials with coefficients in R. The resultant of the polynomials f and
g is defined by the determinant
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bn · · · b0
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..
..
.
.
bn · · · b0
where the first n rows contain the coefficients of f and the last m rows contain
the coefficients of g. If α1 , . . . , αm are the roots of f and β1 , . . . , βn are the
roots of g then we have
m Y
n
Y
Res(f, g) = anm bm
(αi − βj ).
n
Res(f, g) =

i=1 j=1

On the other hand we may ask which polynomials f, g have the property to
have a prescribed resultant. Let 0 6= r ∈ R be given. It is a classical problem in
the theory of Diophantine equations and their applications to consider resultant
type equations of the form
Res(f, g) = r (in f, g ∈ R[x]) ,

(1)

where the variables are the polynomials f, g ∈ R[x]. In some results one of the
polynomials, say f , is given and we intend to determine g (one variable case).
In other results both f and g are unknowns (two variables case).
This equation can be considered as a polynomial Diophantine equation in
the coefficients of the unknown polynomial(s).
Note that by
Res(f, f ′ ) = (−1)m(m−1)/2 am D(f )
the resultant type equation is a generalization of the discriminant type equation
D(f ) = r (in f ∈ R[x]) ,
where the main task is to determine polynomials f of given discriminant.
Resultant type equations have an extensive literature. It is a special type
of decomposable form equations, see e.g. W.M. Schmidt [20], H.P. Schlickewei
[19], K. Győry [12].
Several assertions on resultant type equations are proved under some further
conditions on the unknown polynomial(s) (e.g. restriction on the degrees). For
the one variable case see e.g. K. Győry [12], for the two variables case (and
generalizations to binary forms) see e.g. K. Győry [13], [14], J.H. Evertse and
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K. Győry [4], K. Győry [15], A. Bérczes, J.H. Evertse and K. Győry [1], [2].
Resultant type equations are typically reduced to unit equations in three
variables. Using the above notation we have the identity
(αi − βk ) − (αi − βl ) + (αj − βl ) − (αj − βk ) = 0
which implies
αj − βl
αi − βk
αi − βl
−
+
= 1,
αj − βk
αj − βk
αj − βk
where by equation (1) the ratios are elements of a suitable group of S-units of
R. As it is well known, in the number field case there are no effective results for
the solutions of unit equations in three variables, but there are explicit upper
bounds for the number of their solutions. Hence, most of the above cited results
on resultant type equations prove the finiteness of the number of solutions of
equation (1) or give upper bounds for the number of solutions of that equation.
The complete resolution of equation (1) is therefore not feasible in full
generality over number fields by using the present Diophantine tools.
For a fixed f we could only determine the quadratic polynomials g satisfying
(1), see I. Gaál [5].
We have only recently shown, that for a fixed f , the resolution of equation
(1) in g can be reduced to a unit equation in two variables, see I. Gaál and
M. Pohst [10]. This enabled us to determine explicitely the solutions of (1) in
the one variable case. We also gave a slight improvement for the number of
solutions of (1) in the one variable case [11].
Since in the two variables case it is not feasible to explicitely solve equation
(1) in the number field case, it is certainly of interest to present an algorithm
for solving the analogous equation over function fields. This is the main object
of our paper. Note that this is done by using our result [9] on determining
explicitely the solutions of unit equations in several variables. Using these tools
we give here the first algorithm for solving completely resultant type equations
in two unknown polynomials over function fields.
R.C. Mason [16], [18] described solutions of unit equations in two variables
and in several variables over function fields over algebraically closed constant
fields. In a series of papers [6], [7], [8], [9] we considered Diophantine equations
over global function fields, that is over finite extensions of k(t), where k is a
finite field. We described the solutions of unit equations in two variables [6],
which enabled us to give an algorithm for solving resultant type equations in
one unknown polynomial [8]. Moreover, in [9] we succeded to describe the
solutions of unit equations in several variables, as well. This is the main tool
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in the present paper.

2. Auxiliary Results
2.1. Notation
In this section we summarize our notation and recall the auxiliary results needed
to deal with resultant type equations properly.
In the following k = Fq denotes a finite field of q = pd elements. The
rational function field of k is k(t). K will be a finite extension of k(t) of degree
n and genus g0 . The integral closure of k[t] in K is denoted by OK . We assume
that K is separably generated over k(t) by an element z belonging to OK and
that k is the full constant field of K. The set of all (exponential) valuations
of K is denoted by V , the subset of infinite valuations by V∞ . For a non-zero
element f ∈ K we denote by v(f ) the value of f at v.
For the normalized valuations vN (f ) = v(f ) · deg v the product formula
X
vN (f ) = 0, ∀f ∈ K \ {0}
v∈V

holds. The height of a non-zero element f of K is defined to be
X
X
H(f ) :=
max{0, vN (f )} = −
min{0, vN (f )} .
v∈V

v∈V

2.2. Unit Equations in Two Variables
To solve the resultant type equation we shall deal with a unit equation in three
variables, which will be reduced to a unit equation in two variables. Therefore
we include here the lemma on unit equations in two variables.
Let V0 be a finite subset of V containing the infinite valuations. Then the
non-zero elements γ ∈ K satisfying v(γ) = 0 for all v 6∈ V0 form a multiplicative
group in K. These elements are called V0 -units. We consider the equation
γ1 + γ2 + γ3 = 0 ,
where the γi are V0 -units for a suitable set V0 . This can be written as
 


γ2
γ1
+ −
=1
(2)
−
γ3
γ3
which is a unit equation in two variables. Note that it suffices to assume that
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γ1 /γ3 and γ2 /γ3 are V0 -units.
Lemma 1. For all solutions of equation (2) either γγ13 is in K p or its height
is bounded:
 
X
γ1
H
deg v .
(3)
≤ 2g0 − 2 +
γ3
v∈V0

2.3. Unit Equations in Several Variables
Here we recall our general result [9] on unit equations in several variables.
Let V0 be a finite subset of V containing the infinite valuations. Let γi (i =
1, . . . , n) be V0 -units. The equation
γ1 + . . . + γn = 0

(4)

is obviously equivalent with the unit equation




γn−1
γ1
+ ... + −
=1
(5)
−
γn
γn
in n − 1 variables (note that it suffices if the fractions in (5) are V0 -units).
Lemma 2. Assume that no proper subsum of the sum in (4) vanishes.
Then we can explicitly construct a finite subset N of V , such that
γ1
= x1n · Φ ,
(6)
γn
where x1n is a solution of the V0 ∪ N -unit equation
x1n + x3n + . . . xn−1,n = 1 ,
and Φ is a V0 ∪ N -unit satisfying
H(Φ) ≤ 2g0 − 2 +

X

deg v .

(7)

v∈V0

3. Solving Resultant Type Equations in Two Unknown Polynomials
Assume that f (x), g(x) are monic polynomials of degree m, n ≥ 2, respectively.
Assume that the (unknown) roots α1 , . . . , αm of f and β1 , . . . , βn of g are contained in OK . Let 0 6= r ∈ OK and the degrees m, n be given and consider the
solutions f, g of the equation
Res(f, g) = r.

(8)
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Under the above assumptions our algorithm makes possible to determine
the roots of f, g. Note that this is a more general approach than usual. Our
polynomials f, g having roots in OK also have coefficients in OK . If r ∈ k[t]
by considering the roots of f, g we can select those polynomials f, g that have
coefficients in k[t]. Therefore our method covers the classical approach, as well.
Recall that for the above polynomials we have
n
m Y
Y
(αi − βj ) = r.
Res(f, g) =
i=1 j=1

If α1 , . . . , αm and β1 , . . . , βn satisfy this equation, then for any δ ∈ OK α1 +
δ, . . . , αm +δ and β1 +δ, . . . , βn +δ is also a set of solutions. Therefore obviously
we can determine the roots only up to translation by elements of OK .
Let V0 denote the set of all valuations v with v(r) 6= 0, assume that the
infinite valuations are in V0 . By equation (8) any αi −βj (1 ≤ i ≤ m, 1 ≤ j ≤ n)
is a V0 –unit (r 6= 0 implies αi 6= βj ).
To proceed systematically we use equations of type
βj − αi
α1 − βj
αi − β1
+
+
= 1,
(9)
α1 − β1 α1 − β1 α1 − β1
where all fractions are V0 -units. By Lemma 2 we can represent the above
fractions in the form
βj − αi
α1 − βj
αi − β1
= −x0 Φ,
= −y0 Ψ,
= −z0 Λ,
(10)
α1 − β1
α1 − β1
α1 − β1
where x0 , y0 , z0 are solutions of V0 ∪ N -unit equations in two variables of type
x + y = 1, and Φ, Ψ, Λ are V0 ∪ N -units of bounded heights. Here the valuation
set N (usually containing just a few elements) can be explicitely determined.
There are a finite number of possible values of Φ, Ψ, Λ. By Lemma 1 we can
calculate a finite number of possible elements such that x0 , y0 , z0 either belong
to that set, or equal pκ -th powers of elements of that set.
It follows from the arguments of [9] that two of x0 , y0 , z0 , say x0 , y0 are
corresponding solutions of the unit equation in two variables, that is x0 +y0 = 1.
This implies that x0 is a pκ -th power if and only if y0 is one. The above
representation implies
x0 Φ + y0 Ψ + z0 Λ = −1.

(11)

In Section 5 of [9] we described a simple method to exclude pκ -th powers. If all
of x0 , y0 , z0 are pκ -th powers, then by y0 = 1 − x0 we get
x0 (Φ − Ψ) + z0 Λ = −1 − Ψ.

(12)
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Using local derivation at a valuation we obtain
x0 (Φ′ − Ψ′ ) + z0 Λ′ = −Ψ′ .

(13)

For given values of Φ, Ψ, Λ this system of equations usually determines x0 , z0
and y0 can be calculated from equation (11). Else we apply higher derivatives.
If some of x0 , y0 , z0 , say x0 is not a pκ -th power, then the corresponding
y0 = 1 − x0 is also not pκ -th power. Then the finitely many possibilities for
x0 , y0 , and z0 can be calculated from equation (11).
This way we calculate (the possible values of)
αi − βj
.
ηij =
α1 − β1
In order to determine α1 , . . . , αm and β1 , . . . , βn we need this value for all i, j.
Note that for this purpose we usually do not need to solve mn unit equations
in three variables. Combining the three fractions in (9) and using Galois automorphisms we often can calculate several further fractions of this type (cf. also
our example).
Finally, by
mn

(α1 − β1 )

= r·

n
m Y
Y

−1
ηij

(14)

i=1 j=1

we may calculate α1 − β1 , and using ηij the values of αi − βj , as well. These
enable us to derive
βi − βj = (αk − βj ) − (αk − βi ).
Now fixing, say β1 , in OK we obtain β2 , . . . , βn as well as α1 , . . . , αm .

4. Example
We illustrate our method by the following example.
Let k = F3 and let ξ = ξ1 be a root of
p(z) = z 3 − tz 2 − (t + 3)z − 1 = 0.
Let K = k(t)(ξ) and denote by OK the integral closure of k[t] in K. The field
K has genus g0 = 0. This field is Galois (the well known family of simplest
cubic fields), its cyclic Galois group is generated by σ. Setting ξ1 = ξ we get
−1
−1
, ξ3 = σ(ξ2 ) =
.
ξ2 = σ(ξ1 ) =
ξ1 + 1
ξ2 + 1
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Let r be a non-zero constant (in k) and consider the solutions f, g of the equation
Res(f, g) = r

(15)

in cubic polynomials f, g with roots in OK . We are going to solve the unit
equation
α1 − β2 β2 − α2 α2 − β1
+
+
= 1.
α1 − β1 α1 − β1 α1 − β1
The set V0 consists of the three infinite valuations v1 , v2 , v3 of K, each of degree
1. For the set of new valuations N we have (see [9])
X
X
deg v = 1.
deg v ≤ 2g0 − 2 +
v∈N

v∈V0

t3

Factoring − t over k we find that the only valuation satisfying this condition
is vt , the valuation correspontong to t, having degree 1: N = {vt }.
In casePthere are 3κ -th powers among x0 , y0 , z0 in equation (11), then by
2g0 − 2 + v∈V0 deg v < p = 3 these elements are in fact V0 -units, as well as
Φ, Ψ, Λ (see Remark 3 after the main theorem in [9]). Up to constant factors
there are 7 V0 -units of height ≤ 1 in K. Considering all possible values of Φ, Ψ, Λ
and solving the system of equations (12), (13) we could always show, that the
x0 , y0 , z0 are at most 31 -st powers of appropriate V0 units. These values will be
considered together with all other possible values of x0 , y0 , z0 in the following.
In case x0 , y0 , z0 are not 3κ -th powers, then Φ, Ψ, Λ are indeed V0 ∪ N -units
of height ≤ 1. There are 13 such elements (up to constant factors). Moreover,
x0 , y0 , z0 are solutions of x + y = 1 in V0 ∪ N -units. There are 61 solutions
of this equation (which are no 3-rd powers). It suffices to consider all possible
values of Φ, Ψ and x0 , since y0 = 1 − x0 and z0 Λ = −1 − x0 Φ − (1 − x0 )Ψ.
This yields 61 · 262 = 41236 cases to test. To include the possible 3-rd powers
discussed in the preceeding section we also tested x30 in the role of x0 .
The elements
αi − βj
,
α1 − β1
were calculated in the following way (cf. (10):
ηij =

η11 = 1 ,
η12 = −x0 Φ ,
η22 = (1 − x0 )Ψ ,
η33 = (σ 2 (η22 ))−1 ,
η21 = 1 + x0 Φ + (1 − x0 )Ψ ,
η13 = η33 · σ 2 (η21 ) ,
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η23 = η21 − η11 + η13 ,
η31 = η33 − η23 + η21 ,
η32 = η31 − η21 + η22 .
From these we calculated α1 −β1 by (14), and then all αi −βj . Thus we obtained
all βi − βj and finally all βj and αi .
In all solutions obtained one of the polynomials, say f , has three equal
constant roots (in k). Therefore we fixed this constant to be zero and then
f (x) = x3 is the first term in all solutions (f, g) of equation (15).
In the following solutions g(x) has constant roots:
g(x) = x3 + 2, x3 + 2x2 + 2x + 1, x3 + x2 + 2x + 2, x3 + 1.
In the next solutions g(x) has coefficients in k[t]:
g(x) = x3 +tx2 +tx+2, x3 +tx2 +2tx+1, x3 +2tx2 +tx+1, x3 +2tx2 +2tx+2.
Moreover, there are a couple of solutions, where the coefficients of g(x) are
elements of OK \ k[t], i.e. g(x) = x3 + γ2 x2 + γ1 x + γ0 , where the coefficients of
γ2 , γ1 , γ0 in the basis {1, ξ, ξ 2 } of OK are the following:
γ2 , γ1 , γ0 =

[2t + 2, t + 1, 2], [t + 1, 1, 0], [1, 0, 0]
[t, 1, 0], [2t, t, 2], [2, 0, 0]
[t, 2t, 1], [2t, 2, 0], [2, 0, 0]
[t + 1, 1, 0], [2t + 2, t + 1, 2], [1, 0, 0]
[t + 1, 2t, 1], [t + 2, 2t + 2, 1], [1, 0, 0]
[t + 1, 2t + 2, 1], [t + 1, 1, 0], [2, 0, 0]
[t + 2, 2t + 2, 1], [t + 1, 2t, 1], [1, 0, 0]
[2t, 2, 0], [2t, t, 2], [1, 0, 0]
[2t, t, 2], [2t, 2, 0], [1, 0, 0]
[2t + 1, t + 1, 2], [t + 1, 2t, 1], [2, 0, 0]
[2t + 2, 2, 0], [2t + 2, t + 1, 2], [2, 0, 0]
[2t + 2, t, 2], [t + 2, 2t + 2, 1], [2, 0, 0] .

Remark. The computation of the example took a couple of minutes. All
computations were performed with Kant [3].
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[4] J.H. Evertse, K. Győry, Lower bounds for resultants I, Compos. Math., 88
(1993), 1-23.
[5] I. Gaál, On the resolution of resultant type equations, J. Symbolic Comput.,
34 (2002), 137-144.
[6] I. Gaál, M. Pohst, Diophantine equations over global function fields I: The
Thue equation, J. Number Theory, 119 (2006), 49-65.
[7] I.G aál, M. Pohst, Diophantine equations over global function fields II:
S-integral solutions of Thue equations, Experimental Mathematics, 15
(2006), 1-6.
[8] I. Gaál, M. Pohst, Diophantine equations over global function fields III:
An application to resultant form equations, Functiones at Approximatio,
XXXIX.1 (2008), 97-102.
[9] I. Gaál, M. Pohst, Diophantine equations over global function fields IV:
S-unit equations in several variables with an application to norm form
equations, J.Number Theory, To Appear.
[10] I. Gaál, M. Pohst, Solving resultant form equations over number fields,
Math Comput., 77 (2008), 2447-2453.

DIOPHANTINE EQUATIONS OVER GLOBAL FUNCTION...

317

[11] I. Gaál, M. Pohst, A note on the number of solutions of resultant equations,
JP Journal of Algebra, Number Theory and Applications, 12 (2008), 185189.
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