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Abstract: We present a control design to solve the global output feedback
stabilization problem of a class of uncertain nonlinear systems. Each system
in this class consists of some dynamic uncertainties, linear parametric uncer-
tainties and, most importantly, output-dependent uncertain integrator gains or
virtual coefficients. To solve the problem, an observer design is proposed, and
the robust adaptive backstepping and the nonlinear small gain techniques are
applied to construct an output feedback dynamic controller. The controller
guarantees that all the closed-loop signals are bounded and also the output of
the systems can be made arbitrarily small. If extra conditions are imposed on
the systems, regulation of the systems’ states can also be achieved.
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1. Introduction

In dealing with the control design for uncertain strict feedback systems, there
are two commonly used techniques; namely the adaptive backstepping (see,
e.g., [8]), and the robust backstepping (see, e.g., [2]), techniques. In order to
take advantage of each of the techniques, a natural approach is to merge them
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(see, e.g., [10] and [4]). Consequently, based on the combined approach, the
control design developed by the adaptive backstepping is robustified and, at
the same time, the information required for robust backstepping is reduced
thanks to the adaptive capability.

The objective of this paper is to study the global output feedback stabiliza-
tion problem of the class of uncertain nonlinear systems described by

¢=q(C 1),

¢i = aigi&is1 + 07 di(y) +wi, i=12,- n—1,
&n = angnu + 0" dn(y) + wn

y==E&1,

where ¢ = [£1,&, ---,&]7 € R?, ¢ € R, u € R is the control, y € R is
the output, 6 € R™ is an unknown constant parameter vector, and the vector
function ¢;(y) = [¢1,1(y), di2(y), -+, dim)]" (i = 1,---,n) is known and
consists of smooth functions depending on y only. The uncertain system (1)
contains not only the unknown parameters 6, the uncertain nonlinearity w;(-)
(i =1,2,--- ,n); but also the uncertain integrator gains a;g;(y) (i = 1,2,--- ,n).
Each integrator gain a;g;(y), for i = 1,2,--- ,n, consists of two components:
the unknown scaling constant a; and the known smooth function g;(y).

(1)

The systems previously studied in the works, e.g., [4, 3, 7, 6, 11| were
assumed to be free of uncertainties in the integrator gains, i.e., the terms a;g;(y),
i =1,2,...,n, in system (1) are certain. Therefore, the main contribution of
this paper is that we allow the integrator gains in system (1) to be uncertain
and solve its global stabilization problem using output feedback. This paper,
in particular, extends the works [4, 3].

This paper is organized as follows: Section 2 contains some useful defini-
tions, preliminary results and notation. In Section 3, the problem statement of
this paper and some standing assumptions are stated. Since only the output
of the system is measurable, we present an observer design for (1) in Section 4.
In Section 5 a stabilizing controller is constructed for (1) to solve the proposed
problem. Then, the main results of this paper are stated in Section 6. In order
to demonstrate the usefulness of our design, an illustrative example is presented
in Section 7. Finally, some concluding remarks are drawn in Section 8.
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2. Preliminaries

Before proceeding, we provide some useful notation, definitions and results
which are frequently employed throughout this paper.

Notation 2.1. The matrix N and vectors b, ¢ are defined as: N :=
o I
[0 o’
identity matrix and 0 is a zero vector. The dimensions of N, b and ¢ depend
upon the context. diagx denotes a diagonal matrix with vector x on the diag-
onal. The usual Euclidean norm for vectors is denoted by | - |. |A| denotes the
induced norm of matrix A, i.e., [A[ := sup,—{|Azl[}. AT denotes the trans-
pose of matrix A and A;; represents the (i, j)-th component of matrix A. A
partial vector Z; of z€R" is defined as Z; := [z, 22, - ,x4]T, where i < n.

}, b:=[0,---,0, T, ¢:=[1, 0,---,0]T, respectively, where I is an

Notation 2.2. We say (see [1]): 1) A vector or a matrix function f of x
has lower triangular dependence (LTD) in x if the i-th component or row is a
function of #; only. Then, f is said to be LTD in x. 2) A vector or a matrix
function f of x has strictly lower triangular dependence (SLTD) in x if the i-th
component or row is a function of Z;_; only!. Then, f is said to be SLTD in
x. 3) A matrix is said to be lower triangular if its elements above the main
diagonal are zero.

Definition 2.1. (Input-to-State Practically Stable, see [4])) A control sys-
tem & = f(x,u) is input-to-state practically stable (ISpS) if there exist a function
3 of class®> K L, a function v of class K, and a nonnegative constant d such that,
for any initial condition xz(0) and each measurable essentially bounded control
u(t) defined for all ¢ > 0, the associated solution z(t) exists for all ¢ > 0 and
satisfies

z(t)] < B(z(0)],1) + y(llul]) + d, (2)
where u; is the truncated function of u at t and ||-|| stands for the Lo, supremum
norm.

!That is, the first element or row is independent of z.

%A continuous function « : [0,a) — [0,00) is said to belong to class K if it is strictly
increasing and «(0) = 0. It is said to belong to class oo if @ = co and a(r) — oo as 7 — co. A
continuous function S : [0,a) X [0, 00)—[0, 00) is said to belong to class KL if, for each fixed
s, the mapping B(r, s) belongs to class K with respect to r and, for each fixed r, the mapping
B(r,s) is decreasing with respect to s and 3(r,s) — 0 as s — oo (see [5, p. 144]).
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3. Problem Statement

The purpose of this paper is to study the global output feedback stabilization
problem of the systems described by (1). Throughout this paper, the following
assumptions are imposed on (1).

Assumption 3.1. For i =1,--- ,n, the unknown scaling factor a; in the
integrator gain is assumed to be non-zero, and the sign of the product of them
is assumed to be positive, namely []; a; > 0.

Assumption 3.2. For all y € R, the smooth output-dependent functions
in the integrator gains satisfy the following conditions:

gi(y) >0 >0, 1<i<n; giy1(y) <gily), 1<i<n-—2, (3)
for some scalar o > 0.

Assumption 3.3. For i = 1,2, --- ,n, each uncertain nonlinear function
w; satisfies

lwi| < viva(lyl) +vivie(lC), 1<i<n, (4)
where v is an unknown positive constant, 1;1(-) and ;2(-), with ;2(0) = 0,
are known positive smooth functions.

Assumption 3.4. The (-dynamics in (1) is input-to-state practically
stable (ISpS) and thus, it has an ISpS Lyapunov function V¢, i.e., for all
(¢,y,t) e RIx R x R,

ai([Cl) < Ve < au([C]),
5
%—‘ZCQ(QZ/J) < —ag([€]) + eyl + de, )

where d¢e > 0, a¢, oz, o, and 7 are class K, functions.

Under the above assumptions, our objective is to construct a robust adap-
tive output feedback controller

X=n0xy9), u=5x"y) (6)

for system (1), so that the solutions of the closed-loop system ((, &, x) are
globally uniformly bounded, and also the output ¢ can be rendered arbitrarily
small. Furthermore, with extra conditions imposed on (1), regulation of states
& and ( can also be achieved.

Remark 3.1. Assumption 3.1 can be relaxed so that only the sign of
[T, ai is known. The conditions of a; > 0 and ¢;(-) > 0 (i = 1,2,--- ,n) in
Assumptions 3.1 and 3.2 guarantee that (1) is always controllable. The second
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condition in Assumption 3.2 on g; (i = 1,2,--- ,n) allows us to construct an
observer as shown later.

It is worthwhile to mention that the following example shows another reason
why systems in the form of (1) are considered.
Example 3.1. Consider the nonlinear system
m=ainz,
il = agnz + a1a(y)ms + V5 ()0,
i3 = azna + ars(y)mans + U3 ()0,

N = anpt + a1¥n(Y)N2mn + \llg(y)ﬂ )
y=m-

In system (7), the nonlinearities, which multiply with the unknown param-
eter ay, i.e., ¥i(y)mam; (i = 2,3,---,n), depend not only on y, but also on
the unmeasured state variables 7; (i = 2,--- ,n). Such nonlinearities violate a
standard assumption of the existing adaptive output feedback designs (see, for
instance, [8]). However, we will show that after a suitable transformation, the
transformed system is a special case of (1).

We define a coordinate transformation as follows:
_ (Y . .
61 =M, §Z =€ fO wZ(S)dsnia 1= 27 e, N (8)
Therefore, the transformed system becomes
&l = alefoy ¢2(5)d5§2

ca191(y)é2,

0 =: asg2(y)&s + ¢35 ()0,
€3 = age™ Jo V(s pli valdsg, 4 o= [0 Vs GT (1) = angs(y)Es + 0L (1)9),
(9)

€2 = age™ Jo V2(8)dseJy ws(s)ds ey o o= J wa(8)ds T ()

&n = ape” Jo sy e Iy (@A gl (y)g =: anga(y)u+ o (y)0,
y==E&.
System (9) turns out to be a special case of (1); in fact, it has a cascade of
integrators with uncertain gains a;g;(y) (¢ = 1,2,--- ,n) and with the para-

metric uncertainties ¢! (y)0 (i = 2,...,n). Furthermore, if, for all y € R,
91(y) > -+ > gn-1(y), then Assumption 3.2 holds.
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4. An Observer Design

In this section, we propose an observer design for system (1). By utilizing this
observer, a dynamic controller can then be constructed via the robust adaptive
backstepping technique described in the following sections and, consequently,
it solves the problem as stated in Section 3.

First, we define the scaling transformation
n
Xi=&/[[aj. i=1-n, (10)
j=i
to eliminate the unknown constants in the integrator gains. By using transfor-

mation (10), and writing X := [X1,---, X,,|T, system (1) becomes

(= q(Cayvt)a
X =Gy)(NX +bu) + Ay, ¢, 1), (11)
Yy = ’)/Xla

where b =[0,---,0, 1]7, and «; := IT5= aj, v = 11j=; aj,
Ay, &,1) == a7 (07 ¢1(y) +wi), a5 (07 da(y) +wa), -+, (07 duly) + wa)]"

Lemma 4.1. Consider the matrix

G(y) = diag[g1(y), 92(). -+ - g ()], (12)
and suppose that the elements of matrix G(y) satisfy Assumption 3.2. Then,
there exist a positive scalar ¢ > 0, a vector I(y) = [l1(y) - l.(y)]T, and a
constant matrix P = PT > 0 such that the inequality

P (G(y)N —1(y)c") + (G)N —1(y)c")" P < —eI (13)
holds for all y € R, where ¢!’ =[1, 0, ---, 0].
Proof. See Appendix A.1. O

By utilizing Lemma 4.1, we are able to construct an observer to estimate

X, and it is defined as
X = (Gy)N —l(y)c")X + Gy)bu, X(0) =0, (14)
where X := [X1,---, X,)T and I(y) == [[1(), - - ,1n(®)]T. As a matter of fact,

this observer is simply a generalization of the well-known Luenberger’s observer
(see, for instance, [9]) with time-varying gain /(y) and matrix G(y)N.

Next, the state estimation errors are defined as

1 .
=—(X; - X;), i=12,---n, (15)

€; 1 — e
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where k£* > 0 is an unknown scalar. This unknown scalar is defined as:

k=
-1 1+7T -1 1+7T -1 * .
max< o -, - a; | P||6], ; a; |Plvf, i=1,2,--- ,n,, (16)

where € and P are obtained from (13), and 7 > 0 is an arbitrary constant which
will be defined later. As a consequence, the estimation error dynamics become:

é= (GWN - 1()De AwC), (1

1
_ I _
e (y)y

where e := [eq, e, -+ ,en]|T.
By applying the scaling transformation (10) and the filtered transforma-
tion (15), the original system (1) becomes the following augmented system:

C = Q(C7y7t)u

¢ = (GWN —1(y)e)e — ——1(y)y — L A@.C.8),

Ck* k* (18)
i =AG(y)(Nz + bu) + T ()0 + w(y, ¢, t) +v(y, e),
Yy =,
where 0 := [0, v 1|7, A :=diag[y, 1,---,1], x::[y,Xg,Xg, e ,Xn]T, w(y, (,t)
= [wi(y, ¢, 1), 0,---, 0],

[o1(y)" 0 [—vk*g1(y)ea
0 —byy —k*la(y)er

T(y):=| 0  —BWY|, vye) = | Kiye |. (19)
0 —lnky)y i —k*lr;(y)el

When defining the new state vector x, we have used y instead of using
the estimate X7, since y can be related to X, via y = 7X1 — vk*e;. This is
preferable because the output of the x-dynamics, i.e., y, becomes the input to
the (,e)-dynamics. In turns, the signals ¢ and e can be treated as external
dynamic disturbances acting on the z-subsystem.

By Assumption 3.4, (—dynamics are ISpS. On the other hand, the stability
of the error dynamics can be analyzed by defining a positive definite function

Vi(e) i= (1 i 77) eI Pe, (20)

€
where 7 > 0 is an arbitrary constant, which will be defined later, ¢ and P are
obtained directly from (13).

After some manipulation (see Appendix A.2), the time derivative of V
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in (20) can be over-bounded as follows:
Ve < —mlel* + 01(y)y” + 02(I¢1%) + i, (21)

where the functions 01 (+) and d2(+) are some smooth nonnegative functions both
vanishing at zero, and additionally, d2(-) is of class co.

5. Controller Design

In this section, we design a dynamic controller, using the robust adaptive back-
stepping technique, to render the (e, x)-dynamics in (18) ISpS with respect to
the ¢ dynamic disturbance input.

First, by using (20), we define a positive definite function

1+ 1 & )
%:V+< €>%=§Z¥Mﬂ

| 1 1 1 1+7
ST g - A2 S 2y =2 I TP 99

TRl IO T gl T e e e ()
where 1; = 22 for 2 < i < n, n;(2?) is a smooth class oo function, I'; is a positive
definite diagonal matrix, and A;, Ao and Az are strictly positive scalars. At the

moment, we do not specify what 7; is, but it will be chosen at the later stage.
To perform backstepping, we define a nonlinear transformation as
2= a4+ NURf(w,0,9,7,p),
0=u+b"Rf(z,0,%,7,p),
where 4 is an estimate of ~, 7 is an estimate of r := 77", whereas p is an
estimate of the unknown positive constant p := max{(vk*)?, (k*)%, (v})%}.
Here, the diagonal matrix R is defined as R := diag|r,1,--- ,1]. The vector
f=1[ft,-,fn)]T is LTD in  and #, and is SLTD in 4. We also estimate the
inverse of ~, i.e., r with an estimate of 7. This is because we will utilize 7,
instead of 47!, in the controller in order to preventing the division of zero. We
call the nonlinear transformation (23) as the backstepping transformation.

(23)

1

As a result, by using transformation (23) and V, (21), V; (22) becomes
Vi = 2TSGANz — 27SGf + 2T SWaTh + T SNT RV, fGdiag Nzc¥
+ 2TSWaT0 + 27 S(cg120 + NTRV, fGdiag Nxzc)y + 27 SGryefi7
+ zTSNTR(véfé + Vs fA+ Vi fi+ Vpfp) + 2T SNTcfrr + 2T SW (w + v)



OUTPUT FEEDBACK STABILIZATION OF... 81

~ ~ 1 ~ A 1 ~ A
Y4 — —pp — —Fr — wle|* + 2" 01 (y)ec” 2 + 62(|¢[*)

- ;e 1
— 0Tyt —
1 o A3

AL
+ dl ) (24)

where

S :=diag[n|(23),1,...,1], A:=diag[5,1,---,1],
c:=[1,0,---,0F, W:=I+NTV,f).

The function 7/ (2?) is the value of derivative of 1 at 2. We will later choose
m so that 7] () is strictly positive.

Before choosing the update laws for the uncertain parameter estimates,
the term 27 SW (w + v) has to be analyzed first. By following the procedure
presented in Appendix A.3, this term can be over-bounded by

2L SW(w +v) < 27 SDSzp + przec’ 2 + palef’ + pay(¢])

where p; (i = 1,2,3,4) are some strictly positive constants and the diagonal
matrix D(-) is LTD in « and SLTD in f.

Now, we are in a position to choose the update laws. The update laws, ';y,

#, p and 6, are chosen such that the terms involving 7, 7, p and 0 in (24) are
eliminated. In other words, we choose the update laws as

= Dy (WoTT'Sz —Tyog(6 — 6y),

A(grzac” + (NTRV, fGrac)T)S2 — Xioy(5 — ),
Aoz" SDSz — Ao (p — po) ,

Asfict GSz — Ao, (7 — ro),

where 0y, ag, po and ro are some design parameters.

(26)

A
p

,f,

Essentially, by using 1% (24), the backstepping technique is to set up a vector
H(z, f) = [H1(Z1) Ho(Z2, f1) - .. Hn(Zp, fo—1)]¥, that is LTD in z and SLTD in
f, such that the closed-loop system has a desired property. Due to the structure
of H(z, f), each element of f can be evaluated recursively, via f = H(z, f), in
the following way:

fr=Hi(#), fo=Ho@2 f1), o) fo=Hu(@n fa), (27)
and hence a control u can be obtained via the transformation (23). From now
on, if the vector H(z, f) is LTD in z and SLTD in f, we will say H(z, f) has
the right structure. When substituting the update laws (23) into V; (24), we
have:

TSNTRV f3 = 2T SNTRVA fA(NT RV . fGac)T) S 2
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+ ZTSNTRVQ(f(Algl,Z’QCTSZ — Aoy (¥ — 7))
= 21SUSz + zTSNTIA%V:Yf()qglzgcTSz — Moy (F —));

TSNTRV, 0= LSNTRY; f(WaT) 'Sz — 2T SNTRV  fT100(0 — 65)
=278V Sz — ZTSNTRVéfI’lag(é —6p); (28)

ZTSNT]A%Vﬁfﬁ = zTSNTRVﬁf)\ngSDSz — ZTSNTRgradp)\gap(ﬁ — po)
= 2T'SMSz — ZTSNTRgradp)\gap(ﬁ — Do),

where

U:=N'RV,fM((NTRV, fGrae)T),

V= NTRV, f(Wwol)"

M := NTRV;f 22T SD.
However, the matrices Y, M and U in (28) do not have the right structure, i.e.,
they are not LTD in  and SLTD in f. In other words, these matrices cannot

be used to construct H(z, f) directly. Fortunately, they can be decomposed in
the following manner:

U=U+U,, Y=Y +Y,, M=M+ M, (29)

where U, Y; and M, are the lower triangular matrix parts, and U,, Y, and M,
are the strictly upper triangular matrix parts, of the matrices U, Y, and M,
respectively. Due to the structure of U, Y and M, the matrices U;, Y;, M;, U ,
Y, and M are in fact LTD in = and SLTD in f.

Consequently, by using (26)—(29), V; (24) becomes
V< zTS<GANz— Gf+DSzp+p S tect 24+ 5~ 151( )cc z

+woTo+ NTRV,Gdiag Nxzcd + NTRV@f)\lgl 2l Sz
+ (NTRV;fr + NTdiag fe)rsficT GSz
+ (U +UDSz+ (Vi +Y,)Sz + (M + MI)S»
— (NTRV;fr + NTdiag fc)As0,(7 — o)
— NTRV,; fT109(0 — 00) — NTRV4 f 104 (5 — 0)

B A Opr Or
— NTRVf Aoy (p — p0)> - 577”2 + 50— ro)”

09 375 2 Oy.9 Op 2
_299Tg 0 — 6, -
5 +2 \ |© — ’Y+2(’Y Y0)? — 2p+2(p p0)?

—W\6|2+52(\C\ ) +di + palel” + p3tis(IC]) + pavty (0). (30)
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Next, we define a positive definite matrix

C(y) := diag [clv(y)u €2, ,Cn], (31)
where ¢; > 0 (i = 1,2,--- ,n) and v(y) > 0 for all y € R. With this positive
definite matrix, we choose f = H(z, f), where

H(z, f) = G} <C’(y)z +SINTAGS2 + DSzp+ p1S~teel 2+ S7151 (y)ecT 2

+woTo+ NT]A%VngGdiag Nxcy + NTRV@f)qglzgcTSz
+ (NTRV; fr + NTdiag fe)Asfic' GSz
+ (U +UNSz+ (Y +Y.)Sz + (M + MI)S=>
— (NTRV:fr + NTdiag fe)Aso, (7 — 1)
— NTRV,; fT104(0 — 00) — NTRV4 f 104 (5 — )

— NTRV A0y - po>>. (32)

Remark 5.1. In fact, the decompositions in (29), and using the transpose
of the upper diagonal parts of U, Y and M in the construction of vector H(z, f),
can be associated with the tuning functions technique (see, e.g., [8]).

For a given 7 (y?), the smooth strictly positive function v(y) is chosen such
that

my®) <m@ )y,  vyeR. (33)
We then pick m > po in (22) and define 7 := 7 — py. Therefore, by using (32)
and substituting f = H(z, f) (32) into (30), we have

. 09 =~ O~ Oy . oy .
Vi £ —2TSC(y)z — (7 — el — 2070 — 232 — 27 - T2

2 2 2
oy o o o
+ ?7(7“ —rg)? + 76\9 —0o|* + %(’Y — )%+ EP(P —po)? +di + patyi (0)
+62(1¢1%) + p3Ta(IC]) < —e2Vi + 85(I¢17) + 5, (34)
where
€ 1=

T o
() Amax(P) " Amax(T7 1)
x> 0 is some constant. The smooth function d3(|¢|?) can be chosen to be class

oo function and, at the same time, to satisfy d3(|¢|?) > 62(|¢|?) + p2tvdy (|C]), for
all ¢ € RY, since d2(0) = 1)12(0) = 0.

min{Qci, ) /\10'77 /\ZUpa/\30r§ 1<i< n}7 (35)
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Finally, it is straightforward to show that H(z, f) is LTD in « and SLTD
in f, and hence f, can be evaluated recursively from f = H(x, f). Therefore,
by applying the control

U = _fn(xvévﬁ/afvﬁ)v (36)
and together with the inverse transformation of (23), the (e,x)-subsystem
in (18) is rendered ISpS with respect to the disturbance ¢ (cf. inequality (34)).

6. Main Results

From the previous section, we have designed a dynamic controller (given by (36),
(26) and (14)) so that the (e, x)-subsystem in (18) is rendered ISpS with respect
to the disturbance (. On the other hand, by Assumption 3.4, the uncertain (-
dynamics in (18) are ISpS with respect to the input y. Therefore, we have an
interconnected system with two ISpS subsystems, namely, (e, x)-subsystem and
(-dynamics. Our next task is to robustify the control design, which presented
in the previous section, so that the interconnected system satisfies a small-gain
condition. In fact, the main idea is to choose an appropriate function 7; in the
ISpS Lyapunov function of (22) based on the nonlinear small-gain theory [3].
In order to determine the required 7, we follow [3]. Consequently, by following
the procedure presented in Sections 4-5, we have the following result.

Theorem 6.1. If Assumptions 3.1-3.4 hold, the dynamic controller given
by (36), (26) and (14) guarantees the global uniform boundedness of all closed-
loop signals. Furthermore, if the bounds on the unknown parameters, v}, 0,
a; (it =1,--- ,n) are known, the output y of system (18) can be steered to an
arbitrarily small neighborhood of the origin.

~ Proof. First of all, we focus on the (e, z)-subsystem in (18) by observing its
V1 as shown in (34). For any given A\; with 0 < \; < €2, we have V] < —\;Vj if

iz max {2l (GOP), 2 7

€9 — /\1
where oy and V¢ are obtained from (5). Next, for any given (3 of class oo, we
choose 7; in (22) to satisfy

- 1
B oy(lyl) < Zm(?f) +e3, VyeR, (38)

where €3 > 0 is an arbitrary scalar. At this stage, we have not yet defined the
function 3, but it will be chosen so that a simple contraction holds for the gains
of the two subsystems of the interconnected system. We then move to the (-
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dynamics. Similarly, for any given Ay € (0,1) and e4 > 0, we have XL/C < —a(Vy)

if
3 1 (28(\) 1 ((2d¢ +25(2¢3)
1 1
Ve > max {2640éu o (1 ) 2e400, 0 1078 1w Ao , (39)

where f/g = €4V, and a is a class oo function.

Let x; and x2 be the gain functions of the (e, z)-subsystem and the (-
dynamics, respectively. Therefore, by observing (37) and (39), these gain func-
tions are defined by:

2 2

xi(s) = ﬂés([all(és)ﬂ Xa(s) = 2e40, 0 o ! <1 — )\25(8)> - (40)

Therefore, if we choose the smooth function 5(-) as

1—¢y €9 — A\

1
B(s) < 5 oagoa;105al( o5 ( 5 )s), Vs > 0, (41)

then the composition of the gain functions in (40) is a contraction mapping,
i.e.,

X1 0 x2(s) = x1(x2(s)) < s, Vs > 0. (42)
Thus, the small-gain condition is satisfied and the solutions of the intercon-
nected system are uniformly bounded. From (37) and (39), the residual set de-
6223\1 and 2e4ay, 0 ag_l(wgifiﬁ(f%)), and these constants
can be rendered small if the control parameters are chosen appropriately. This

completes the proof of Theorem 6.1. O

pends on the constants

Similar to [3], if certain additional conditions hold for the original sys-
tem (1), regulation of the states £ and ¢ in (1) can also be achieved. This result
is stated as follows:

Theorem 6.2. If system (1) satisfies Assumptions 3.1-3.4 together with
the following extra conditions:

ve(s) %(s)

limsup === < +o00; limsup 2270 < 4o00; (43)
s5—0T $ s—0+ a((s)
and
¢z(0) = 0; 1/)i1(0) = wiQ(O) = dg = 0, fOI = 1, e, N, (44)

then the dynamic controller given by (36), (26) and (14) can be modified so
that it guarantees the states £ and ¢ in (1) asymptotically converging to 0,
while maintaining the boundedness of the rest of the signals in the resulting
closed-loop system.
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Proof. With ¢;(0) = 0 and ¢;;(0) =0 (¢ = 1,2,--- ,n), the positive constant
dy in V. (21) becqmes 0. Also, if the control parameters: oy, 04, 0}, and o, are
set to zero, then V; (34) turns out to be

Vi < —em(y?) =)z —rle +6 Y wh(C) + pavha(IC).  (45)
=2 i=1

We follow the lines of [3] to show the regulation property. First, we define a
new positive definite and proper function for the (-dynamics in the following
form:

Ve(6)
() = / T, (46)

where ¢ : [0,00) — [0 : c0) is a smooth non-decreasing function, which also
satisfies ¢(t) > 0 for all ¢ > 0. With this new function U, we have
(

0 < a(Ve(€)(—ac(¢D) + o)
< 50 allchac((Cl) + a0 au o ag! o 2xcybi(lyl). (47

Next, we define a new positive definite function
Vo=Vi+U (48)
for the interconnected system and, by using (45) and (47), its time derivatives
can be written as

Vo < —eim(y®) = D aizl —7lel® +6 Y vh(IC]) + psviia(I¢])
=2 i=1

1
= g arllCDac(<)) + go a0t o 2vc(yhe(lyl)- (49)

By using the fact that limsup,_,+ 95 (s)/ac(s) < 400, we can choose the
function ¢(¢) in (46) such that

1 n
79 © cu(|Chac(Ic]) = 6> v () + pstia(C]), V¢ e RY (50)
=1

Once the function ¢(t) is chosen, we will then use it to choose n; in Vi (22)
as it has not yet been defined. By observing V5 (49) and using the condition
that limsup,_,o+ 7¢(s)/s*< +oc, we choose 7y such that

1

sam(®) = goauoar o2 (lyh(ly), vy €R. (51)

With the chosen ¢ and 7; functions, Vs (49) becomes
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. 1 = 1
Vo< — <501771(92) + ZQ’Z? +7lel” + 79° al(|§|)0‘<(|C|))
i=2

=: _WO(y7 22, 7Zn767§)7 (52)
where Wy(-) is a positive definite function. We can then conclude that all the
closed-loop signals are bounded, and also lim;_ fg Wo(s)ds < +oo.

Through the use of transformation (23), it is not hard to show that the
state vector x :[y,f(g,"' ,Xn]T is bounded. Since the signals x, z, u, e
and ¢ are bounded, the boundedness of & and Z can be established via (18),
(23) and (26). Furthermore, boundedness of ¢ and ¢ can be shown from (18).
Thus, by applying Barbalat’s Lemma (see, e.g., [5]), we have lim;_,o Wy(t) =0
which then gives lim; oo (|y(¢)| + |2(¢)| + |e(t)| + [C(¢)|) = 0. Hence, by using
transformation (23) and observing (18), x(t) and X () converge to the origin
as t — oo. Finally, based on the above argument together with transforma-
tions (10) and (15), states £ and ¢ can be regulated, namely lim; o, [£(2)] = 0
and lim;_,~ [((¢)| = 0. This completes the proof of Theorem 6.2. O

7. An Illustrative Example

In this section, we provide an illustrative example to demonstrate the usefulness
of our design presented in this paper. Consider the following second-order
uncertain nonlinear system:

M= ame; e = agu+ ara(y)ns + Ya(y)b, v =, (53)
where a1, as, and 6 are unknown constant parameters with a; and as are strictly
positive. The functions 13(y) = cosy and ¥(y) = y are known. We assume
that the only measurable variable is the output y. It is clear that the uncertain
nonlinear term ajv2(y)n3 in the second equation of (53) consists of not only
the output y, but also the unmeasured state 72. Such nonlinearity violates the
assumption imposed by [8] for their adaptive output feedback control design.
However, as mentioned in Example 3.1, system (53) can be transformed into
the form of (1) as shown in Example 3.1. Furthermore, the transformed system
satisfies Assumptions 3.1-3.2. Therefore, by applying Theorem 6.2, we can
construct an output feedback adaptive controller, presented in Sections 4 and 5,
to regulate the states 1 and 7y to zero and, at the same time, all the closed-loop
internal signals remain bounded for all time.

In the process of constructing the output feedback controller, we construct
an observer (14) with g1 (y) = €59, go(y) = e~ 51Y, I1(y) = 2.5e5™Y + 0.1e2,



88

T.M. Cheng, D.J. Clements, R.P. Eaton

States n, & n,

15

2 I I
0 0.5 1 15 2 25 3 35 4 4.5 5
t (sec)
(a)
Estimates of x, &Xx,
0.05 T T T
I
I
) ‘, / —— Estimate of X,
~ | / _ _ Estimate of X,
> -0.15f ! B
3 |
— | 1
5 b
o -02f I 4
Q | |
< |
£ !
8 -0.25 n ’r —
[
—03F 4
I
b
-035H | B
b
b
041 B
L
~0.45 I I I I I I I I I
0.5 1 15 2 25 3 35 4 4.5 5
t (sec)

Figure 1: (a) Time responses
observer states X 1 and Xg

(b)

of states 71 and 79, (b) time responses of



OUTPUT FEEDBACK STABILIZATION OF...

Estimates of 8, y, p & r

0.05 T T
0.04 e
—— Estimate of &
— — Estimate of y
0.03 Estimate of p | _|
- — - Estimate of r
<
a
=
<
S 0.02f B
@
Q
k<] |
£ -
@ ’
¢ /
0.01 r -
i
i
0 4
N\
-0.01 Il Il Il Il Il Il Il Il L
0 0.5 1 15 2 25 3 35 4 4.5 5
t (sec)
(a)
Control input, u
4 T T T

Control input, u

Il
15 2 25 3 35 4 4.5 5
t (sec)

(b)

Figure 2: (a) Time responses of 0, 4, p and 7, (b) time responses of
control input u



90 T.M. Cheng, D.J. Clements, R.P. Eaton

Ii(y) = ™Y + 0.3¢73. Next, an output feedback adaptive controller is con-
structed by using this observer and following the design procedure in Section 5.
For simulation purposes, we set the system, and the control, parameters as fol-
lows: a; = 2,a2 = 3,0 = —1, ¢c; = ca =0.001, I = diag[0,1], \y = 1, Ao = 0.1,
A3 = 0.001. Furthermore, thAe initial yalues of the closed-loop system are de-
fined as: 71(0) = n2(0) =1, X1(0) = X5(0) =0, 8 =0, 4(0) = p(0) = #(0) = 0.
Finally, the time response of each closed-loop signal as well as the control input
are shown in Figures 1-2. It is clear that all the signals are bounded, and also
the regulation of states 11 and 72 is achieved.

8. Conclusion

We have presented a control design to solve the global output feedback stabi-
lization problem of a class of uncertain nonlinear systems consisting of uncer-
tain integrator gains. This class of systems includes, as special cases, various
other systems considered previously in the literature. To solve the stabiliza-
tion problem, an observer design has been proposed, and then a controller has
been constructed by utilizing such an observer together with the robust adaptive
backstepping technique. In this paper, the uncertain output-dependent integra-
tor gains are assumed to be linearly parametrized, and this assumption allows
us to construct an observer for the systems via a scaling procedure. However,
if the uncertain integrator gains are nonlinearly parametrized, the construction
of an observer becomes challenging. Therefore, it remains to develop a control
design for systems with nonlinearly parametrized, output-dependent uncertain
integrator gains.
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A. Appendices
A.1. Proof of Lemma 4.1

Proof. First of all, we define a system
&= (Gy)N —l(y)c")z. (54)
Next, define the following state-space transformation for system (54):
z=&— NTS: = T"Y(s)i, (55)
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where S is a diagonal matrix defined as S := diag|s1,s2, - ,S,—1,0], s; > 0
(i=1,2,--- ,n—1), and
i 1 0 0 0
S1 1 0 0
T(s) := 5182 S2 1 0 (56)
: 0
5159+ Sp1 S2- - Sp_1 S3--csp_1 - 1

It is clear that the constant matrix 7T'(s) is SLTD in s. Here, we replace f(Z)
with —SZ. By observing the matrix 7" in (55), we have, for 7,5 =1,2,--- |n

=1, when ¢ = j,
Tij§ =0, when i < j, (57)
=T5 (s, 5 si-1), otherwise.
This observation is very useful when evaluating s;, ¢ = 1,2,--- ,n. Then, we

define a positive definite function V := 272/2, and its time derivative becomes
V =2TG(y)NT(s)z — 2T NTSG(y)NT(s)z — 2T (I — NT8)i(y)z. (58)
The first two terms on the right-hand side of (58) can be written as

[ 91(y)T21 [ 91(y)Ta 222
92(y)T3,1 92(y)(T3,220 + T3323)
LGy)NT(s)z = 2T : 2+ 27 :
gn—l(y)Tn,l gn—l(y)(Tn,2Z2 + -+ Tn,nzn)
i 0 i 0
= ZTUl(yus)Zl +ZTU2(y7872)7 (59)
and
— 2I'NTSG(y)NT(s)z
[ 0 [ 0
5191(y) T2, 0
| 5202(y)T50 h. $292(y) 13,222
= —Z zZ1 — % T
5393(y)Tu $393(y) (Ta222 + Ty 323)
_Sn—lgn—l(y)Tn,l _Sn—lgn—l(y>(Tn,222 + -+ Tn,n—lzn—l)
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0
$191(y)z2
T Szgzgy)zg

8393 y)z4 =: _ZT‘/l(y7 S)Zl - ZT‘/Q(y7 S7 Z) - ZTD(:U? S)Z' (60)

| Sn—19n—1(Y)2n

The terms Uy and V5 in (59) and (60), respectively, can be over-bounded
as follows:

T & (a2 g T2
TOs, 0 < 35 (20 L VTG e 50

=: zTA3(y)Z + zTA4(y, s)z, (61)

Asz(y) := diag[g1(y)/2, 292(y)/2,- -+, (n = 1)gn-1(y)/2, 0],

' 1 = (62)
Ay(y,s) = diag |0, Zg] ]+1 2 5 Z g+1 nJ :
Similarly,
n—1 i ' 2 272
— zTVz(y,s,z) < <gl(ygzz+1 + gi(w)s ZQZHJ ]> , since g;(-) >0
i=2 j=2

=: zTAl(y)z + zTAg(y, s)z, (63)

Ay(y) := diag|0, 0, 92(y)/2, 293(y)/2,--- , (n = 2)gn-1(y)/2],
1

3

N —

As(y, s) == diag Zg] 3+1 2577 s 9;(y )5 T3+1n 1 O]}

(64)

By Assumption 3.2 (i.e., 0 < 0 < g;+1(y) < gi(y), forallyandi =1,--- ;n—
2), there exists a diagonal matrix A(y, s) such that

(A1) + As(y)z + 2" (Da(y, s) + As(y, s))z < 2" A(y,s)z,  (65)

j=n—1

where
A(s,y) == diag[g1(y)B1, 91(¥)B2: 92(¥)B3, s Gn—2(Yy)Bn—1, gn—-1(y)Bn] (66)
with 8; = Gi(si, -+ ySp—1) (1 = 2,--- ,;n—1), f; and [, are some positive

constants which are independent of s. Specifically, the scalars 3y,--- , 3, are
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defined as follows:
n—1

ﬁ1:27 ﬁn: 5

1 n—1 , 1 n—1 - (67)
Bi(siy v ysn-1) = (1 —1) + B D Tha+ B Y 8T
j=i—1 j=i
where i =2,--- ,n— 1.
As a consequence, equation (58) is in the form of
V <2TA(y,s)z — 27 D(s)z
- ZT ((I - NTS)l(y) + ‘/1(y? 8) - Ul(yv 8)) 21- (68)

Therefore, each s; (i = 1,--- ,n) is chosen in reverse order, i.e., starting with
Sn—1 which is followed by s,_2, until we get s1. In other words, s; (i = 1,--- ,n)
is chosen as follows:

Sp—1=kn+ B,

Sp—2 = kp_1+ anl(snfl) )

Sp-3 =kn o+ Bn72(5n72u 5nfl) ) (69)

51 = ko + Ba(s2, -+ ,5n-1),
where, for i = 2,--- ,n, k; is an arbitrary positive constant.

Next, the vector [(y) is chosen as

l(y) = NTSl(y) = Vily, s) + Ui(y, s) + ck1 + co1(y) B, (70)
where k1 > 0and ¢ = [1, 0,---,0]”. Since the right-hand side of (70) is LTD in
[, therefore each [;, for ¢ = 1,--- ,n, can be chosen recursively. Then, equation

(68) becomes

n n
V< —kizf =Y kigia)z < —kizi =Y kioz < —kz'z, (71)
=2 =2
if we choose k1 = ming<;<,{0k;}, where o is from Assumption 3.2.
Finally, from the transformation (55), we can define

1
pP.= §T*TT’1, € := k1 Amin(2P). (72)

Therefore, by defining a Lyapunov function V = z7 Pz for (54), the vector I(y)
(70) and the constant € > 0 (72) satisfy the inequality (13). This completes the
proof of Lemma 4.1. O

When comparing our proof with the one presented in [7], our approach is
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clearer and more explicit in demonstrating the procedure for the construction
of the vector I(y).

A.2. Derivation of Inequality (21)

By using equations (20), (18) and (13), and the inequality, |ab| < 2|a|? + 2|b|?
for all @ and b, it can be shown that

v, < w|e\2+3(2z2 W3S e +2Zw$1<\y|)+62w (il
=1

=1 j=1
< w\e|2+3<212 Y)Y +2ZZ¢ Y)Y +4Zz/3?1<y>y2)
=1 j=1 =1
+6szg <) +6<ZZ¢,J +Zw31<0>)
=1 j=1 =1

< —7le]? + 01(y)y” + 62(I¢*) + i, (73)

where (BZ ; and i are some smooth functions chosen to be vanishing at zero, and
also to satisfy 02, (y) < 262, (y)y? + 262 ,(0) and v2 (1y]) < 203 (y)y? + 202 (0)
for all y € R. Additionally, d2(+) is chosen to be of class co. Both functions d;
and do can be computed explicitly thanks to the introduction of the scalar £*
when defining the errors (15).

A.3. Derivation of Inequality (25)

First, since 111 is smooth, we can construct a smooth positive function 1&11 such
that ¥11(Jy|) < |y[v11(y) + ¢11(0). By using such 11 (y), it can be shown that

N X0 ER
z SWw_pizl< de, +4 +463 S W
+nery? + neatnn (0) + nesvis(C)), (74)
where p := max{(vk*)?, (k*)2, (v})?}, and ¢ > 0 (i = 1,2,3) are arbitrary
constants. Similarly, we can show that

% no 1
p
TSWU < — Z 252 ZWzQ,] ]24(y) +€4ZZ‘€|27 (75)
j=1 i=1 j=1
where 114 1= g1(y), Vi = li(y) for i = 2,--- ,n. Therefore, we combine (74)
and (75), and hence inequality (25) is obtained. Specifically, each element of
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4es

the diagonal matrix D is defined by D;; = <%(Iy) + ﬁ + L) WxecW; +
— W (diag [¢3,, - ,42,0--- ,0)W; for i = 1,--- ,n, where W7 is the i-th

dey
row of the matrix W and W; is the i-th column of the matrix W7,



