International Journal of Pure and Applied Mathematics
————————————————————————–
Volume 55 No. 3 2009, 301-310

TRIDIAGONAL MATRICES AND THE COMPUTATION
OF GAUSSIAN QUADRATURES
Qassem Al-Hassan
Department of Mathematics
University of Sharjah
P.O. Box 27272, Sharjah, UNITED ARAB EMIRATES
e-mail: qassem@sharjah.ac.ae

Abstract: There is a close relation between tridiagonal matrices and orthogonal polynomials, this relation is founded upon a second-order homogeneous
linear difference equation that serves as a recursion relation used for generating
these polynomials. This relation among tridiagonal matrices, orthogonal polynomials, and second-order homogeneous linear difference equations is employed
in order to compute the nodes and weights of Gaussian quadratures.
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1. Introduction
In [1], it was shown that the set of orthogonal polynomials {pn (x)}n≥0 on an
interval [a, b] with respect to a nonnegative weight function w(t), has a close
relation with tridiagonal matrices, in the sense that pn (x) = det(C) where C
is the tridiagonal n × n matrix given by:
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This result is a consequence of the fact that such orthogonal polynomials satisfy
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the second-order homogeneous linear difference equation:
cn
(x − an )
pn−1 (x) −
pn−2 (x), n ≥ 2
(1)
pn (x) =
bn
bn
1
with initial conditions: p0 (x) = 1, p1 (x) = x−a
b1 , bn 6= 0, and cn 6= 0 for all n.

In this paper, this result is employed in order to calculate the nodes {xi }ni=1
and the weights {wi }ni=1 of Gaussian quadratures, which are usually used to
Rb
P
approximate a f (x)dx by ni=1 wi f (xi ), so that this approximation is exact
when f (x) is a polynomial of degree less than 2n.

It is known that the zeros of pj (x), j = 1, ..., n are all real, distinct, and
lie in the interval (a, b), so that a < x1 < x2 < ... < xj < b, and the nodes
of the Gaussian quadrature are exactly the zeros of pn (x), while the weights
{wi }ni=1 are structured in a way to force the approximation to be exact for all
polynomials of degree less than 2n.
The procedure we present here for computing the nodes and the weights
of Gaussian quadratures is robust, with low cost in terms of complexity when
compared with existing other procedures. This issue will be discussed in the last
section of this work. In Section 2, we mention methods of computing the nodes
{xi }ni=1 , and in Section 3 we present the method we use in order to determine
the weights {wi }ni=1 . In Section 4, we introduce numerical implementation of
the method, and some concluding remarks.

2. Determination of the Nodes
The difference equation in (1) can be rewritten as:
x
an
cn
pn−1 (x) =
pn−1 (x) +
pn−2 (x) + pn (x)
bn
bn
bn
and this in matrix form yields:
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x D p =A p + pn (x) en ,

where D = diag b11 , ..., b1n , A is a tridiagonal matrix, p = [p0 (x), ...., pn−1 (x)]T ,


and en = [0, ..., 0, 1]T .

When x = xj , where xj is a zero of pn (x), this last equation reduces to
xj D p(xj ) = A p(xj ).

(4)

So, xj , j = 1, ..., n, is the solution of the generalized eigenvalue problem:
λ D u =A u
which is equivalent to the eigenvalue problem:
(D−1 A)u =λu,
where

D

−1





A = T=



a1 b1 0
c2 a2 b2 .
0 .
.
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0
.
.
. bn−1
0 cn an





.



So, the nodes {xi }ni=1 — which are the zeros of pn (x) — are exactly the
eigenvalues of the matrix T , and since T is an upper Hessenberg matrix, the
most popular choice for computing the eigenvalues of T — hence the nodes of
the quadrature — is the QR algorithm, or the shifted QR algorithm. We used
Maple 9.5 in order to generate the sequence of orthogonal polynomials up to
a prescribed degree n, and compute the zeros of pn (x). The values obtained
were exactly equal to the analytic values presented in the Wolfram Mathworld
Website.

3. Determination of the Weights
We first need the following two theorems.
Theorem 1. Let {pk (x)}nk=0 be a set of orthogonal polynomials on an
interval [a, b] with respect to the weight function w(x), and let {xi }ni=1 be the
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zeroes of pn (x), then the matrix B given by:

p0 (x1 )
p0 (x2 )
 p1 (x1 )
p1 (x2 )

B=
.
.


.
.
pn−1 (x1 ) pn−1 (x2 )
is nonsingular.

.
.
.
.
.

. p0 (xn )
. p1 (xn )
.
.
.
.
. pn−1 (xn )








Proof. Since the columns of the matrix B are the eigenvectors of the matrix T , which has distinct eigenvalues, the columns of B are linearly independent.
Theorem 2. Let x1 , x2 , ..., xn be as in Theorem 1, and define µ by
Z b
w(x) dx.
µ=
a

(a) If w1 , w2 , ..., wn are solutions of the system:

n
X
µ for k = 0,
pk (xi ) wi =
0 for k = 1, 2, ..., n − 1,

(5)

i=1

then wi > 0 for i = 1, 2, ..., n, and
Z b
n
X
wi q(xi )
q(x) w(x) dx =
a

(6)

i=1

holds for all polynomials with degree less than 2n.

(b) Conversely, if the numbers wi , i = 1, ..., n are chosen such that (6) holds
for all polynomials with degree less than 2n, then xi , i = 1, ..., n are the zeroes
of pn (x) and the weights wi , i = 1, ..., n are the solutions of the system (5).
Proof. See [4], p. 153.
Since the matrix T is a nonsingular matrix, with distinct eigenvalues, it
is known that there exists a diagonal similarity transformation D1 which symmetrizes the matrix T , i.e. there exists a nonsingular diagonal matrix D1 such
that the matrix Jn = D1 T D1−1 is symmetric (see [2, p. 150] and [3, p. 209]).
In the next theorem, we give an explicit form for the diagonal matrix D1 which
is used to symmetrize the matrix T , and, also, give an explicit form for the
symmetrized matrix Jn .
Theorem 3.

Let D1 be the n × n diagonal matrix given by:

D1 =
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diag(γ1 , ..., γn ), where
γn = 1 and

γi =

r

ci+1 ci+2 ...cn
,
bi bi+1 ...bn−1

i = 1, ..., n − 1,

Jn = D1 T D1−1 is a symmetric matrix of the
√

b1 c2 √ 0
√a1
 b1 c2
a
b2 c3
.

√ 2
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.
.
Jn =  0
p 0

bn−1 cn
.
.
.
p
bn−1 cn
an
0

then the matrix

Proof. The entries of D1 T D1−1 are as follows:

form:



.



(i) The diagonal entries are just aj for j = 1, ..., n.
(ii) The upper diagonal entries for j = 1, ..., n − 2 are of the form:
s
r
r
cj+1 cj+2 · · · cn
bj+1 · · · bn−1
cj+1 p
γj
= bj
= bj
= bj cj+1 .
bj
γj+1
bj bj+1 · · · bn−1
cj+2 · · · cn
bj

(iii) The lower diagonal entries for j = 2, ..., n − 1 are of the form:
s
s
r
γj
cj+1 cj+2 · · · cn
bj−1 bj · · · bn−1
bj−1 p
cj
= cj
= cj
= bj−1 cj .
γj−1
bj bj+1 · · · bn−1
cj cj+1 · · · cn
cj
(iv) The upper diagonal entry in the position (n − 1, n) has the form:
r
p
cn
= bn−1 cn .
bn−1 γn−1 = bn−1
bn−1

(v) Finally, the lower diagonal entry in the position (n, n − 1) has the form:
r
bn−1 p
cn

= cn
= bn−1 cn .
γn−1
cn
Remark 4. Since T and Jn are similar, they have the same eigenvalues.
Thus the nodes {xi }ni=1 , which are the eigenvalues of T , are also the eigenvalues
of the symmetric tridiagonal matrix Jn .
The symmetric matrix Jn is closely related with the theory of orthogonal
polynomials. The characteristic polynomials pj (x) of the j × j principal submatrices of Jn are exactly the orthogonal polynomials defined by the recursion
relation:
p−1 (x) = 0,
p0 (x) = 1,
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pj (x) = (x − aj )pj−1 (x) − bj−1 cj pj−2 (x) for

1 ≤ j ≤ n.

(7)

As a consequence, pn (x) is the characteristic polynomial of the matrix Jn , and
the eigenvalues of Jn are the zeroes of pn (x).
Notice that the recursion relation in (7) can be rewritten as:
x pj−1 (x) = aj pj−1 (x) + bj−1 cj pj−2 (x) + pj (x), 1 ≤ j ≤ n
(8)
h
iT
(i) (i)
(i)
Theorem 5. Let v(i) = v1 , v2 , ..., vn
be a normalized eigenvector

of the matrix Jn associated with the eigenvalue xi , that is
 2
(i)
Then wi = µ v1
, i = 1, ..., n.

Jn v(i) = xi v(i) .

Proof. First, we have to notice that bi−1 ci 6= 0, i = 2, ..., n. Second, we
n−1
define the sequence {αj }j=0
by:
(
1
for j = 0,
αj =
qQ 1
for j = 1, ..., n − 1,
j
i=1 bi ci+1

and consider the vector u(i) = [α0 p0 (xi ), α1 p1 (xi ), ..., αn−1 pn−1 (xi )]T . We shall
show that u(i) is an eigenvector of Jn associated with
p the eigenvalue xi . Third,
n−1
the sequence {αj }j=0 satisfies the relation αj−1 = bj cj+1 αj .
Now, the product Jn u(i) produces expressions in one of the following forms:

(i) For j = 1,
a1 α0 p0 (xi ) +

p
b1 c2 α1 p1 (xi ) = a1 p0 (xi ) + p1 (xi ) = xi p0 (xi )
by (8) since p−1 (xi ) = 0
= xi (α0 p0 (xi )).

p

(ii) For j = 2, ..., n − 1,

bj−1 cj αj−2 pj−2 (xi ) + aj αj−1 pj−1 (xi ) +

p

bj cj+1 αj pj (xi )

= (bj−1 cj αj−1 )pj−2 (xi ) + aj αj−1 pj−1 (xi ) + αj−1 pj (xi )
= αj−1 [bj−1 cj pj−2 (xi ) + aj pj−1 (xi ) + pj (xi )]
= αj−1 xi pj−1 (xi ) = xi (αj−1 pj−1 (xi ))

by (8).

(iii) Finally, for j = n,
p

bn−1 cn αn−2 pn−2 (xi ) + an αn−1 pn−1 (xi )
= bn−1 cn αn−1 pn−2 (xi ) + an αn−1 pn−1 (xi )
= αn−1 [bn−1 cn pn−2 (xi ) + an pn−1 (xi )]
= αn−1 [xi pn−1 (xi ) − pn (xi )]

by (8) since pn (xi ) = 0
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= xi (αn−1 pn−1 (xi )).
The system in (5) is equivalent to:
i
h
u(1) u(2) · · · u(n) w = µe1 ,

(9)

where w = [w1 , w2 , ..., wn ]T , and e1 = [1, 0, ..., 0]T .

It is known that the eigenvectors of real symmetric matrices corresponding
T
to distinct eigenvalues are orthogonal. Thus, multiplying (9) by u(i) on the
left yields:


T 
(i)
(i)
(i)
u
u
wi = µ u1
(i)

and since α0 and p0 (x) are both equal to 1, u1 must also be equal to 1.
Therefore, we have:

T 

u(i)
u(i)
wi = µ.
(10)
(i)

(i)

Using the fact that u1 = 1 again, we find that v1 u(i) = v(i) , and when (10)
 2
(i)
is multiplied by v1
we obtain:


 2
T 
(i)
v(i) wi = µ v1
v(i)
and this completes the proof.

Remark 6. It is worth to mention here that the proof above is similar to
that of Theorem 3.6.21 in [4], p. 157.
Theorem 7. An eigenvector of the matrix Jn that corresponds to the
eigenvalue xi is D1 p(xi ), where p(xi ) = [p0 (xi ), p1 (xi ), ..., pn−1 (xi )]T .
Proof. Using equation (4), we have
xi p(xi ) = T p(xi ) = D1−1 Jn D1 p(xi ),
and this implies that
Jn [D1 p(xi )] = xi [D1 p(xi )] .



4. Numerical Implementation
In Section 2, it is shown that the eigenvalues of the tridiagonal matrix T are
the nodes of the Gaussian quadrature, and the corresponding eigenvectors of T
are the columns of the matrix B in Theorem 1. This means that for each eigen-
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value(node) xi , the corresponding eigenvector is [p0 (xi ), p1 (xi ), ..., pn−1 (xi )]T .
This suggests that the set of orthogonal polynomials {pj (x)}nj=0 must first
be generated using the recursion relation (3.3). Then the zeros of pn (x) are computed. As mentioned before, we used Maple 9.5 to generate the set {pj (x)}nj=0 ,
and to compute the zeros of pn (x). Having computed the nodes {xi }ni=1 , we now
introduce the method for computing the weights {wi }ni=1 .

Theorem 5 gives a formula for the i-th eigenvector of the matrix Jn , v (i) ,
such an eigenvector has the form: v (i) = [γ1 p0 (xi ), γ2 p1 (xi ), ..., γn pn−1 (xi )]T ,
and this yields the following:
r
r
c2 c3 · · · cn
c3 · · · cn
(i)
p0 (xi ),
p1 (xi ), ...,
v =
b1 b2 · · · bn−1
b2 · · · bn−1
T
r
cn
pn−2 (xi ), pn−1 (xi ) . (11)
bn−1
The components of the eigenvector v(i) are computed as follows:
(i) Compute the sequence {γi }ni=1 using the recursion:
γn = 1,

r
ci+1
γi = γi+1 .
,
bi

i = n − 1, ..., 1.

(12)

(ii) The recursion relation (7) is used to compute the components of the
vector p(xi ). Notice that the computation of each components costs three
flops only, where a flop is equal to one multiplication, one division, or one
exponentiation.
(i)

(iii) Set vj := γj pj−1 (xi ), j = 1, ..., n.
(iv) Finally, the eigenvectors must be normalized, and the weights are com 2
Rb
(i)
puted using: wi = µ v1
, i = 1, ..., n, where µ = a w(x)dx.

To summarize, we compute the nodes and the weights of the Gaussian
quadrature by doing the following steps:

1. Use the recursion relation in (1) to generate the sequences: {aj }nj=1 ,
{bj }nj=1 , and {cj }nj=2 .

2. Use the recursion relation in (7) to generate the sequence of orthogonal
polynomials {pj (x)}nj=0 .

3. Compute the zeros of pn (x) using any convenient method (such as QR
algorithm or any of its versions, Newton’s method, or an existing software
package (Maple or Matlab package), these zeros are the nodes of the quadrature.
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4. The weights are computed as follows:
(i) Use (12) to compute the eigenvectors v (i) of the matrix Jn v(i) , i =
1, ..., n.
(ii) Normalize v(i) , 1 ≤ i ≤ n.
 2
(i)
(iii) Set wi = µ v1
, i = 1, ..., n.

The complexity of this algorithm lies mainly in step 4 above in which we calculate the weights {wi }ni=1 . First, the calculation of the vector [p0 (xi ), p1 (xi ), ...,
pn−1 (xi )]T is achieved by performing 3 flops for each component. This part has
a total of 3n flops. Then the computation of v (i) using (4.3), and counting the
flops for each component yields the sequence, (2n − 1) flops for first component,
(2n − 3) for second component, down to 1 flop for the last component, and this
sums up to 2n2 −n flops. This gives a total of 2n3 −n2 for all the n eigenvectors.
The normalization of each eigenvector costs n + 2 flops, which totals to 2n2 + n.
Finally, the last step costs 2 flops for each weight, which totals to 2n flops.
Therefore, the total count of flops is: (3n) + (2n3 − n2 ) + (2n2 + n) + (2n) =
2n3 + n2 + 6n, and for moderate values of n (e.g. n ≥ 6), this sum is bounded
by 2n3 + 2n2 .
As an alternative, we consider the most popular choice for computing eigenvalues and eigenvectors of real symmetric tridiagonal matrices, that is the QR
algorithm or any of its versions, such as shifted QR algorithm. This algorithm
is outlined in the following steps:
Algorithm 8. 1. Set J0 := Jn .
2. For i = 0, 1, 2, ..., until convergence, do
2.1 Find the QR factorization of Ji , Ji = Qi Ri , where Qi is an orthogonal
matrix, and Ri is upper triangular.
2.2 Set Ji+1 := Ri Qi
For sufficiently large i, the matrix
Ji = (Q0 Q1 ...Qi−1 )T J0 (Q0 Q1 ...Qi−1 )
will converge to a diagonal matrix which contains the eigenvalues on the diagonal, and the product Q0 Q1 ...Qi−1 converges to an orthogonal matrix Q, whose
columns are the orthonormal eigenvectors of Jn .
We implemented the QR algorithm from Maple 9.5 software for GaussLegendre, Gauss-Laguerre, Gauss-Hermite, and Gauss-Chebyshev quadratures,
in order to compute the eigenvalues and the eigenvectors of the symmetric
matrix Jn , the nodes and the weights where exactly equal to their analytic
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values obtained from Wolfram Mathworld Website.
The complexity of this algorithm is of order 3n3 due to the tridiagonality
of Jn , see [3], p. 473. Moreover, the workload can significantly be reduced by
observing the fact that we just need the first component of each eigenvector, so
we do not need to do complete multiplication in the computation of the product
Q0 Q1 ...Qi−1 . Instead, we just need to multiply the first row of Q0 by Q1 , and
then multiply the result by Q2 , and so on.
Therefore, we think that our algorithm is competitive with the QR algorithm, and as a matter of fact, it is less costly for relatively large values of n,
due to the complexity of both algorithms.
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