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Abstract: In the queueing systems theory, there are systems where the con-
vexity and minimization of functions with real and integer variables are con-
sidered. The developed theories on convexity of both real variable and integer
variable functions are not enough to give a precise answer to the convexity of 2-
smooth mixed functions. Tokgöz, Maalouf and Kumin [10] introduced a mixed
Hessian matrix that is useful to check the convexity of 2-smooth mixed functions
and proved minimization results for 2-smooth mixed convex functions. In this
paper, an algorithm to find the mixed convexity of 2-smooth mixed functions
is given with an application to an example. An algorithm to find the global
minimum value of 2-smooth mixed convex functions is also given.
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1. Introduction

In the theory of integer convexity, the properties of integer convex functions
were studied by researchers such as Hirai [3], Fujishige [2], Murota [3], [7], [8],
[9], [2], [6], Moriguchi [6], Shioura [9], Miller [5], Kumin [4], Ui [11] and Yuceer
[12]. Hessian matrices for functions with integer domain have been defined
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using different assumptions by Hirai and Murota [3], Moriguchi and Murota
[6], and Yuceer [12].

In the queueing systems theory, there are systems where the convexity and
minimization of functions with real and integer variables are considered. The
developed theory on convexity of both real variable and integer variable func-
tions were not enough to give a precise answer to the convexity of mixed func-
tions, functions with real and integer variables. Tokgöz, Maalouf and Kumin
[10] gave answers to the convexity and minimization of 2-smooth mixed func-
tions with an application to the queueing system M/Ek/1 suggested by Kumin
[4]. The statement of the M/Ek/1 design problem is as follows:

Consider an automated machine that can perform up to k operations in
series. Each step takes the same mean time, with the times distributed ex-
ponentially. If the arrival process is Poisson, we have an M/Ek/1 queueing
system. Assume that there is a linear cost C1 associated with each operation, a
linear cost C2 associated with each unit of service, and a linear cost C3 associ-
ated with the length of the queue, Lq. Then the design problem is to minimize
f : Z × R → R given by

f(k, µ) = C1k + C2µ + C3(
λ

µ
)2

(k + 1)

2k(1 −
λ

µ
)

, where ρ =
λ

µ

with respect to the conditions µ > λ > 0, k = 1, 2... on the neighborhood
U = {µ | µ > λ > 0} (Tokgöz et al [2]).

Tokgöz et al [10] defined the mixed convexity and the corresponding mixed
Hessian matrix as follows:

A function Ω : Zn → R is called integer convex if

∇ij(Ω (k)) = Ω (k + ei + ej) − Ω (k + ei) − Ω (k + ej) + Ω (k) ≥ 0, (1.1)

where ei represents the integer vectors of unit length at the i-th position of the
function Ω. Ω is strictly convex if the inequality in (1.1) is strict.

It is well known in the real convexity theory that a real variable function is
convex if the corresponding Hessian matrix is positive semi-definite. It is called
strictly convex if it is stricly positive. The following definitions are given in
Tokgöz et al [10] as follows:

A function is called a mixed function if it has integer and real variables.
A mixed function Ψ : Zn × Rm → R is called mixed convex if it is integer
convex with respect to its integer variables and convex with respect to its real
variables. A mixed function is called strictly mixed convex if it is strictly integer
convex and strictly convex with respect to the real variables, simultaneously. A
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mixed function is smooth if it is differentiable with respect to the real variables
and if it can be differenced with respect to the integer variables, and a mixed
function is k-smooth if it is k-times differentiable ( i.e. Ck) with respect to the
real variables and if it can be differenced k-times with respect to the integer
variables. An (n + m) × (n + m) mixed matrix M that corresponds to a map
Ψ : Zn× Rm → R has the form

M =





[

∇ijΨ(k, µ)
]

n×n

[

∇i(
∂

∂βl
Ψ(k, µ))

]

n×m
[

∂
∂βl

(∇jΨ(k, µ))
]

m×n

[

∂2

∂βl∂βt
(Ψ(k, µ))

]

m×m





(n+m)×(n+m)

, (1.2)

where k ∈ Zn, µ ∈ Rm, 1 ≤ i, j ≤ n, 1 ≤ l, t ≤ m,∇i and ∇ij denote the first

and the second differences of the discrete variable k while ∂
∂βl

and ∂2

∂βl∂βt
denote

the first and second partial derivatives of the real variable µ of Ψ respectively.

Tokgöz et al [10] proved that:

— M vanishes if Ψ is a 2-smooth mixed affine function,

— Let Ψ1 and Ψ2 be two 2-smooth mixed functions. Then, M is linear,

— M is symmetric,

— A function Ψ : Zn × Rm → R is 2-smooth strictly mixed convex if and
only if the mixed Hessian matix for Ψ is strictly positive,

— Let Ψ be a strictly mixed convex function. Then there exists a unique
global minimum value of Ψ.

Also Tokgöz et al [10] showed that the mixed Hessian matrix takes the form

M =









−
C3λ

2

(2k + 3k2 + k3)(λ − µ)µ
−

C3λ
2(λ − 2µ)

2k(k + 1)(λ − µ)2µ2

−
C3λ

2(λ − 2µ)

2k(k + 1)(λ − µ)2µ2
−

C3(k + 1)λ2(λ2 − 3λµ + 3µ2)

k(λ − µ)3µ3









with the principle minor to be positive definite:

∇11f(k, µ) = −
C3λ

2

(2k + 3k2 + k3)(λ − µ)µ
> 0

and the determinant of M to be positive:

det (M)

=
(C3)

2λ4((2 + k(7 + 4k))λ2 − 4(1 + k(5 + 3k))λµ + 4(1 + k(5 + 3k))µ2)

4k2(k + 1)2(k + 2)(λ − µ)4µ4
> 0,

for the design problem f : Z × R → R given above. This proves that the
M/Ek/1 design problem with respect to the conditions µ > λ > 0, k = 1, 2... on
the neighborhood U = {µ | µ > λ > 0} suggested by Kumin [4] is stricly mixed
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convex and the uniqueness of the minimum value follows from the result of be
Tokgöz et al [10] given above.

In this paper, an algorithm to check the mixed convexity of a given 2-smooth
mixed function Ψ : Zn× Rm → R and an algorithm to find the global minimum
value of a 2-smooth strictly mixed convex function Ψ : Zn× Rm → R will be
given.

2. Algorithms

In this section, an algorithm to find the mixed convexity of 2-smooth mixed
functions and an algorithm to find the global minimum of a 2-smooth strictly
mixed convex function will be given given with an application to the M/Ek/1
design problem stated above. The convexity and minimization result for the
application to the M/Ek/1 design problem follows directly from Tokgöz et al
[10]. In this paper, only algorithms are given to achieve the same results of
Tokgöz et al [10].

2.1. An Algorithm to Find the Mixed Convexity of

2-Smooth Mixed Functions

Consider a 2-smooth mixed function Ψ : Zn× Rm → R with the integer variable
k = (k1, k2, ..., kn) and the real variable µ = (µ1, µ2, ..., µm) in a neighborhood

U =

{

(k, µ) : a1i
≤ ki ≤ a2i

and b1j
≤ µj ≤ b2j

with
|a1i

− a2i
| > 2, a1i

, a2i
, b1j

, b2j
∈ R for all 1 ≤ i ≤ n, 1 ≤ j ≤ m

}

.

Denote mixed Hessian matrix of Ψ by M. An algorithm to show that Ψ is
a strictly mixed convex function is as follows:

Algorithm:

Introduce variables k1, k2, ..., kn ∈ Z, and µ1, µ2, ..., µm ∈ R;

Define Ψ (k1, k2, ..., kn, µ1, µ2, ..., µm) (:= Ψ (k, µ)) ;

Define unit integer vectors e1, e2, ..., en;

StrictlyConvex (Ψ) {

For i, j from 1 to n

For l, t from 1 to m

For all e1, e2, ..., en;

Calculate ∇ij(Ψ (k, µ)) := Ψ (k + ei + ej, µ)−Ψ (k + ei, µ)−Ψ (k + ej , µ)+
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Ψ (k, µ) ; // Calculate second difference of Ψ.

Calculate ∇i(dl (Ψ (k, µ))) := dl (Ψ (k + ei, µ)) − dl (Ψ (k, µ)) ; // dl is the
lth component partial derivative of Ψ.

Calculate ∇i(dl (Ψ (k, µ))) = dl(∇i (Ψ (k, µ))); // symmetry of the
mixed Hessian matrix is shown in Tokgöz et al [10]

dldt (Ψ (k, µ)) ; // dldt are the second partial derivatives of Ψ.

Calculate the determinant of the principle minor matrices of M ;

If the determinant of all the principle matrices are positive;

Print out ” Ψ is a 2-smooth strictly mixed convex function ”;

Else if one of the principle minor matrix determinant is non-positive;

Print out ” Ψ is not a 2-smooth strictly mixed convex function ”;

}

The M/Ek/1 design problem suggested by Kumin [4] can be shown to be
strictly mixed convex as an application of the algorithm in the way it was shown
in Tokgöz et al [10]:

The mixed Hessian matrix M components in this case are

∇11f(k, µ) = −
C3λ

2

(2k + 3k2 + k3)(λ − µ)µ
,

∂(∇1f(k, µ))

∂µ
= −

C3λ
2(λ − 2µ)

2k(k + 1)(λ − µ)2µ2
,

∇1(
∂f(k, µ)

∂µ
) = −

C3λ
2(λ − 2µ)

2k(k + 1)(λ − µ)2µ2
,

∂2f(k, µ)

∂µ2 = −
C3(k + 1)λ2(λ2 − 3λµ + 3µ2)

k(λ − µ)3µ3
.

Using this information, the mixed matrix is

M =









−
C3λ

2

(2k + 3k2 + k3)(λ − µ)µ
−

C3λ
2(λ − 2µ)

2k(k + 1)(λ − µ)2µ2

−
C3λ

2(λ − 2µ)

2k(k + 1)(λ − µ)2µ2
−

C3(k + 1)λ2(λ2 − 3λµ + 3µ2)

k(λ − µ)3µ3









.

The results above show that the first principal minor

−
C3λ

2

(2k + 3k2 + k3)(λ − µ)µ

is strictly positive considering the constraints stated for the problem and the
determinant of M ,
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det(M) =

(C3)
2λ4((2 + k(7 + 4k))λ2 − 4(1 + k(5 + 3k))λµ + 4(1 + k(5 + 3k))µ2)

4k2(k + 1)2(k + 2)(λ − µ)4µ4
,

is also strictly positive. The algorithm shows that M/Ek/1 design model is
2-smooth strictly mixed convex under the constraints of the system. This al-
gorithm can be rewritten in such a way that the mixed convexity of a collected
data can also be investigated.

2.2. An Algorithm to Find the Minimum Value of 2-Smooth Mixed

Convex Functions

The uniqueness of the minimum value of a 2-smooth mixed convex function was
shown by a theorem of Tokgöz et al [10]. Let Ψ : Zn× Rm → R be a 2-smooth
mixed convex function. The following algorithm is useful to find the minimum
value of Ψ in a neighborhood U ⊂ Zn× Rm.

Algorithm:

MinV alue(Ψ){

Choose (k0, µ0) ∈ U ;

Minimize Ψ|Zn (k, µ0) iteratively for all (k, µ0, )∈ U ;

Let k1 ∈ Zn such that Ψ|Zn is minimized at k1 for all
(k, µ0, )∈ U ;

k0 = k1;

Minimize Ψ|Rm (k0, µ) for all (k0, µ)∈ U ;

Let µ1 ∈ Rm such that Ψ|Rm is minimized at µ1 for all
(k0, µ)∈ U ;

µ0 = µ1;

Ψ (k0, µ0) is the minimum value of Ψ for all (k, µ)∈ U ;

}

Note that the minimum point is not necessarily unique in the algorithm
therefore the point (k0, µ0) is not necessarily unique; however, the value Ψ(k0,
µ0) is unique. One needs to be carefull while assigning k1 to k0 and µ1 to µ0

since they are not unique.

Finding the global minimum value of a 2-smooth strictly mixed convex
function is not difficult by using the algorithm above. The algorithm given in
Section 2.1 to find the mixed convexity of a 2-smooth mixed function is very
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strong in the sense that the global convexity behaviour of the 2-smooth mixed
function can be seen easily.

2.3. A Special Case of the Algorithm to Find the Mixed Convexity

of 2-Smooth Mixed Functions

As a special case consider 2 dimensional case by choosing n = 1 and m = 1.
In this case, the 2-smooth strict mixed convexity of 2-smooth mixed function
Ψ : Z× R → R can be found by the following simple algorithm:

symbols k, µ

StrictlyConvex (Ψ) {

If (∇11(Ψ (k, µ)) > 0)

{

If (det (M) > 0)

Print out ” Ψ is a 2-smooth strictly mixed convex function ”;

}

else if (∇11(Ψ (k, µ)) ≤ 0 Λ det(M) ≤ 0)

Print out ” Ψ is not a 2-smooth strictly mixed convex function ”;

}
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