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Abstract: The method of matched asymptotic expansion is applied to a
model problem with regard to the boundary value problem, where it is shown
that the boundary layer is at left end. Outer expansion and inner expansion are
found to complete the structure of the composite expansion. Finally, we have
shown that the composite expansion is enclosed agreement with exact solution
everywhere in the domain of interest.
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1. Introduction

In this paper, we consider problems in which the perturbations are operative
over very narrow region across which the dependent variables undergo very
rapid change. These narrow region frequently adjoin the boundaries of the in-
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terest, owing to the fact that the small parameter multiplies the highest deriva-
tives. Consequently they are usually referred to as boundary layer in fluid
mechanics edge layers in solid mechanics, Van Dyke [5]. There are many physi-
cal situation in which the sharp changes occur inside the domain of interest, see
Cole [2]. These rapid changes cannot be handled by slow scale, but they can
be handled by fast, magnified or stretched scales, see Hardy [1]. For treating of
these problems the method of matched asymptotic expansions are used. Our
aim is to apply this method to a model problem and to show the structure of the
composite expansion by using the matching principle, Van Dyke [5]. Consider
a boundary value problem

ǫy
′′

+ (1 + ǫ2)y′ + (1 − ǫ2)y = 0, (1.1)

y(0) = α, y(1) = β, (1.2)

where ǫ is small dimensionless positive number. It is assumed that the equation
and the boundary conditions have been made dimensionless.

2. The Method of Matched Asymptotic Expansions

The basic idea underlying the method of matched asymptotic expansion is the
representation of the solution by more than on expansion, each of which is
valid in part of the domain, and neighboring expansions overlap so that they
can be matched. As ǫ −→ 0, (1.1) reduces to y′ + y = 0, which is of first order
and hence, cannot cope with the two boundary conditions, consequently, one of
them must be dropped and a boundary layer must be introduced. To determine
the location of the boundary layer, we assume that it exists at one of the ends.

3. Location of Boundary Layer

Let us assume that the boundary layer is at the right end and hence, y(1) = β

must be dropped. Then we seek an outer expansion in the form:

y0(x, t) = y0(x) + ǫy1(x) + ...,

which, when substitute into (1.1) and y(0) = α, yields y′0 + y = 0, y(0) = α

hence:

y0 = αe−x + ..., (3.1)
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to analyze the behavior of the solution in the assumed boundary layer, we need
to magnify the neighborhood of x = 1. Thus, we let:

ξ =
1 − x

ǫn
. (3.2)

The value of n is not known at this stage, and must be determined from the
analysis. Equation (1.1) in terms of ξ becomes:

ǫ1−2n d2y

dξ2
− ǫ−n dy

dξ
+ y... = 0. (3.3)

This is the dominant terms as ǫ −→ 0. The limiting form of (3.3) as ǫ −→ 0
depends on the value of n. There are three possibilities: n > 1, n < 1, n = 1.

When n > 1, the limiting form of (3.3) is d2yi

dξ2 = 0, where general solution is:

yi = a0 + b0ξ. (3.4)

To match (3.1) with (3.4), we need (y0)i and (yi)0. Thus we express (3.1) in
terms of ξ and obtain y0 = αe−1+ǫnξ, which, when expanded for small ǫ with ξ

being kept fixed, yields:

(y0)i = αe−1, (3.5)

and also, we expand (3.4) in terms of x and obtain:

yi = β +
b0(1 − x)

ǫn
,

which, when expanded for small ǫ with x being kept fixed yields:

(yi)0 =

{

β if b0 = 0,
b0(1−x)

ǫn if b0 6= 0.
(3.6)

Equating (3.5) and (3.6) according to matching principle demands that bo = 0
and αe−1 = β, which is not true in general. Hence, the case n > 1 must be

discarded. When n < 1, the limiting form of (3.3) is dyi

dξ
= 0, whose solution is

yi = a0. Again, yishould satisfy the boundary condition y(1) = β or yi = β at
ξ = 0, hence a0 = β and:

yi = β, (3.7)

since yi is constant

(yi)0 = β. (3.8)

As in the preceding case,(y0)i = αe−1, hence the matching principle, (y0)i =
(yi)0 depends that β = αe−1, which is not true, in general. Therefore, the case
n < 1 must also be discarded. When n = 1, the limiting form of (3.3) is:

d2yi

dξ2
−

dyi

dξ
= 0,
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whose solution is, yi = a0 + b0e
ξ putting yi = β when ξ = 0, gives a0 = β − b0,

hence:

yi = β − b0 + b0e
ξ,

to perform the matching, we express yi in terms of x and obtain:

yi = β − b0 + b0 exp(
1 − x

ǫ
),

which, when expressed for small ǫ with x being kept fixed, yields:

(yi)0 =

{

β, if b0 = 0,
b0 exp(1−x

ǫ
), if b0 6= 0.

(3.9)

Again, (y0)i is giving (3.5). Then, equating (3.5) and (3.9) according to the
matching principle demands that b0 = 0 and hence β = αe−1, which is not true,
in general. This last case must also be discarded and the boundary layer does
not exist at x = 1. To check whether the boundary layer exist at the origin, we
bring the idea of stretching transformation.

4. Stretching Transformation

We introduce the stretching transformation:

ξ =
x

ǫn
, (4.1)

where n must be greater than zero. Then (1.1) becomes

ǫ1−2n d2y

dξ2
+ ǫ−n dy

dξ
+ y... = 0 (as ǫ −→ 0). (4.1)

As before, there are three possibilities: n > 1, n < 1, n = 1. When n > 1, the
limiting for of (4.2) as ǫ −→ 0 is

d2yi

dξ2
= 0, (4.3)

whose general solution is yi = a0 + b0ξ, since the boundary layer is assumed to
be at the origin, it must satisfy the boundary condition y(0) = α, but x = 0,
corresponds to ξ = 0, hence yi = α at ξ = 0. Then α = a0 and:

yi = α + b0ξ. (4.4)

We seek an outer expansion in the form:

y0 = y0(x) + ...,

which, when substitute into (1.1) and y(1) = β, yields:

y′0 + y0 = 0, y(1) = β,
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hence:

y0 = βe1−x + ... . (4.5)

To match (4.4) and (4.5), we express the former in terms of x and obtain:

yi = α +
b0x

ǫn
.

Which, when expressed for small ǫ with x being kept fixed, yields:

(yi)0 =

{

α, if b0 = 0,
b0x
ǫn if b0 6= 0.

(4.6)

Next we express (4.5) in terms of ξ to obtain:

y0 = β exp(1 − ǫnξ).

Which, when expressed for small ǫ with ξ being kept fixed, yields:

(y0)i = βe + ..., (4.7)

equating (4.6) and (4.7) according to matching principle, demands that bo = 0
and α = βe, which is not true, in general, hence the case n > 1 must be
discarded. When n < 1, the limiting form of (4.2) as ǫ −→ 0 is:

dyi

dξ
= 0. (4.8)

The general solution is yi = a0. Putting yi = α at ξ = 0 yields a0 = α, and
hence:

yi = α. (4.9)

To match (4.5) with (4.9), we note that (y0)i is given by (4.7) and that (yi)0 = α,
because yi is a constant. Again the matching principle demands that α = βe.
Which is not true, in general. Hence, the case n < 1 must be discarded. When
n = 1, the limiting form of (4.2) as ǫ −→ 0 is:

d2y

dξ2
+

dyi

dξ
= 0. (4.10)

Therefore, yi = a0 + b0e
−ξ, putting yi = α when ξ = 0, gives:

yi = α − b0 + b0e
−ξ. (4.11)

To match (4.5) with (4.11), we note that (y0)i is still given by (4.7). Expressing
(4.11) in terms of x, we hence:

yi = α − b0 + b0 exp(
−x

ǫ
).

Which, when expressed for small ǫ with x being kept fixed, yield:

(yi)0 = α − b0, (4.12)

equating (4.7) and (4.12) according to the matching principle demands that
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b0 = α − βe, hence to first approximation

y0 = βe1−x + ..., yi = βe + (α − βe)e−
x

ǫ + ..., (4.13)

in agreement with exact analytic solution. Since matching has been achieved,
our assumption about the location of the boundary layer is correct. Moreover,
the choice ξ = x

ǫ
for inner variable yield an inner expansion that overlap the

over expansion, and hence the stretching provided with n = 1 is the proper one,
Golbabai [3].

5. Composite Expansion

Equations (4.3) provide two separate expansions, y0 valid everywhere except in
small interval order O(ǫ) near the origin and yi valid only in a small interval
O(ǫ) near the origin. Although y0 and yi have overlapping domains, one need to
switch from one expansion to the other if a numerical solution is deserved over
the whole interval. Moreover, the switching locations is not known precisely. To
circumvent this difficulty, we usually combine both expansions into a so called
composite expansion denoted by yc and defined by Kaplun [4].

yi = y0 + yi − (y0)c. (5.1)

According to matching principle (y0)c = (yc)0, see Van Dyke [5]. Therefore
expansion (5.1) agrees with the outer and inner expansion in the respective
domain of validity. And

(yc)i = yi, (5.2)

since yc provides the outer expansion in the outer domain and the inner ex-
pansion in the inner domain, we postulate that it is valid everywhere. In the
present work, the common part between y0 and yc is given by either (4.7) or
(4.12), that is:

(y0)c = (yc)0 = βe.

Hence

yc = βe1−x + (α − βe)e−
x

ǫ + ... . (5.3)

Letting ǫ −→ 0 in (5.3) with x being kept fixed, yields:

(yc)0 = βe1−x + ... = y0,

expressing (5.3) in terms of ξ, we have:

yc = βe1−ǫξ + (α − βe)e−ξ + ....
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Figure 1: Comparison of the composite expansion yc and the exact
solution ye for ǫ = 0.1, β = 1, α = 0

Which, when expanded for small ǫ with ξ being kept fixed, yields:

(yc)i = βe + (α − βe)e−ξ + .... = yi.

Thus as expected, yc provides the inner and outer expansion in their respective
domain of validity. Hence, it is not surprising that (5.3) is in close agreement
with exact solution everywhere as shown in Figure 1.

6. Conclusions

Although the physical intuition might show the location of boundary layer,
but in this work we have analytically shown that the boundary layer is at left
end. The appropriate stretching transformation results the distinguished limit
as ǫ −→ 0. Upon the stretching transformation the structure of the composite
expansion is formed and is in close agreement with analytic solution of the
problem. Further study will be done on non-linear problem.
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