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Abstract: This paper deals with a class of stochastic optimization and consumption models for the exponential utility, which is maximizing the expected
utility of the terminal wealth and intermediate consumption. The stock price is
modelled as a stochastic differential equation with instantaneous rates of return
modelled as an Ornstein-Uhlenbeck process. Only the stock price and interest
rate can be observable for an investor. It is reduced to a partially observed
stochastic control problem. Combining the filtering theory with the dynamic
programming approach, corresponding optimal strategies are derived.
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1. Introduction
This paper investigates an optimal investment and consumption model for a
financial market when the investor consists of two stocks. The stock price
is modelled as a diffusion process. The fundamental assumption is that the
coefficient of the second stock depends on another stochastic differential process,
to be referred as an Ornstein-Uhlenbeck process. The individual preferences are
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modelled in terms of a constant relation risk aversion (CRRA) function. The
objective of the individual is to maximize his expected utility of intermediate
consumption and terminal wealth and to specify the optimal investment and
consumption strategies.
The fundamental stochastic model of this problem was introduced by Merton [2], in which the strategies have been found. In practice, the investor can
only observe the stock price with partial information and the drift process, but
the Brownian motion appearing in the stochastic differential equation for the
stock price cannot be observed. Clearly, it is more realistic to assume that
the investor has only partial information since price is published and available
to the public, but the drift and the path of Brownian motion which are not
observable are mere mathematical tools for modeling.
In the recent years, portfolio optimization problems under partial information have been studied widely via the dynamic programming method corbelled
with the filtering theory. Rishel [3]applies the dynamic programming method
for a finite-horizon linear Gaussian model with one unobserved factor that is
independent of the risky asset. Bai and Guo [1] consider the exponential and
logarithmic utility cases. Yang, Liu and Shen [4] consider the optimal portfolio for Stein-Stein model. But in these works, they all considered the investor
choose one bank and one risky asset. In this paper, we mainly use dynamic
programming approach to deal with the utility maximization considering two
stocks.
The paper is organized as follows: In Section 2, the investment and consumption model is formulated. In Section 3, the main result and the optimal
policies are provided. Section 4 concludes the paper.

2. The Investment and Consumption Model
Suppose the investor has the choice of two stocks, whose prices S1 (t) and S2 (t)
satisfy the following stochastic differential equations respectively
dS1 (t) = µ1 (t)S1 (t)dt + σ1 (t)S1 (t)dW1 (t),

S1 (0) = s1 ,

(2.1)

dS2 (t) = µ2 (t)S2 (t)dt + σ2 (t)S2 (t)dW2 (t),

S2 (0) = s2 ,

(2.2)

where µ1 (t) < µ2 (t) : [0, T ] → R represent the instantaneous expected rates of
return of two stocks respectively, σ1 (t), σ2 (t) : [0, T ] → R represent the instantaneous volatility of two stocks respectively, µ1 (t), σ1 (t), σ2 (t) are assumed to
be deterministic and bounded uniformly in t ∈ [0, T ].

UTILITY MAXIMIZATION WITH PARTIAL...

527

The process µ2 (t) is assumed to satisfy the stochastic differential equation
dµ2 (t) = αµ2 (t)dt + βdW3 (t).

(2.3)

Let (Ω, F, {F}, P) be a complete filtered probability space for 0 ≤ t ≤ T
with a fixed terminal time T > 0. α and β are known real numbers. The
process W1 (t), W2 (t) and W3 (t) are standard Brownian motions defined on (Ω,
F, {F}, P), and W3 (t) is independent of W2 (t). We assume that µ2 (0) follows
a normal distribution with the mean m0 and the variance γ0 .
The investor chooses a strategy at any times s, for s ∈ [t, T ]. πs represents
the proportion of money invested in the second stock, then Xs πs represents the
amount of money invested in the second stock, Xs (1−πs ) represents the amount
of money invested in the first stock. Intermediate consumption is allowed at a
nonnegative rate Cs . Due to (2.1), (2.2) and (2.3), the total wealth satisfies the
stochastic differential equation
dXs = [Xs (µ1 + πs (µ2 − µ1 )) − Cs ]ds + Xs (1 − πs )σ1 dW1 + Xs πs σ2 dW2 . (2.4)
The pair of control (πs , Cs ) is said to be admissible if it is Fs -progressively
measurable, where Fs = Fts ; t ≤ T is the augmented filtration generated by the
RT
RT
price process S2 (t), and E{ t Cs ds} < +∞ and E{ t σi2 (Ys , s)πs2 ds} < +∞
(i = 1, 2). The set of all admissible controls is denoted by A.

The investor wants to maximize his expected utility of terminal wealth and
intermediate consumption
Z T
U1 (Cs )ds + U2 (XT )],
(2.5)
J(x, y, t; π, c) = E[
t

where U1 is the instantaneous utility from consumption. The functions U1
and U2 are called utility functions if U : (0, +∞) → R is C 1 function and
satisfies: (1) U (·) is strictly increasing and strictly concave; (2) The derivative
U ′ (0) = limx↓0 U ′ (x) > 0, and U ′ (z) = 0 for a unique value z ∈ (0, ∞], where
U can take U1 or U2 .
The value function is defined by
v(x, y, t) = sup

J(x, y, t; π, c).

(2.6)

(π,c)∈A

For given the initial time and the initial state, maximize (2.5) subject to
(2.4) over the admissible controls set A, the above problem can be formulated
as the following optimization problem
v(x, y, t) = sup
(π,c)∈A

J(x, y, t; π, c),
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 dXs = [Xs (µ1 (s) + πs (µ2 − µ1 )) − Cs ]ds
+ Xs (1 − πs )σ1 dW1 + Xs πs σ2 dW2 ,

(π, c) ∈ A.

(2.7)

3. The Solution of the Model
In order to derive the corresponding complete information control problem, first
the conditional mean and variance of µ2 (t) would be introduced according to
Bai and Guo [1],
mt = E[µ2 (t) | Ft ], γt = E[(µ2 (t) − mt )2 | Ft ].

(3.1)

Then, mt satisfies the following equation

γt
dW̄t ,
σ2
where γt is the solution of the Riccati equation
γ2
dγt
= 2αγt − t2 + β 2 .
dt
σ2
dmt = αmt dt +

(3.2)

(3.3)

The process W̄t is called the innovations process and it is a Brownian motion
with respect to Ft . The wealth process of (2.4) under the strategy (πs , Cs ) can
be rewritten in terms of innovation Brownian motion as
dXs = [Xs (µ1 + πs (ms − µ1 )) − Cs ]ds + Xs (1 − πs )σ1 dW1 + Xs πs σ2 dW̄ . (3.4)

Thus the original problem is reduced to the following problem with complete
information:
v(x, m, t) = sup

J(x, m, t; π, c),

(π,c)∈A

where


 dXs = [Xs (µ1 (s) + πs (ms − µ1 )) − Cs ]ds
+ Xs (1 − πs )σ1 dW1 + Xs πs σ2 dW̄s ,

dmt = αmt dt + σγ2t dW̄t ,

√
A1 exp{2( A/σ2 )t} + A2
√
+ ασ22
γt = Aσ2
A1 exp{2( A/σ2 )t} − A2
is the solution of (3.3) with
√
A = α2 σ22 + β 2 , A1 = Aσ 2 + γ0 − ασ22 ,
√
A2 = − Aσ 2 + γ0 − ασ22 .
√

(3.5)

(3.6)

(3.7)

Here, the goal is to analyze the value function and to determine the optimal
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investment strategy when the utility function is CRRA type
ρ
ρ
(3.8)
U1 (c) = − e−ηc , U2 (x) = − e−ηx ,
η
η
where ρ, η > 0 are constants. The following theorem shows the main result of
this section.
Theorem 1. The value function has the following form
ρ
v(x, y, t) = − exp{−ηxeµ1 (T −t) + G(t, m)},
η
where

(3.9)

G(t, m) = K(t)m2 + J(t)m + H(t),
with

√

K(t) =

exp{ t

Z 2 −4M N
}(Z
M

+

√

2M (1 −
RT

J(t) = e

t

Z 2 − 4M N ) − Z +

√

√
2 −4M N
exp{ t Z M
})

P ds

Z

H(t) =

T

P1 e−

RT
u

P ds

Z 2 − 4M N

du,

(3.10)

,

(3.11)

(3.12)

t

Z

T

Qds,

(3.13)

t

where
Z = −2(α −
N=

γt
),
+ σ22

1
,
2
2(σ1 + σ22 )

P1 =
Q=

σ12

M = −2γt2 (

P = (α +

1
1
− 2
),
2
σ2
σ1 + σ22

2γt2
2γt2 K(t) + γt
K(t)
−
),
σ22
σ12 + σ22

γt µ1 K(t) + µ1 − ηxσ12 eµ1 (T −t) (2γt K(t) + 1)
,
σ12 + σ22

γt2 (J 2 (t) + 2K(t)) γt2 J 2 (t) − 2γt µ1 J(t) + µ21 x2 σ12 σ22 η 2 e2µ1 (T −t)
−
+
2σ22
2(σ12 + σ22 )
2(σ12 + σ22 )

ηxσ12 eµ1 (T −t)
(γt J(t) − µ1 ) + eµ1 (T −t) [ηxeµ1 (T −t) − µ1 (T − t) + 1],
σ12 + σ22
and γt is given by (3.6). The optimal portfolio polity is given by
σ12
m − µ1 + γt (2K(t)m + J(t))
,
(3.14)
+
π ∗ (x, m, t) =
2
σ1 + σ22
ηx(σ12 + σ22 )eµ1 (T −t)
−

c∗ (x, m, t) = xeµ1 (T −t) −

K(t)m2 + J(t)m + H(t) + µ1 (T − t)
.
η

(3.15)
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Proof. A classical approach in stochastic control theory is to examine
Hamilton-Jacobi-Bellman (HJB) equation which the value function is satisfied.
For the problem (3.5), using dynamic programming principle and stochastic
analysis, the HJB equation is:
vt + µ1 xvx + αmvm +

1
γt2
vmm + x2 σ12 vxx
2
2
2σ2

1
+ max { π 2 x2 (σ12 + σ22 )vxx + πxγt vxm + πx(m − µ1 )vx − πx2 σ12 vxx }
π
2
+ max {−cvx + U1 (c)} = 0, (3.16)
c

where v satisfies the terminal condition
v(x, m, T ) = U2 (XT ),

(3.17)

for (x, m, t) ∈ D̄ = {(x, m, t) : x ≥ 0, m ∈ R, 0 ≤ t ≤ T }.

Suppose the value function has the following form
ρ
v(x, m, t) = − exp{−ηxeµ1 (T −t) + G(t, m)},
η
1,2
where v(x, m, t) ∈ C (D̄), G(t, m) is a suitable function. The boundary condition implies that G(t, m) = 0. Direct substitution in the HJB equation leads
to
γ2
1
Gt + αmGm + t2 (G2m + Gmm ) + x2 σ12 η 2 e2µ1 (T −t)
2
2σ2
1
+ max { (σ12 + σ22 )π 2 x2 η 2 e2µ1 (T −t) − πx(m − µ1 + γt Gm )ηeµ1 (T −t)
π
2
−πx2 σ12 η 2 e2µ1 (T −t) }

+ max {cηeµ1 (T −t) + exp{ηxeµ1 (T −t) − ηc − G(t, m)}} = 0.
c

(3.18)

Now apply the first order conditions in (3.18). We have that the maximum
is achieved at
m − µ1 + γt Gm
σ12
π ∗ (x, m, t) =
+
,
σ12 + σ22
ηx(σ12 + σ22 )eµ1 (T −t)
c∗ (x, m, t) = xeµ1 (T −t) −

G + µ1 (T − t)
.
η

Using the form of π ∗ , c∗ , (3.18) reduces to
γ2
1
Gt + αmGm + t 2 (G2m + Gmm ) + x2 σ12 η 2 e2µ1 (T −t) + ηxe2µ1 (T −t)
2
2σ2
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(m − µ1 + γt Gm + ηxσ12 eµ1 (T −t) )2
+ eµ1 (T −t) [1 − G − µ1 (T − t)] = 0.
2
2
2(σ1 + σ2 )

Let G(t, m) = K(t)m2 + J(t)m + H(t), then, K(t), J(t) and H(t) are
solutions of the following ordinary differential equations:
K ′ (t) − ZK(t) − M 2 K 2 (t) − N = 0,
J ′ (t) + P J(t) + P1 = 0,
H ′ (t) + Q = 0.
Solving the above three equations, we get K(t), J(t), H(t) as (3.11), (3.12) and
(3.13).
Then the optimal portfolio is as (3.14) and (3.15).

4. Summary
In this paper we analyzed an optimal investment and consumption model with
stochastic factor in markets. An important extension is to allow for intermediate
consumption and discount factor. For the specific class of separable CRRA
utilities, we derived the optimal policies in terms of the dynamic programming
approach combining the filtering theory. The conclusions of this paper no doubt
have a certain guiding role for the actual risk investment behavior. The method
of discussing the stochastic control model and the HJB equation is also very
instructive.
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