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Abstract: A mathematical model and numerical solutions are presented for
an interface problem that models an in-vitro experiment for regeneration of
articular cartilage in a localized defect region. In this experiment, a cylindrical
cartilage explant has a core region removed and replaced with a nutrient-rich
hydrogel. The gel-tissue aggregate is then immersed in media for a period of several weeks. An axisymmetric reaction-diffusion model of this experiment is developed to capture coupling between cell-mediated nutrient absorption and matrix biosynthesis, and diffusive transport of nutrients and matrix constituents.
The reaction governing turnover of the hydrogel to newly synthesized tissue is
modeled via a level set method that captures the moving gel-tissue interface,
and local curvature effects are also considered. After nondimensionalization,
finite difference numerical solutions are employed to simulate cartilage regeneration as a function of cell mediated reaction rates in the model. Both the cases
of external media maintained at a homeostatic nutrient concentration, and at a
higher concentration associated with the nutrient-rich hydrogel are considered.
Via a detailed parametric analysis using the model, regeneration times required
to completely degrade the hydrogel are determined. Potential effects of local
curvature along the gel-tissue interface are briefly discussed.
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1. Introduction
Articular cartilage is a connective tissue that lines bone surfaces in diarthrodial
joints such as the knee, shoulder, and hip. Cartilage serves to protect these surfaces from impact stresses, and minimize friction and wear in the joint [4, 17].
The structure of this tissue arises from an extracellular matrix (ECM), consisting largely of water (∼80% by volume), as well as collagen, proteoglycan, and
other proteins [16]. Dispersed throughout the ECM is a sparsely distributed
population of cells (∼1-10% by volume), called chondrocytes [1]. Since cartilage
is avascular and aneural, biophysical factors in the local cellular environment
are known to play an important role in regulating cell biosynthetic activity
[32]. Osteoarthritis results in structural degradation of cartilage ECM, and
can give rise to holes or defects that are precursors to complete degradation
necessitating joint replacement [25, 35]. Cartilage has a limited capacity for
growth and repair of large defects; therefore, approaches using cellular supplementation or biomaterials for defect-filling have been developed to promote
tissue maintenance or regeneration [23, 31]. Specific material types can address
additional factors including promotion of cell proliferation, nutrient diffusion,
and matrix biosynthesis in regions of interaction between the native tissue and
the biomaterial [12, 14].
Hydrogels, which are superabsorbent, nutrient-rich natural or synthetic
polymers are being explored to provide a three-dimensional scaffold for cartilage regeneration [3, 7, 18, 19]. Upon insertion into a defect, hydrogels will
slowly degrade as cellular biosynthesis and proliferation result in turnover of
the gel scaffold to cartilage ECM [9, 22, 24]. Since little is known about the
optimal conditions for cartilage regeneration, mathematical models capturing
interactions between matrix accumulation, hydrogel degradation and nutrient
diffusion have potential utility in accelerating the realization of optimal strategies for cartilage repair [26]. In this study, one such model is developed for an
in-vitro cartilage regeneration experiment that can be performed on a cylindrical tissue explant. In this experiment, a core region is removed from the
explant and replaced with hydrogel (Figure 1). The cartilage-hydrogel aggregate is maintained in a fluid bath with adequate nutrient supply. Over the
course of several weeks, cell-synthesized ECM constituents react and replace
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Figure 1: Depiction of the in-vitro cartilage regeneration experiment.
(a) A cylindrical core is cut out of the tissue explant, replaced with a
hydrogel, and the aggregate is immersed in media (b) Axisymmetric
geometry is assumed, and a level set function φ is used to track the
evolving interface between the tissue (φ > 0) and hydrogel (φ < 0)
regions.

the hydrogel in the core region.
In this general context of cartilage tissue engineering, it is noted that previous models have considered models of matrix synthesis [10, 33], reactiondiffusion models [5, 6, 20, 27, 28], moving boundary approaches [11, 34], and
models of multiphase porous mixtures [15]. Each of these models captures
different aspects of cartilage regeneration through modeling matrix biosynthesis, cellular proliferation, and/or nutrient diffusion and utilization. Models by
Obradovic et al [20] and Wilson et al [33] have an equation for degradation of
the hydrogel scaffold but do not capture spatial effects of the interface between
newly regenerated cartilage and the scaffold. A moving boundary approach by
Galban et al [11] captures the location of cells growing, but does not model the
nutrient or matrix concentrations.
Under the assumption of axisymmetric geometry we present a reactiondiffusion model for in-vitro tissue regeneration in a two-zone, hydrogel-tissue
aggregate. Associated numerical solutions are also developed in which the location of the reacting interface between the hydrogel and cartilage regions is
captured using a level set method. A primary modeling goal is to analyze effects
of model parameters on the tissue regeneration time, i.e. the time required to
replace the hydrogel with cell-synthesized ECM.
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2. Cartilage Regeneration Model
2.1. Motivation and Assumptions

We model an in-vitro experiment in which a cylindrical cartilage explant has
a core cylindrical region cut-out, and the hole is filled with a hydrogel sample
that matches the shape of the defect (Figure 1). The gel-tissue aggregate is
then immersed in media with the lower face of the aggregate (z = 0) supported
by an impermeable platen. Over the course of multiple weeks, nutrient diffusion
into the cartilage region stimulates cell proliferation and cellular biosynthesis
of ECM constituents. As the newly synthesized ECM constituents diffuse into
their surroundings, in the hydrogel region, they react with the gel polymer to
replace it with newly formed tissue, i.e. ECM and cells. Of primary interest to
the experimentalist is the time required to regenerate the tissue via complete
turnover of the hydrogel volume to new cartilage as the phenomenon proceeds.
To simplify this complex biophysical problem, we idealize the gel-tissue aggregate as a reaction-diffusion system with a nutrient concentration variable N
and a matrix accumulation variable M that vary spatially and evolve in time.
Nutrient concentrations above a homeostatic level are assumed to result in cell
absorption of nutrients that induce net matrix synthesis relative to a homeostatic matrix density. The reaction that results in replacement of hydrogel with
newly synthesized cartilage is idealized via a level set model of the gel-tissue
interface with propagation speed proportional to quantities that drive the reaction. We assume that, as the interface advances into the hydrogel region, the
additional volume of synthesized cartilage left behind preserves the cell density
in the original explant via cell proliferation. Nutrients and accumulated matrix
are free to diffuse in both the hydrogel and cartilage regions, but we idealize the
gel-tissue reaction as localized to the interface, motivated by the capability of
nearby cells to drive this reaction. Thus, our model considers coupling between
mechanisms of diffusive nutrient and accumulated matrix transport, nutrient
absorption and net matrix synthesis by the cells (cartilage region), and reaction phemomena at the gel-tissue interface. A primary goal is to understand
effects of these coupled mechanisms on the regeneration time that is required
to replace the entire hydrogel region with newly synthesized cartilage.
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2.2. Level Set Reaction-Diffusion Model
Introducing cylindrical coordinates (r, θ, z), we assume that all quantities are
independent of θ. In our model, the primary variables of interest are the timevarying nutrient concentration N (r, z, t), the net matrix accumulation M (r, z, t),
which is taken to be zero in a state of cartilage homeostasis, and the level
set function φ(r, z, t) [21] which governs the location of the evolving gel-tissue
interface via the level set φ(r, z, t) = 0. Note that the cartilage and hydrogel
regions correspond to φ > 0 and φ < 0, respectively (Figure 1).
The following reaction-diffusion equation is proposed to model diffusive nutrient transport and cellular consumption of nutrients (0 < r < b, 0 < z <
h, t > 0 ):

 2
1 ∂N
∂2N
∂N
(i) ∂ N
(i)
= DN
+
+
(1)
− kN (N − N ∗ ) ,
2
2
∂t
∂r
r ∂r
∂z
where:

1 φ(r, z, t) < 0 (hydrogel) ,
(1)
(2)
kN = 0 .
i=
2 φ(r, z, t) > 0 (cartilage) ,
(1)

The choice kN = 0 is made, corresponding to the assumption that the hydrogel region does not contain cells during the entire course of the regeneration
experiment. Within the cartilage region, the cell utilization rate of nutrients,
(2)
kN , is assumed to be proportional to the excess relative to a homeostatic concentration, N ∗ . This relative measure will also couple to a second equation for
net matrix accumulation via upregulated synthesis of ECM constituents by the
cartilage cells as nutrients are absorbed.
Consequently, a second reaction-diffusion equation, that is coupled to (1),
is introduced to model synthesis of ECM by the cells in the cartilage region and
diffusive transport through both regions (0 < r < b, 0 < z < h, t > 0 ):

 2
1 ∂M
∂2M
∂M
(i) ∂ M
(1)
(i)
(3)
= DM
+
+
+ kM (N − N ∗ ), kM = 0 .
∂t
∂r 2
r ∂r
∂z 2
In (3), it is noted that matrix synthesis is initiated when the nutrient concentration is in excess of its homeostatic value N ∗ . Due to the assumption of no
(1)
cells in the hydrogel region, the choice kM = 0 is also made. For the case
of a cartilage sample with no hydrogel that is immersed in a bath at nutrient concentration N ∗ , note that the model (1)-(3) reduces to the homeostatic
equilibrium state with nutrient concentration N (r, z, t) = N ∗ and no net ECM
synthesis, i.e. M (r, z, t) = 0.
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The final equation in our model governs the interaction at the gel-tissue
interface that causes accumulated ECM to replace degraded hydrogel via a
local reaction that is mediated by nearby cells. We idealize this interaction as
a local interfacial phenomenon on the level set φ(r, z, t) = 0 that is embedded
in a higher dimensional level set function φ(r, z, t) [21]. We assume that the
reaction proceeds according to the relation (0 < r < b, 0 < z < h, t > 0 ):
∂φ
∇φ
∂φ
+ V · ∇φ =
+ F |∇φ| = 0 ,
where: V = F n = F
.
(4)
∂t
∂t
|∇φ|
In (4), the gel-tissue turnover is assumed to occur in a direction n that is locally
normal to the interface, and at a reaction rate F that depends on several local
variables in the model. We assume that the gel-tissue reaction rate is of the
following form:
∇φ
.
(5)
F = −k0 (M ∗ + M )(1 + k̄C κ) ,
where: κ = ∇ ·
|∇φ|
The reaction rate equation (5) models three gel-tissue interaction mechanisms
that are based on the following assumptions:
— At t = 0 the cartilage cells “detect” the presence of the (foreign) hydrogel.
In response to this phenomenon, the initial interface reaction rate is k0 M ∗ ,
where M ∗ is the homeostatic matrix density of native cartilage in the tissue
explant.
— For t > 0, the interface reaction rate increases in proportion to the
concentration of net accumulated ECM M (r, z, t) in the vicinity of the interface.
— The interface reaction rate also increases with the mean curvature κ
along the interface since the local hydrogel volume will be exposed to a greater
cell density (per unit volume) as κ increases (Figure 2). An additional curvature
parameter k̄C is introduced to model this phenomenon.
The governing equations for our level set reaction-diffusion model consist
of equations (1)-(5). To model the in-vitro cartilage regeneration experiment,
the initial conditions are taken as (0 < z < h):

NH 0 < r < a ,
N (r, z, 0) =
M (r, z, 0) = 0, 0 < r < b ,
(6)
N∗ a < r < b ,
where NH is the initial nutrient concentration of the (nutrient-rich) hydrogel,
and it is typically the case that NH >> N ∗ . The second condition in (6)
corresponds to the assumption that, prior to defect filling, the cartilage explant
is in homeostasis and, thus, there is no net ECM synthesis in this initial state.
Initially, the gel-tissue interface is assumed to be located along the surface
r = a and corresponds to the level set φ(a, z, 0) = 0 (Figure 1). Over the entire
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Figure 2: Illustration of the effect of local mean curvature of the geltissue interface on the local reaction. (a) Zero curvature case (κ = 0) (b)
For κ > 0 the local hydrogel is exposed to increased cellular biosynthesis
(per unit volume).

domain, the level set function is initialized as (0 < z < h):

 −d(r, z) for 0 ≤ r < a ,
φ(r, z, 0) =
0 for r = a ,

d(r, z) for a < r ≤ b ,
where d(r, z) is the minimum distance to the interface.

(7)

We assume that the two exposed surfaces of the gel-tissue aggregate (r = b
and z = h) are maintained at a fixed concentration. Two cases are considered,
corresponding to immersion of the aggregate in either a solution at homeostatic concentration N ∗ , or at a nutrient-rich concentration equivalent to NH
(e.g. [27]). In the experiment, these conditions can be achieved via periodic
exchange of media surrounding the sample on a time scale that is much shorter
than the overall tissue regeneration time. These two surfaces are also assumed
to be impermeable to flux of newly synthesized ECM, giving rise to zero normal flux (Neumann) boundary conditions for M . Along the two remaining
boundaries, r = 0 and z = 0, zero normal flux conditions are prescribed for
both dependent variables due to the assumptions of axial symmetry and an
impermeable platen, respectively. It is noted that the impermeable platen supporting the sample is also a first approximation of an in-vivo setting in which
the osteochondronal defect penetrates to the bone, which has low permeability
relative to the hydrogel.
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2.3. Nondimensionalization

To facilitate analysis of interaction between the mechanisms in the model, the
following dimensionless variables are introduced
(1)

tDN
r
z
N
M
φ
,
r̄ = ,
z̄ = ,
N̄ = ∗ ,
M̄ = ∗ ,
φ̄ = .
b2
b
b
N
M
b
Transformation of (1)-(5) using (8), yields the following nondimensional
erning equations (0 < r̄ < 1, 0 < z̄ < h/b, t̄ > 0 ):

 2

1 ∂ N̄
∂ 2 N̄
∂ N̄
(i) ∂ N̄
(i)
N̄
−
1
,
= δ̄N
+
+
−
γ̄
N
∂ t̄
∂r̄ 2
r̄ ∂r̄
∂ z̄ 2

 2

∂ M̄
1 ∂ M̄
∂ 2 M̄
(i) ∂ M̄
(i)
= δ̄M
+
+
+ γ̄M N̄ − 1 ,
2
2
∂ t̄
∂r̄
r̄ ∂r̄
∂ z̄
t̄ =

(8)
gov(9)
(10)

∂ φ̄
− η̄(1 + M̄ )(1 + k̄C κ)|∇φ̄| = 0 .
(11)
∂ t̄
Equations (9)-(11) involve the set of nondimensional parameters consisting of
h/b, a/b, k̄C , NH /N ∗ and:
(i)
γ̄N

(i)

=

kN b2
(1)

DN

,

(i)
γ̄M

(i)

=

(1)

kM b2
(1)

DN

, η̄ =
(1)

ko M ∗ b
(1)

DN

,

(i)
δ̄N

(i)

=

DN

(1)

DN

,

(1)

(i)
δ̄M

(i)

=

DM

(1)

DN

(1)

. (12)

The assumptions kN = 0 = kM in (2)-(3) imply that γ̄N = 0 = γ̄M in (12),
resulting in a total of 10 nondimensional parameters in the model (note that
(1)
δ̄N = 1). Transformation of the initial conditions (6)-(7) yields (0 < z̄ < h/b):

NH /N ∗ 0 < r̄ < a/b ,
M̄ (r̄, z̄, 0) = 0, 0 < r̄ < 1 , (13)
N̄ (r̄, z̄, 0) =
1
a/b < r̄ < 1 ,

 −d(r̄, z̄) for 0 < r̄ < a/b ,
φ̄(r̄, z̄, 0) =
0 for r̄ = a/b ,
(14)

d(r̄, z̄) for a/b < r̄ < 1 .
Transformation of the boundary conditions results in prescribing a fixed value
of the nutrient concentration (either 1 or NH /N ∗ ) on the surfaces r̄ = 1 and
z̄ = h/b, while all other, zero-flux, boundary conditions are mathematically
equivalent in the transformed variables.
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3. Numerical Methods
3.1. Mesh and Level Set Considerations
The gel-tissue aggregate was modeled as a cylindrical domain with h/b = 1
and a/b = 0.5. This domain was discretized using a uniform mesh consisting
of 256 × 256 grid points. The diffusion coefficient is determined by noting the
sign of the level set function and using the appropriate diffusion coefficient.
For grid points near the interface, the diffusion coefficients are determined via
interpolation [13] and, specifically, a hyperbolic tangent function was used.
3.2. Finite Difference Scheme
The reaction-diffusion equations (9)-(10) were discretized using a (fully implicit)
backward Euler scheme that is first-order accurate in time and second-order
accurate in space. Denote (·)nij = (·)(i∆r̄, j∆z̄, n∆t̄). To discretize (11), we used
the first-order entropy-satisfying upwind viscosity schemes presented by Sethian
[30], which approximate derivatives by biasing the finite difference stencil in the
direction of characteristic information. For axisymmetric geometry, the level
set equation (11) was discretized in the following manner [30]:
φ̄n+1
= φ̄nij + ∆t̄ [max(F̄ijn , 0)∇+ φ̄ + min(F̄ijn , 0)∇− φ̄]
ij
From (11),

F̄ijn

(15)

in (15) is given by:
F̄ijn = η̄(1 + M̄ijn )(1 + k̄C κnij )

(16)

and, for axisymmetric geometry, κ in (5) is:
2

φ̄z̄ z̄ φ̄2r̄ − 2φ̄r̄ φ̄z̄ φ̄r̄z̄ + φ̄r̄r̄ φ¯z
,
(17)
3/2
φ̄2r̄ + φ̄2z̄
where, for brevity, the subscripts denote partial differentiation. Curvature on
the mesh was calculated explicitly in time, i.e. as κnij , via (17) using centered
difference rules for all spatial derivatives. The gradients in (15) are defined as
[30]:
κ=

−r̄
+r̄
−z̄
+z̄
∇+ φ̄ = [max(Dij
, 0)2 +min(Dij
, 0)2 +max(Dij
, 0)2 +min(Dij
, 0)2 ]1/2 , (18)
+r̄
−r̄
+z̄
−z̄
∇− φ̄ = [max(Dij
, 0)2 +min(Dij
, 0)2 +max(Dij
, 0)2 +min(Dij
, 0)2 ]1/2 , (19)
±r̄
±z̄
where Dij
and Dij
are the standard first-order finite difference rules for first
derivatives in the r̄ and z̄ directions, respectively. In enforcing (15) at boundary
nodes, the mesh was extended by one additional node to provide a value for the
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level set function in the spatial difference rules, and was set equal to the value
at the adjacent node.
This discretization has a time step restriction based on the mathematical
form of F̄ijn in (16). When curvature effects are not considered (k̄C = 0), the
condition is [29]:


max{F̄ } max{F̄ }
+
< 1.
(20)
∆t̄
(∆r̄)
(∆z̄)
When curvature effects are included (k̄C 6= 0), equation (15) has a parabolic
component and the time step restriction is:


max{F̄ } max{F̄ }
+
< 1,
(21)
∆t̄
(∆r̄)2
(∆z̄)2
where F̄ is determined via (16) over the duration of the simulation. In practice,
satisfaction of (20)-(21) was enforced by refining spatial and temporal step sizes
until it was ensured that conditions (20)-(21) were not violated at any point
during the numerical solution.
To improve computational efficiency, a narrow-band level set method was
implemented to avoid evaluation of the level set function φ̄ on the entire domain
at each time step. Briefly, in this technique a narrow band is created around
the interface φ̄ = 0, and only grid points within this band are evaluated and
updated at each time step. Grid points outside the narrow band are given a
fixed value based on neighboring values of the signed distance function within
the narrow band. As the interface propagates through the domain, the narrow
band region is continually updated.

4. Results
4.1. Parametric Analysis
For all numerical simulations, the geometry of the aggregate was set at a/b = 0.5
(1)
and h/b = 1. In (12), δ̄N ≡ 1 (by definition) and the three non-dimensional
(2) (1) (2)
parameters δ̄N , δ̄M , δ̄M are determined by relative diffusivities of nutrients
and matrix constituents in the cartilage and hydrogel regions. These values
were estimated based on diffusion coefficients for dextrans of varying molecular
weight that have been measured using fluorescence microscopy with photobleaching [8, 18]. Specifically, in [18], the diffusion coefficients of dextrans in
photocrosslinkable hyaluron hydrogels were found to lie in the range of 600-
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8000µm2 /s, with diffusivities decreasing as solute molecular weight was increased in a range of 3 to 500kDa. Based on these findings, a reference value of
(1)
DN = 8000µm2 /s was chosen for the nutrient diffusion coefficient in the hydrogel region. The matrix diffusion coefficient in the hydrogel region was assumed
(1)
(1)
to be one order of magnitude smaller, i.e. DM = DN /10. In the cartilage region, coefficients were estimated based on [8], in which similar photobleaching
techniques were used to measure diffusion coefficients of fluorescent dextrans
(3-500kDa) in porcine articular cartilage. The range of diffusion coefficients
in mid-zone cartilage was roughly 5-70µm2 /s, again, exhibiting a decreasing
trend as solute molecular weight increased. Based on these collective findings,
the nondimensional diffusion coefficients in our model were approximated to
have the following fixed values:
(1)

(2)

δ̄N ≡ 1, δ̄N =

(2)

DN

(1)

DN

(1)

= 0.01, δ̄M =

(1)

DM

(1)

DN

(2)

= 0.1, δ̄M =

(2)

DM

(1)

DN

= 0.001. (22)

Since hydrogels are nutrient rich, the initial hydrogel nutrient concentration
(NH ) was taken to be one order of magnitude larger than the cartilage nutrient
concentration at homestasis (N ∗ ), so that NH /N ∗ = 10. The remaining param(2)
(2)
eters in the model are γ̄N , γ̄M , η̄ and k̄C , which govern, respectively, the cell
biological mechanisms of nutrient absorption, matrix biosynthesis, interfacial
hydrogel degradation and effects of curvature on the interfacial reaction rate.
Results presented in the following sections illustrate effects of these four
parameters on tissue regeneration times in the gel-tissue aggregrate. While the
primary focus is on the zero-curvature case (k̄C = 0), some effects of curvature
are also illustrated in Section 4.3. At present, detailed data for the cartilage
regeneration experiment is not available. Limited studies in which cells are
seeded directly in hydrogels indicate that regeneration times for complete gel
degradation may be on the order of weeks to months [2]. Consequently, 8
representative cases were chosen for simulation (Table 1), based on illustrating
various degrees of coupling among mechanisms in the model, and rough calibration of tissue regeneration times in the appropriate range. In each of the 8 cases,
in-vitro experiments were simulated for two types of boundary conditions. In
the first case (called BC1), boundary conditions for non-dimensional nutrient
concentration N̄ were set to 1 at upper surface (z̄ = h/b) and the peripheral
surface (r̄ = 1), corresponding to the case of immersion in media maintained
at conditions associated with cartilage homeostasis. In the second case (called
BC2), boundary conditions for non-dimensional nutrient concentrations along
these surfaces were set at NH /N ∗ , to model the case of nutrient-rich media.
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Case
I
II
III
IV

BC
1
1
1
1

η̄
0.001
0.001
0.005
0.005

(2)

γ̄M
0.01
1
0.01
1

(2)

γ̄N
0.01
0.01
0.01
0.01

Case
V
VI
VII
VIII

BC
2
2
2
2

η̄
0.001
0.001
0.005
0.005

(2)

γ̄M
0.01
1
0.01
1

(2)

γ̄N
0.01
0.01
0.01
0.01

Table 1: Representative cases for parametric analysis of the cartilage
regeneration model
4.2. Simulations

Figure 3: Simulations of the evolving gel-tissue interface φ̄(r̄, z̄, t̄) = 0
when the aggregate is immersed in media maintained at homeostatic
nutrient concentration N ∗ (BC1). (a) Case I, (b) Case III, (c) Case II,
(d) Case IV (see Table 1 for parameter values).
Motion of the gel-tissue interface was simulated in the case of immersion
in media at homeostatic nutrient concentration, as shown in Figure 3 for cases
(2)
I-IV. In cases I and III, where the nutrient absorption rate (γ̄N = 0.01) and
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Figure 4: Simulations of the evolving gel-tissue interface, φ̄(r̄, z̄, t̄) = 0
when the aggregrate is immersed in nutrient-rich media maintained at
the initial hydrogel concentration NH (BC2). (a) Case V, (b) Case VII,
(c) Case VI, (d) Case VIII (see Table 1 for parameter values).

(2)

matrix synthesis rate (γ̄M = 0.01) are small, the interface maintains a roughly
vertical shape, with the rate of propagation being proportional to the interface
(2)
parameter η̄ (Figure 3a,b). As the matrix synthesis rate is increased to γ̄M = 1,
spatial gradients in nutrient concentration affect the shape and propagation of
the gel-tissue interface (Figure 3c,d). Points along the interface that are closer
to the lower, impermeable, tissue boundary (z = 0) advance at a faster rate than
points near the top surface (z = h), where a concentration of N ∗ is maintained,
due to the fact that NH >> N ∗ .
Similarly, motion of the gel-tissue interface was simulated under a second
set of boundary conditions (BC2), corresponding to immersion of the aggregate
in nutrient-rich media maintained at the initial hydrogel nutrient concentration
NH (Figure 4). For these cases V-VIII, spatial gradients in nutrient concentration have a greater influence on the shape of the interface at earlier times due
to the high contrast between the initial nutrient concentration in the cartilage
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region (N ∗ ) and the external nutrient concentration in the bath (NH ). In contrast to BC1 (Figure 3), the availability of more nutrients near the permeable
surface of the aggregate (z = h) results in faster advancement of points that
(2)
are closer to the top. As the matrix synthesis rate is increased from γ̄M = 0.01
(2)
(V and VII) to γ̄M = 1 (VI and VIII), simulations exhibit a high degree of
coupling among the underlying reactive and diffusive mechanisms that result
in more complex shapes of the gel-tissue interface as cartilage is regenerated in
the hydrogel region (Figure 4c,d).

Figure 5: Simulations of hydrogel degradation, relative to initial hydrogel volume, in a gel-tissue aggregate immersed in media maintained at:
(a) the homeostatic nutrient concentration N ∗ (BC1), (b) the nutrientrich concentration NH (BC2) (see Table 1 for parameter values).
The regeneration time, or the amount of time required for the cartilage
to degrade and turnover the entire hydrogel region, is a primary variable of
interest to the experimentalist. To illustrate dependence on parameters in our
model, depletion of hydrogel volume, relative to its initial value in the gel-tissue
aggregate, was determined as a function of nondimensional time (Figure 5) for
the 8 cases of Table 1. When the aggregate is immersed in media maintained at
the homeostatic nutrient concentration N ∗ (Figure 5a), it is observed that the
regeneration time is more sensitive to changes in the interface reaction rate η̄ as
(2)
compared to changes in the matrix synthesis rate γ̄M , i.e. I/II versus III/IV. In
particular, for a fixed value of η̄, increasing the value of the matrix synthesis rate
(2)
γ̄M by a factor of 100, increases the regeneration rate (e.g. I/II in Figure 5a),
but this dependence is much less sensitive than for an increase in the interface
parameter η̄ by a factor of 5. In contrast, when the aggregate is immersed in
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Figure 6: Parametric analysis of cartilage regeneration times (in days)
for a gel-tissue aggregate immersed in media maintained at: (a) the
homeostatic nutrient concentration N ∗ (BC1), (b) the nutrient-rich con(2)
centration NH (BC2). Parametric dependence on γ̄M is shown on the
(2)
x-axis, while dependence on γ̄N and η̄ is shown in the legend
nutrient-rich media (Figure 5b), regeneration times are significantly smaller due
to the availability of nutrients in the external solution that stimulate cellular
biosynthesis of matrix constituents. Regeneration curves exhibit a different
shape, and greater sensitivity is exhibited with respect to both parameters, with
(2)
regeneration times significantly reduced when either γ̄M or η̄ are increased.
The model was also used to determine the parametric dependence of car(2)
tilage regeneration times, in days, on the biological reaction parameters γ̄N ,
(2)
γ̄M and η̄, and 36 unique cases were simulated (Figure 6). Nondimensional
regeneration times were computed as the time required for the hydrogel volume
to decrease to 1% of its initial value. Based on (8), and the fixed parameter
values (Section 4.1), the conversion factor from nondimensional time units to
physical units (in days) was 0.145. Use of the model in such parametric analyses provides insight on the relative contribution and coupling of the underlying
biophysical and cell biological mechanisms to the overall cartilage regeneration
time.
4.3. Effects of Curvature
Along the gel-tissue interface, the local shape of the interface can influence the
rate of the reaction by which hydrogel is depleted and replaced with newly
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synthesized cartilage. This effect was modeled via the term involving the local
mean curvature κ in (11). Initially, κ = 0 along the entire gel-tissue interface
(Figure 2a). As time evolves, concentration gradients give rise to local changes
in the shape of the interface. These local changes, effectively, increase (κ > 0,
Figure 2b) or decrease (κ < 0) the rate of reaction between the hydrogel and
nearby cartilage cells that results in gel degradation and replacement with new
tissue. To illustrate effects of curvature, the case k̄C = 0.1 was considered.

Figure 7: Representative simulations of the evolving gel-tissue interface
φ̄(r̄, z̄, t̄) = 0 in the cases k̄C = 0 (black) and k̄C = 0.1 (gray). Results
are illustrated when the aggregate is immersed in media maintained at
(i) homeostatic nutrient concentration N ∗ : (a) Case II, (b) Case IV,
and (ii) the nutrient-rich initial hydrogel concentration NH : (c) Case
VI, (d) Case VIII (see Table 1)
An illustration of the effect of including curvature in the model is shown in
Figure 7 for 4 representative cases of Table 1 where the matrix synthesis rate is
(2)
γ̄M = 1. In cases II and IV (Figure 7a,b), where the aggregate is immersed in
media at homeostatic nutrient concentration N ∗ , curvature effects are minimal
relative to the other mechanisms in our model. By contrast, in cases VI and VIII
(Figure 7c,d), where the aggregate is immersed in nutrient-rich media, curvature
effects are significant. For example, in case VIII (Figure 7d) regions of positive
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Figure 8: Simulations of hydrogel degradation for cases VI (gray) and
VIII (black) of Table 1 in the cases k̄C = 0 (dashed) and k̄C = 0.1
(solid).
curvature (κ > 0) cause the gel-tissue interface to propagate faster than for
the zero-curvature model. Similarly, the opposite effects is observed in regions
of negative curvature. However, even for cases VI and VIII, the overall effects
of curvature on tissue regeneration times are small due to counterbalancing of
effects of regions of positive and negative curvature in the instantaneous profiles of the evolving gel-tissue interface (Figure 8). Nevertheless, incorporation
of curvature effects into the cartilage regeneration model may be appropriate
for experiments where the tissue exhibits structural inhomogeneities that are
observed to effect the spatial nature of the tissue regeneration. An example of
such an inhomogeneity in articular cartilage is the depth dependent variation
in ECM fiber orientation, where the mid-zone is generally isotropic, while the
surface and deep zones have preferential tangential and normal orientations,
respectively.

5. Summary
The mathematical model presented in this study provides a simplified framework for modeling several key biophysical mechanisms involved in interactions
between cartilagenous tissues and natural or synthetic polymer scaffold materials. Experimental analysis of the cartilage regeneration problem can be time
intensive and challenging, given the multitude of possible polymeric hydrogel
designs, the lengthy time scale required to achieve complete regeneration, and
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limitations of current experimental techniques. In this context, models of various biophysical and biomechanical aspects of tissue regeneration can serve as
beneficial tools for experimental design that can, potentially, reduce the time
required to achieve optimal functional outcomes. Among the many possible
extensions of the current model, some examples include delineation of variables
for the nutrient species (e.g. glucose, oxygen) and the synthesized ECM constituents (e.g. collagen, glycosaminoglycan), and incorporation of additional
effects such as seeding the hydrogel with cells, saturation in cellular absorption
of nutrients, and mechanical factors involved in assembly of newly synthesized
ECM into a cross-linked network. Further experimental studies and development of novel experimental techniques will greatly facilitate the realization of an
accurate, extended model of the cartilage regeneration problem incorporating
these effects.
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