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Abstract: The concept of expo-rational B-spline (ERBS) was introduced in [6]
where the ’superproperties’ of ERBS were studied for the first time. In 2006 the
first author of the present paper proposed a framework for the generalization of
ERBS, the so-called generalized ERBS (GERBS), and considered one important
instance of GERBS, the so-called Euler Beta-function B-splines (BFBS) which
offered a good trade-off between preservation of the important ’superproperties’
of ERBS (with some reductions) and easy computability (BFBS being explicitly
and exactly computable piecewise polynomials, while ERBS were computed by
a very rapidly converging, yet approximate, numerical integration algorithm).
The practical performance of BFBS was tested against classical polynomial B-
splines and ERBS in some MSc Diploma Thesis projects at the R&D Group for
Mathematical Modelling, Numerical Simulation and Computer Visualization at
Narvik University College, resulting in the development of a related software
application in [19]. The first detailed exposition of the concepts and theory
related to GERBS and BFBS was in [5] at the Seventh International Conference
on Mathematical Methods for Curves and Surfaces in Tønsberg, Norway, in
2008.
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The purpose of the present paper is to provide a detailed systematic ex-
position of the definitions, basic properties and advanced features and ’super-
properties’ of GERBS and BFBS, to trace the evolution of these properties as
the consideration is being gradually focused from the most general concept of
GERBS as reparametrizations of the piecewise-affine B-splines, with bounded
Jordan variation, through the justification of the introduction of BFBS as Cm-
smooth GERBS, m ∈ N, to the ultimate construction of ERBS as C∞-smooth
GERBS. In the course of the exposition we keep track of the trade-off between
the computability of the GERBS versus the extension of the range of its ’su-
perproperties’. At the same time, we compare the features of GERBS with
those of classical polynomial Schoenberg B-splines. The main new mathemat-
ical concepts in the study are being geometrically elucidated via visualization
plots generated by our own in-house software applications.

Several new special relevant topics are included in the study, as follows.

• comparison between the computational complexity of interpolation, ap-
proximation and numerical linear algebraic problems when solved by clas-
sical polynomial B-splines and by (G)ERBS, in sections 2.1.3 and 2.2.1;

• heuristic motivation for introducing GERBS, complementary to the heuris-
tics for introducing ERBS [6], in section 4;

• several new model constructions of GERBS, including, but not limited
to, BFBS, in section 5;

• a concluding discussion about the considerable advantages of replacing
NURBS (Non Uniform Rational B-splines) by rational forms of GERBS
as universal tools of Isogeometric Analysis, in section 6.

This is the first in a sequence of papers dedicated to the design and prop-
erties of GERBS, as functions of one and several variables, in one and several
dimensions.

AMS Subject Classification: 41A15, 65D07, 33B15, 33B20, 33F05, 41A30,
65D05, 65D10, 65D20, 65D30
Key Words: interpolation, approximation, special function, spline, B-spline,
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1. Introduction

In [6] was introduced a new type of B-spline - the expo-rational B-spline (ERBS).
One of the main results of [6] was the derivation of an Edgeworth and a steepest-
descent/saddlepoint asymptotic expansion which showed that ERBS are the
asymptotic limits of polynomial B-splines when the degree of the latter (or,
equivalently, the number of the knots of the latter) tends to infinity. Further
in [6] it was shown that, as a consequence of their nature as asymptotic limits,
the new B-splines exhibit ’superproperties’ by outperforming usual B-splines
in a number of important aspects: for example, in constructing a minimally
supported C∞-smooth partition of unity over triangulated polygonal domains
of any dimension (a detailed definition of ERBS over n-dimensional triangu-
lations (simplectifications) was announced in [5] and will appear in a separate
publication). In [6] it was also noted that from computational point of view
there is ’a price to pay’ for the ’superproperties’ of these new ’hyperspline’
special functions, part of which price is that their evaluation involves integrals
which cannot be computed in terms of classical elementary functions. To solve
this problem, in [6] was proposed a numerical quadrature process based on
Romberg integration which is highly efficient because of the infinite smooth-
ness of the integrand. Nevertheless, it is of considerable interest to study more
general classes of special functions which contain ERBS together with other
’non-trivial non-ERBS’ subclasses of functions that retain as much as possible
of the ’superproperties’ of ERBS but, unlike ERBS, can be evaluated in closed
form in terms of classical elementary functions, or are simpler than ERBS in
other important aspects. Research in this direction has lead to [?] and to the
present study of a general class of special functions of bounded variation which
provide minimally supported convex partition of unity and which contain as par-
ticular subclasses both ERBS and piecewise linear (piecewise affine) B-splines.
In correspondence with their properties, we shall call the functions in this class
Generalized Expo-rational B-splines, or GERBS, for short.

The organization of this paper is, as follows. The next Section 2 deals with
a preliminary comparison between classical polynomial B-splines and ERBS.
The purpose of this section is to reveal the set of desired essential properties
which GERBS should share with ERBS. Section 3 contains the definition of
GERBS in its maximal generality. In Section 4 are discussed some important
heuristic arguments in favour of introducing GERBS which are additional and
complementary to the heuristic motives for introducing ERBS (as described
in Section 3 of [6]). After this, in Section 5 we consider several particular
subclasses of GERBS each of which contains ERBS but is also of interest ’per
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se’, for specific theoretical and/or practical applications. This consideration is
made in order of decreasing generality of the class and, respectively, increasing
range of the set of ’superproperties’ which the functions of this class share with
ERBS. In particular, in this section we consider for the first time the new Euler
Beta function B-splines, previously mentioned in relevance to parametric curves
and tensor-product surfaces in [8, 5] and in relevance to smooth convex partition
of unity and Hermite interpolation on scattered point sets on multidimensional
domains in [5]. Finally, Section 6 contains some concluding remarks concerning
the potential for using GERBS in isogeometric analysis.

The graphical images appearing in this exposition are selected from the
image gallery generated during the work of the students Ivana P. Gancheva
and Nedyalka D. Delistoyanova on their M. Sc. Diploma thesis [19] at Narvik
University College.

2. Classical Polynomial B-Splines Versus
Expo-Rational B-Splines (ERBS)

2.1. Polynomial B-Splines

Let T be a set of n + 1 non-decreasing real numbers t0 ≤ t1 ≤ · · · ≤ tn for
ti ∈ [a, b), −∞ < a < b < +∞. Traditionally in spline-related literature, the
ti’s are called knots, the semi-open interval [ti, ti+1) - the i-th knot-interval span,
and the set T is called a knot vector.

Definition 1. The i-th B-spline basis function of degree p, written as
Ni,p(t), is defined recursively, as follows:

Ni,0(t) =

{

1, if t ∈ [ti, ti+1),

0, otherwise,

Ni,p(t) =
t− ti
ti+p − ti

Ni,p−1(t) +
ti+p+1 − t

ti+p+1 − ti+1
Ni+1,p−1(t).

These two equations are usually referred to as the Cox/de Boor recursion
formula.

If the knot vector is strictly increasing, i.e., t0 < t1 < · · · < tn, the knots
are said to be simple knots or, otherwise, to have simple multiplicity, or multi-
plicity equal to 1. If this knot vector is monotonously (not necessarily strictly)
increasing, i.e., if equality of some of the consecutive ti’s is allowed, the respec-
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Figure 1: Piecewise constant (a), piecewise affine (b), piecewise
quadratic (c), and piecewise cubic (d) B-spline basis functions for the
simple knot case. Notice that increase of the order of smoothness, resp.
the degree of the polynomial B-spline, leads to increase of the number of
intervals between knots, over which the support of the B-spline spans.

tive repeated knots are called multiple knots, and the multiplicity of the knot
ti is the number of consecutive times the knot ti appears in the knot vector.

Recall some of the properties of a system of polynomial B-spline basis func-
tions of a given degree over a given knot vector.

• Ni,p is a p-th degree polynomial in t.

• Non-negativity: Ni,p ≥ 0, ∀ i, p and t.

• Local support: Ni,p is a piecewise non-zero polynomial only on [ti, ti+p+1).

• Convex partition of unity: The set of basis functions forms a convex
(non-negative barycentric) partition of unity on [t0, tn).

• At a knot of multiplicity k, basis function Ni,p(t), which has the knot in
its support, is Cp−k-smooth.

2.1.1. Simple Knots

Consider a strictly increasing knot vector {tk}
n+1
k=0 . Figure 1 shows examples of

general polynomial B-spline basis functions of different degree, i.e., piecewise
constant, piecewise linear (piecewise affine), and smoother basis functions. The
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knot vectors chosen for the presented figures are equidistant, but our observa-
tions will be irrelevant to this assumption and will hold true for both uniform
and non-uniform knot vector of the B-spline system.

In terms of continuity, knot differentiability and support size, the examples
show the following (see Figure 1):

• piecewise constant B-splines: discontinuous at the knots, support - one
knot-interval span – case (a);

• piecewise linear (piecewise affine) B-splines: continuous at the knots, sup-
port - two knot-interval spans – case (b);

• quadratic B-splines: continuous and continuously differentiable at the
knots, support - three knot-interval spans – case (c);

• cubic B-splines: continuous and two times continuously differentiable on
the knots, support - four knot-interval spans – case (d);

• and so on.

It is easy to see that for general polynomial B-spline basis functions, raising
of the degree leads to raising the number of knot spans included in the support
of each B-spline. If the degree is raised, visible improvement of the smoothness
is achieved, but the price for that is the so-called ’blow-up’ of the support of
the B-spline which shares parts of its support with an ever increasing number
of neighbours.

2.1.2. Multiple Knots

In the above situation of simple knots only, consider now ’gluing’ (coalescing,
joining together) adjacent simple knots, thus getting (fewer in number) multiple
knots.

First, the support is obviously getting smaller because the knot-interval
span of previously non-zero length, becomes of length zero. If the process of
joining knots together be continued, then, upon joining together more sim-
ple knots than is the initial degree of the B-spline system with simple knots,
two adjacent B-splines containing the multiple knot in its support will become
discontinuous at this knot.

Figures 2, 3 illustrate the possible variety of B-splines with multiple knots
for the case of quadratic, cubic and quartic B-spline systems.
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Figure 2: Illustration of the so-called ”gluing”/coalescing of knots for a
set of cubic B-spline basis functions. a) simple knots; b) knot t4 moved
to t3; c) knot t2 moved to t3; d) knot t1 moved to t3. Notice that in-
crease of the multiplicity of a knot leads to decrease of the smoothness
of the respective B-spline basis function, and, ultimately (see (d)) to
discontinuity. (This is because certain divided differences (in the def-
inition of all B-splines containing in their support the knots subjected
to ’gluing’) must converge to respective derivatives upon the ’gluing’.)
The ’cusp’ in (c) is the graph of a single B-spline which is continuous,
but not smooth, at the knot corresponding to its maximum (which is
1, because the B-splines sum up to 1 and all other B-splines are 0 at
this knot). The ’cusp’ in (d) is the union of the graphs of two B-splines
with adjacent supports, both B-splines being discontinuous at the knot
where the cusp is situated. Both B-splines are right-continuous, the
left-hand one being 0 at the ’cusp knot’, while the right-hand one is 1
at the same knot. Note that the right-hand B-spline has a maximum
at the ’cusp knot’, while the left-hand one has only its unattainable
supremum there. In this way, at the expense of losing their continuity,
the two B-splines still sum up to 1 at the ’cusp knot’ (all other B-splines
are zero at this knot).

2.1.3. Interpolation, Approximation and Numerical Linear Algebra

Piecewise affine B-splines are only C0-continuous in the knots, hence, they
can only be used for Lagrange interpolation but not for Hermite interpolation.
However, from the above description of the classical construction of polynomial
B-splines it is clear that, compared to the use of polynomial B splines which
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Figure 3: Polynomial B-spline basis functions of second (a), third (b)
and fourth (c) degree, with various multiplicity of knots.

are smooth at the knots, the case of piecewise affine B-splines has the substan-
tial advantage of being minimally supported, since each B-spline of the system
has only the minimal possible number of neighbours with which to share parts
of its support. In the univariate case considered in detail here, this means
that a B-spline shares support with only one neighbour on each side. In the
multivariate case, this advantage drastically increases with the increase of the
dimension. This is true for the relatively uniform multivariate constructions like
tensor-product and Boolean-sum manifolds, as well as for manifolds obtained
by subdivision, and just as well for more complex interpolation and approxima-
tion constructions based on scattered data (say, for triangulated (simplectified)
multivariate parametric manifolds).

For example, for the multivariate triangulation of M scattered knots (so
that the vertices of the triangulation are the given scattered knots) a piecewise
affine B-spline ’peaking’ at a given vertex of the triangulation shares support
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with only the B-splines which ’peak’ at a vertex from the star-1 neighbourhood
(see [22]) of the given vertex.

In comparison, B-splines which are more than C0-continuous at the ver-
tices and edges of the triangulation, e.g., Ck-smooth, k = 1, 2, . . . , must be
quadratic, cubic, etc., and, hence, their supports must spread over the star-2,
star-3, etc. neighbourhoods of the given vertex of the triangulation (see, e.g.,
[22, 23, 24]). Thus, the generalized Vandermonde matrix of Lagrange interpola-
tion with piecewise affine B-splines will be diagonal for interpolation problems
over domains of any dimension, while the generalized Vandermonde matrix
for Hermite interpolation in the vertices of the triangulation with smoother
classical polynomial B-splines will be only band-limited, with the bandwidth
drastically expanding. This is not only due to the number of neighbours in
the star-1 neighbourhood (as with piecewise affine B-splines) but, to a much
greater extent, also due to the increased smoothness. Hermite interpolation in
the vertices up to total smoothness order k will require the bandwidth m of the
generalized Vandermonde matrix to expand drastically.

For simplicity, let us consider here only the best case of Delaunay trian-
gulation of uniformly scattered knots (which leads to uniform triangulation).
Even in this best case, the bandwidth of the generalized Vandermonde matrix
will expand proportionally to (n!)nk. This is because it must be proportional
to nk equations per vertex (for Hermite interpolation of total order k in n
dimensions), with number of neighbours in the uniform star-1 neighbourhood
proportional to n!. This estimate provides only a lower asymptotic bound, be-
cause the absence of uniformity in the triangulation, on its part, increases the
bandwidth even more drastically (including, in the worst possible case, a full
generalized Vandermonde matrix).

Note that the above asymptotics for bandwidth is only valid for essential
Hermite interpolation, i.e., k ≥ 1; recall that for Lagrange interpolation (Her-
mite interpolation with k = 0) the generalized Vandermonde matrix is diagonal,
i.e., the bandwidth is 1 (not O(n!)).

On the other hand, the total number N of equations in the square linear
system will be proportional to M.nk (the number M of vertices in the triangu-
lation, times the number of Hermite interpolation conditions per vertex)

N ∼M.nk.

This means that the generalized Vandermonde matrix will have dimensions
N ×N , where N is as estimated above. This implies that the complexity of the
inversion of the generalized Vandermonde matrix for this Hermite interpolation
problem via fast sequential algorithms for band-limited sparse matrices would
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be (again, very roughly) proportional (see, e.g., [27]) to the square of the order
of the band-limited matrix, times its bandwidth, i.e., proportional to

N2.m ∼ (M.nk)2.(n!)nk = (n!)n3k.M2,

which means that the complexity would roughly satisfy

Complexity(polyBspl, sequential, Hermite interpolation, n, k, M)

∼ (n!)n3k.M2.

Using, e.g., Stirling’s formula, this estimate can be further simplified.

We shall show that by using expo-rational B-splines, considered in the next
subsection, the complexity of high-order Hermite interpolation of scattered data
in multidimensional domains can be very considerably improved (see item 2.2.1
below).

In conclusion of this discussion, let us note that here was considered only
the simple situation of interpolating a parametric manifold which is a patch, i.e.,
its parametric domain, as well as the manifold itself, are both simply connected,
with topological genus 0. This is, of course, a very restrictive assumption in di-
mensions higher than 1 (for example, for trimmed surfaces and volume deforma-
tions the parametric domain has higher topological genus; also, a great diversity
of surfaces and solid shapes arising in applications are not single patches). Un-
fortunately, if this very restrictive assumption is not fulfilled, additional great
difficulties and complications arise with the use of classical polynomial B-splines
on triangulations for Hermite interpolation. For example, while in the case of
surfaces with complex topology the star-1 neighbourhood of every vertex in the
triangulation retains the property of simple connectedness, in general, the star-
j neighbourhood of this vertex may not be simply connected for j = 2, 3 . . . ,
which, depending on the concrete problem, may sometimes cause nearly unsur-
mountable additional algorithmic and computational complications.

2.2. Expo-Rational B-Splines (ERBS)

Let tk ∈ R and tk < tk+1 for k = 0, 1, 2, ..., n + 1, i.e., consider a strictly
increasing knot vector {tk}

n+1
k=0 .

Definition 2. The so-called ’default’ version of an Expo-rational B-spline
(ERBS), associated with the (strictly increasing) knots tk−1, tk and tk+1, is



GENERALIZED EXPO-RATIONAL B-SPLINES 843

t kk-1t k+1t

Figure 4: A graph of an expo-rational B-spline (ERBS) basis function
Bk(t) (solid blue) and its first derivative (dotted blue). The knots
tk−1, tk and tk+1 are also marked on the plot. Notice that the graphs
of the ERBS and its first derivative are very flat around the knots.

defined as follows:

Bk(t) =
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∫

tk−1

ψk−1(s)ds, if t ∈ (tk−1, tk],

Sk

tk+1
∫

t

ψk(s)ds, if t ∈ (tk, tk+1),

0, otherwise,

with
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ψk(t)dt





−1

,
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and

ψk(t) = e
−

(t−
tk+tk+1

2 )2

(t−tk)(tk+1−t) .

A plot of Bk(t), ψk−1(t) and −ψk(t) is illustrated in Figure 4. In the figure
ψk−1(t) and −ψk(t) are scaled so that the integral on their respective knot
interval has value 1 for each of them.

Some basic properties of ERBS

• For k = 1, 2, ..., n, Bk(tk) = 1 holds, while Bk(tj) = 0 for all j 6= k (which
is also a property of the Lagrange polynomials and the piecewise affine
B-splines).

• Every basis function Bk(t) is positive on (tk−1, tk+1) and zero otherwise
(which is also a property of the piecewise affine B-splines).

• The set of basis functions Bk(t) for k = 1, 2, ..., n forms a partition of
unity on (t1, tn]. It follows that if tk < t ≤ tk+1, then Bk(t)+Bk+1(t) = 1
(the same is true for piecewise affine B-splines).

• Every basis function Bk(t) is C∞-smooth on R (a new property, not shared
by piecewise affine B-splines).

• All derivatives of all basis functions are zero at all knots ti, i = 0, . . . , n
(again a new property not shared by piecewise affine B-splines).

Note that Bk(t) is defined on R, and its support is (tk−1, tk+1), which is also
the support of the piecewise affine B-spline, and actually the minimal possible
support for continuous B-splines over the given knot vector to form partition
of unity.

There is a more general definition of ERBS which is given in [6] and [25],
but for this presentation it is enough to consider the default case given here.

2.2.1. Interpolation, Approximation and Numerical Linear Algebra
Revisited

Let us consider the meaning of the term multiplicity of a knot in the case of
ERBS, analogously to the consideration made for polynomial B-splines.
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Raising by 1 the multiplicity of a knot in the case of polynomial B-splines of
fixed degree leads to decreasing the support of the B-splines (since an interval
of nonzero length becomes an interval of zero length), while the smoothness of
the B-splines decreases, as well. Additionally, in order for the B-spline to be
continuous, the smallest possible support is again the support of a linear B-
spline. Smaller support is only possible in the case of discontinuity. Moreover,
the multiplicity of the knot is equal to the order of Hermite interpolation plus
1.

In the case of ERBS, Hermite interpolation is achieved by the simple and
elegant formula [6, (50)] which combines in a very lucid way the property of
the Taylor polynomial to interpolate derivatives with the blending role of the
ERBS-based infinitely smooth convex partition of unity. It is remarkable that
formula [6, (50)] is valid, mutatis mutandis, for all types of data interpolation
mentioned above, for any dimension and any order of the Hermite interpolation.
Since in this case all the ERBS basis functions are always infinitely smooth and
have the minimal compact support corresponding to the support of a piecewise
affine B-spline, formula [6, (50)] shows that raising the order of the ERBS-
based Hermite interpolation at a knot is obtained by multiplying the ERBS
’peaking’at this knot with a Taylor polynomial of higher degree.

The deep connection between the term ’multiplicity of a knot’ in the poly-
nomial B-spline case and the ERBS case can be revealed only after observing
that (see [6, Section 4]) the derivative of ERBS (an expo-rational function)
corresponds to the main term in the asymptotic expansion of a polynomial B-
spline with simple knots when the number of the knots of the latter tends to
infinity. This result was obtained in [6]) on the basis of upgrading the classical
technique of Daniels [3, 6]. We shall return on the topic about multiplicity of
the interpolation knots for GERBS after the definition of GERBS is given in
the next section. Here it remains to estimate the complexity of ERBS-based
Hermite interpolation and to compare it to the case of polynomial B-splines
(see item 2.1.3 above).

Thanks to formula [6, (50)], the generalized Vandermonde matrix of
ERBS-based Hermite interpolation is always in block diagonal form
which is, moreover, a Jordan normal (canonical) form. This is true for
all cases of interpolation problems mentioned in item 2.1.3, including Hermite
interpolation on scattered data sets for triangulated high-dimensional domains.
It is true also regardless of the topology of the parametric domain or the para-
metric manifold itself.

Similar to item 2.1.3, let us consider in detail the most interesting case of
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Hermite interpolation in the vertices of a triangulation in n dimensions. The
number M of blocks on the main diagonal is equal to the number of different
vertices in the triangulation (recall that they are exactly the ones forming the
original scattered point data set). The size of each diagonal block depends only
on the geometric dimension n of the problem and the (possibly different for
different vertices) multiplicity µi of the Hermite interpolation problem at the i−
th vertex, i = 1, . . . ,M . Because the generalized Vandermonde matrix is block
diagonal, its inversion is reduced to M completely decoupled problems (i =
1, . . . ,M) for inverting a diagonal block. Because these blocks are Jordan cells,
they are upper/lower triangular, and every analytic function of this block (in
particular, its resolvent) can be be computed in closed form as an upper/lower
triangular matrix. Hence, the complexity of the inversion of the i− th Jordan
block is proportional to

µi
∑

j=1

j =
µi(µi + 1)

2
.

(Note also that this ERBS-based matrix inversion algorithm is readily parallel-
lized and very easy to implement on a parallel computer, much unlike the case
of polynomial B-splines.)

Let us estimate the complexity of Hermite interpolation in the same problem
about a uniformly triangulated n-dimensional domain which was considered in
item 2.1.3. Under the same assumptions, and using the same notation as in
item 2.1.3, the following estimates are obtained.

The overall size N of the square generalized Vandermonde matrix is the
same as earlier, N ∼M.nk (see item 2.1.3).

Due to the uniformity of the triangulation and the uniformity of the total
order k of Hermite interpolation, all multiplicities µi, i = 1, . . . ,M , are the
same, more precisely,

µi = µ ∼ nk, i = 1, . . . ,M.

Since the generalized Vandermonde matrix is in Jordan normal form, its
inversion will be obtained by the inversion of M Jordan blocks, each with
dimensions proportional to nk × nk. Thus, we get for ERBS the following:

Complexity(ERBS, sequential, Hermite interpolation, n, k, M) ∼

∼M.
nk(nk + 1)

2
∼ n2k.M.

.

Comparing this estimate to the respective estimate of the complexity of
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Hermite interpolation using classical polynomial B-splines (see item 2.1.3) yields
the following ratio:

Complexity(ERBS, sequential, Hermite interpolation, n, k, M)

Complexity(polyBspl, sequential, Hermite interpolation, n, k, M)
∼

∼
n2k.M

(n!)n3k.M2
∼

1

(n!)nk.M
,

which shows that for the considered problem ERBS tremendously outperforms
classical B-splines, and the advantage of using ERBS increases in a ’monstrously
drastic way’ with the increase of each of the key parameters: number M of
interpolation knots, number n of geometric dimension, and number k of total
order of Hermite interpolation.

Note that the above rough comparison of the complexity for the polynomial
and expo-rational class of B-splines holds only for the case of essential Hermite
interpolation, i.e., k ≥ 1 (see also the relevant comments about this in item
2.1.3).

Using Stirling’s formula and refinements of it via taking more terms in the
Euler-Maclaurin asymptotic expansion, it is possible to relate this tremendous
superiority of ERBS to the fact (again!) that ERBS are asymptotic limits of
polynomial B-splines with simple knots, as the number of knots / spline degree
of the latter tends to infinity. Thus, we have just observed one more instance of
a ’superproperty’ exhibited by ERBS in comparison with classical polynomial
B-splines.

3. Generalized Expo-Rational B-Splines (GERBS)

Consider again a strictly increasing knot vector T = Tn+1 = {tk}
n+1
k=0 where

−∞ ≤ t0 < t1 < · · · < tn+1 ≤ +∞, n ∈ N ∪ {+∞}.

We propose the following general definition.

Definition 3. Consider the system {Fi}
n+1
i=1 of cumulative distribution

functions (see, e.g., [16, 17] and the references therein) (CDF, for short) such
that Fi is supported on the interval span [ti−1, ti], i.e.,

1. the left-hand limit F (ti−1+) = F (ti−1) = 0,

2. the left-hand limit F (ti+) = F (ti) = 1,
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3. F (t) = 0 for t ∈ (−∞, ti−1],

4. F (t) = 1 for t ∈ [ti,+∞), and F (t) is monotonously increasing, possibly
discontinuous, but left-continuous for t ∈ [ti−1, ti].

5. The j-th (g)eneralized (e)xpo-(r)ational (B)-(s)pline (GERBS), is defined,
as follows.

Gj(t) =



















Fj(t), if t ∈ (tj−1, tj ],

1 − Fj+1(t), if t ∈ (tj , tj+1),

0, if t ∈ (−∞, tj−1] ∪ [tj+1,+∞),

(1)

j = 1, . . . , n.

Note that both piecewise affine B-splines and ERBS satisfy the conditions
of this definitions, hence, GERBS is, indeed, a simultaneous generalization of
both piecewise affine B-splines and ERBS.

The following properties of GERBS are immediate consequences of Defini-
tion 3.

Some basic properties of GERBS

For k = 1, 2, ..., n,

1. 0 ≤ Gk(t) ≤ 1, for every t ∈ R.

2. Gk(t) is non-negative on (tk−1, tk+1) and zero otherwise.

3. Gk is left-continuous at every knot tj, j = 0, . . . , n + 1 (continuous for
j 6= k, j 6= k + 1).

4. For j = 1, 2, ..., n, Bk(tj) = δjk holds, where δjk is the Kronecker’s delta.

5. Gk(t) is strictly positive on a closed segment contained in the interior of
(tk−1, tk+1), with positive length, and containing tk (possibly as its left
endpoint), because it is non-negative on (tk−1, tk+1) and left-continuous
and equal to 1 in the point tk which is interior point for (tk−1, tk+1).

6. Gk has 1st derivative almost everywhere on R, because it is piecewise
monotone. Where it exists, the derivative is non-negative in (tk−1, tk),
non-positive in (tk, tk+1), and zero elsewhere.
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7. The functional system Gj(t) for j = 1, 2, ..., n forms a convex partition of
unity on [t1, tn]. Moreover, if tj ≤ t ≤ tj+1, then Gj(t) + Gj+1(t) = 1.
This property follows easily from the definition of GERBS and some of
the the previous properties on this list.

8. Gk is a function with bounded (Jordan) variation on R, because it is
bounded, piecewise monotone, with only finite number of intervals of
monotonicity (4 intervals), and it is constant on those of its intervals
of monotonicity which are not compact.

9. Let Pk, k = 1, 2, ..., n, be points in R
d, d = 2, 3, . . . , where R

d is being
considered as an affine space (e.g., by defining barycentric coordinates
with respect to the d+ 1 simplex vertices Q0 (coinciding with the origin)
and Qi, i = 1, . . . , d (coinciding with the endpoints of the unit orts with
common initial point atQ0)). In the so-defined d-dimensional affine space,
consider the following curve with parametrization

P (t) =

n
∑

k=1

PkGk(t), t ∈ R. (2)

Then,

(i) Gk, k = 1, 2, ..., n, form a convex partition of unity for t ∈ [t1, tn];

(ii) the right-hand side of (2) defines a GERBS-based interpolation op-
erator which Lagrange–interpolates at the knots tj , j = 1, . . . , n;

(iii) the graph of the curve is the closed piecewise affine polygon begin-
ning and ending at the origin Q0, and having as consecutive vertices
the coefficient points Pk, k = 1, 2, ..., n, of the convex barycentric
combination in (2);

(iv) this graph is independent of the concrete choice of the GERBS con-
vex partition of unity for t ∈ [t1, tn] in (2).

Note that Gk(t) is defined on R, and its support is (tk−1, tk+1), which is also
the support of the piecewise affine B-spline, and actually the minimal possible
support for continuous B-splines over the given knot vector to form partition
of unity.

Now Definition 3 can be reformulated, briefly but rigorously, as follows.
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GERBS is any piecewise monotone reparametrization of a piece-
wise affine B-spline which preserves the intervals of monotonicity of
the latter, as well as the range of the latter in each of these intervals.

4. Additional Heuristic Motivation for Introducing GERBS

In [6] it was explained that the heuristic motivation for the introduction of
ERBS comes from important similarities in several celebrated mathematical
constructions originating in approximation theory, differential geometry and
operator theory. In Section 3 of [6] four general heuristic aspects were listed,
as follows:

I. Density of C∞ and C∞
0 in distribution spaces.

II. Differentiable manifolds.

III. The Riesz-Dunford integral representation.

IV. Carleman inequalities for operator resolvents.

Recent progress in the study of ERBS suggested that for certain new theo-
retical and practical problems (about interpolation and approximation of func-
tions and operators which do not demand that the basis functions of the ap-
proximating finite-dimensional space have very high order of smoothness) it is
of interest to extend the class of ERBS to GERBS, as defined in the previ-
ous section. Here are the most important instances of such newly considered
problems.

1. Tradeoff between reducing the range of validity of the ERBS
’superproperties’ and computability in closed form. ERBS provide
the possibility to use Taylor series as local functions, which results in
transfinite Hermite interpolation. Most of the time we do not need that
much, however. It is, therefore, of interest to study special functions which
retain the Hermite interpolation properties only up to some finite order,
but are otherwise simpler than the expo-rational ones. For example, it is
of special interest to find out if there can be designed polynomial classes of
such functions. The use of integration in the definition of ERBS suggests
that if there is an appropriate polynomial class of such functions, it will
be possible to compute the elements of this class explicitly, in closed
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form, without using numerical integration. (The Euler Beta function B-
splines, considered in Section 5.4.2 below, provide a positive answer to
this question.)

2. Numerical methods for solving operator equations. In many cases
when solving integral equations by finite elements/volumes, the functions
from the finite element/volume basis do not have to be very smooth;
in fact, often they can be even discontinuous. At the same time, the
possibility for easy explicit integration and the preservation of properties
such as positivity, monotonicity and other order- and shape-preserving
constraints is of considerable interest. These properties are possessed by
GERBS of any regularity, and GERBS with low regularity would be used
most of the time.

3. Subdivision, multilevel splines and wavelets. For subdivision, when
adding new knots to the knot vector, it is necessary to be able to keep
the interpolant unchanged, before starting to modify the coefficients cor-
responding to the new, additional, degrees of freedom. This is possible to
do with ERBS only if the local functions used as coefficients of the ERBS
basis functions are Taylor series (which form an infinite-dimensional space
of analytic functions). This is certainly a construction of considerable
theoretical interest, but for practical computations using computers we
need to limit our considerations only to finite-dimensional spaces of local
functions. (The Euler Beta function B-splines considered in Section 5.4.2
below provide an answer to this question, too.) Certainly, also other bases
which are integrable in quadratures can be used in the place of algebraic
polynomials: trigonometric polynomials, exponential functions, certain
special functions, etc.

4. Constrained deterministic approximation versus constrained sta-
tistical (indeterministic) estimation

(a) Asymptotic rates. The classical Korovkin theory [21] of approx-
imation by positive operators postulates some fundamental limita-
tions on the maximal order of approximation which can be attained
by approximations preserving positivity. This early result of Ko-
rovkin has been followed by many studies on approximation rates
for various types of constrained approximation (see, e.g., [2, 26],
as well as [20] and the references therein). All of these very di-
verse results can be united together by some important common
observations, one of which is that, under other equal conditions, the
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rates of constrained approximation are worse (often – much worse)
than the rates of free, unconstrained, approximation. Intuitively,
the reason for this deterioration of the rates is quite clear: best
unconstrained approximation is achieved via oscillation around the
exact function, while constraints such as positivity, onesidedness,
monotonicity, convexity, etc., make oscillating approximations inad-
missible. In relevance to this, the following important observation
can be made. While in approximation, which is deterministic in
nature, the introduction of shape and/or order constraints of some
of the types mentioned above is crucial for the deterioration of the
approximation rates, in non-parametric statistical estimation, which
is indeterministic in nature, the situation is very different and, in a
way, much more beneficial for the introduction of order and/or shape
constraints of the afore mentioned types. The reason for this is that
deterministic approximation theory is responsible only for one part
of the results in statistical estimation - the estimation of the bias
of the statistical estimator. There is a second, equally important
part of the statistical estimate: the estimation of the variance of
the statistical estimator. A typical situation in statistical estimation
is that estimators which have very small bias (or are even unbi-
ased) tend to have large variance, and vice versa. The problem is
solved by finding respective estimators which provide a good trade-
off between bias and variance. It turns out that the statistical risk
estimation rates which offer optimal tradeoff between variance and
bias are well within the limitations imposed by the classical Korovkin
theory of order-preserving approximation. This means that in sta-
tistical estimation it is of much greater interest and higher priority,
compared to deterministic approximation, to design new sufficiently
simple order-preserving estimators whose smoothness does not ex-
ceed the Korovkin constraints. With this in mind, in the last 15
years the first author of the present work conducted several studies
of order and shape preserving estimators, the results of which are
summarized in [16, 17, 29, 9, 13, 10, 14, 18, 11, 12, 4, 15]. Based on
the results obtained in these papers, the following general results can
be formulated. For any, generally unconstrained, statistical
estimator (of a function satisfying certain order/shape con-
straints) which achieves the asymptotic-minimax optimal
rates of risk estimation, it is possible to construct a new
estimator which obeys all prescribed constraints and also
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attains the same asymptotic-minimax optimal rates (possi-
bly, with a worse constant factor in the O-estimate). The
great importance of order/shape-preserving statistical estimation for
the applications of statistics is by now beginning to be universally
acknowledged. For example, in [28], where [16] was cited, Daniel
McFadden explicitly emphasized the importance of the application
of shape-preserving estimation for statistics-based economical stud-
ies. It remains to note that the estimator from [16] which [28] was
referring to, is a low-regularity GERBS, according to our present
Definition 3. We agree with [28] that the estimator from [16] needs
to be upgraded in the multivariate case. In fact, this recommen-
dation is valid for the theory of GERBS in general, and the main
results announced in [6, 8, 5] serve exactly to this purpose.

(b) Main term of the asymptotics of polynomial B-splines. In
[6, Section 4] was discussed the early paper [3] dedicated to shape-
preserving asymptotic methods of approximation of the joint distri-
bution density of a large sample of random variables. In particu-
lar, it was explained how, thanks to cooperation with Charles A.
Micchelli in 1997–1999, the important relevance of this paper for
the asymptotic theory of polynomial B-splines (when the number of
knots of the latter tends to infinity) was discovered. This discovery
was even more surprising due to the fact that in a sequence of papers
[30, 31, 32, 33, 34] the founder of spline theory I. J. Schoenberg has
also addressed, with considerable emphasis, the topic of the asymp-
totic limits of polynomial B-splines as the number of their knots
tends to infinity. Comparing the results of Daniels and Schoenberg
shows that the main term in the asymptotic expansion of the kind
developed by Daniels involves an infinitely smooth function of expo-
rational type. The reason for this is that this type of asymptotics
has been studied so far (see Subsections 4.2 and 4.3 in [6]) only for
B-splines with simple knots. It is possible, in principle, to extend this
approach also for the case of coalescing knots of higher multiplicity
while still obtaining infinitely smooth function in the main term of
the asymptotic expansion, but only if the maximal knot multiplicity
is finite and remains uniformly bounded as the number of knots (this
time also counting their multiplicities) tends to infinity. The ap-
proach of Schoenberg, on the other hand, is much more general from
the very beginning (see [30]): he studies also the case of coalescing
knots; moreover, his approach does not exclude the case when the
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knot multiplicity may tend to infinity. Under these very general as-
sumptions, the main term in the asymptotics may be any (possibly
non-smooth, or even discontinuous) probabilistic measure character-
ized by a respective cumulative distribution function appearing in
Riemann-Stieltjes integration (or, if an even more general weak dis-
tributional asymptotic theory is considered, Lebesgue-Stieltjes in-
tegration and the various upgrades of the duality bilinear form in
distribution spaces). It seems, however, that this general approach
of Schoenberg has not found notable response in the splinist commu-
nity so far, perhaps because, at first glance, these results seem too
general to be informative from any useful practical point of view.
To the best of the author’s knowledge, it is now and here, that the
introduction of GERBS makes a first attempt for practical use of
the general approach of Schoenberg in [30, 31, 32, 33, 34] to the
study of asymptotic limits of polynomial B-splines when the number
of knots of the latter tends to infinity. Indeed, another reformulation
of Definition 3 can (loosely) be given, as follows: GERBS are all
possible limit functions with bounded variation appearing in
the main term of the asymptotics of polynomial B-splines,
as the number of their knots tends to infinity, counting also
multiplicities, and not excluding the case when multiplici-
ties may also tend to infinity. This presentation of the definition
of GERBS shows that the extension of ERBS to GERBS is heuris-
tically consistent: ERBS were introduced as asymptotic limits of
polynomial B-splines with simple knots with arbitrary distribution,
as an application of the early results of Daniels; GERBS, on their
part, are now being introduced as asymptotic limits of polynomial
B-splines with possibly multiple knots with arbitrary distribution, as
an application of the early results of Schoenberg. The fact that both
of these asymptotics have certain order-/shape-preserving proper-
ties, ensures that GERBS is an order- and shape-preserving exten-
sion of ERBS which is consistent in the sense of asymptotic theory
of polynomial B-splines.

(c) Main term of the asymptotics when estimating CDFs. In [17]
we considered the following problem: given a sample of independent,
identically distributed (i.i.d) random variables with unknown CDF
F ; the task is to estimate F from the sample; the problem is to
estimate the risk. As we showed in [17, Theorem 2.1.1], the main
term in the asymptotics for the risk always contains as multiplicative
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factor the following invariant of F : F(1-F). The quadratic functional
F 7→ F (1 − F ) has very interesting properties which deserve a lot
of attention. For continuous CDFs it makes sense to ’pre-normalize’
it as follows: 4F(1-F), which has some interesting properties, for
example,

• 0 ≤ 4F (x)(1 − F (x)) ≤ 1, ∀x ∈ R;

• ∀ξ ∈ [0, 1] ∃xξ ∈ R : 4F (xξ)(1 − F (xξ)) = ξ;

• 4F (1 − F ) peaks at 1 at the median(s) of F .

These properties can be useful in a number of ways, for instance, in
subdivision, for generation of absolutely continuous GERBS from an
arbitrary GERBS, and others.

5. Model Examples of Types of GERBS

To begin with, we note that the invariant F (1 − F ) of a given CDF F , in
the sense considered in Section 4 item 4(c), suggests the use of the following
equivalent representation of Gj , as defined in (1):

Gj(t) = Fj(t)(1 − Fj+1(t)), t ∈ R. (3)

The equivalence of (1) and (3) can be verified directly.

As we shall see, formula (3) proves to be more convenient to use most of
the time and, in particular, when dealing with smooth GERBS.

5.1. Discontinuous GERBS

1. The characteristic function 1
2a
χ[τ−a,τ+a)(t), t ∈ R where 0 < a < ∞,

τ ∈ R, with numerous applications. Some examples:

(a) piecewise constant B-splines (of degree 0 / order 1 – see Figure 1(a));

(b) basis functions in Rademacher and Walsh bases;

(c) scaling functions in Haar wavelet bases;

(d) components in the representation of martingales;

(e) Fourier images of sinc-basis functions in Shannon’s sampling formula
(with appropriate modification of the rule about left continuity), etc.
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2. More generally, all possible discontinuous GERBS are defined by all pos-
sible families {Gj} satisfying the assumptions of Definition 3, for which
at least one Fj among the ones appearing in (3) has discontinuities in the
respective interval (tj−1, tj).

Remark 1. We note that GERBS can have only discontinuity points of
the first kind (i.e., left-hand and right-hand limits exist but may be unequal to
each other and/or to the functional value) because GERBS has always bounded
Jordan variation.

5.2. Continuous Non-Smooth GERBS

1. Piecewise affine B-splines (of degree 1 / order 2) with knots tj , j = 1, . . . , n
(see Figure 1(b)).

2. More generally, piecewise polynomial GERBS (of possibly variable de-
gree/order in (tj−1, tj), j = 1, . . . , n, without continuity at some or all of
the knots tj, j = 1, . . . , n.

3. More generally, piecewise polynomial GERBS (of possibly variable de-
gree/order between adjacent knots) over a ’more detailed’ knot vector
over the segment [t1, tn], containing as essential subset the knot vector
{tj}.

4. Most generally, all possible continuous non-smooth GERBS are defined
by all possible families {Gj} satisfying the assumptions of Definition 3,
such that for at least one Fj among the ones appearing in (3) there is
at least one t0j ∈ [tj−1, tj ] such that F ′

j(t0j) does not exist. This may
happen in diverse ways, e.g.,

(a) left-hand and/or right-hand derivative at t0j does not exist;

(b) left-hand and right-hand derivative at t0j exist but are not equal to
each other.
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5.3. Absolutely Continuous GERBS

In this case, for every Fj , j = 1, . . . , n, in Definition 3 there exists Lebesgue-a.e.
on R respective fj ∈ L1(R) with support supp fj ⊂ [tj−1, tj ], so that

Fj(t) =

t
∫

−∞

fj(τ)dτ, t ∈ R. (4)

In this case, formula (3) provides also the useful identity

G′
j = F ′

j(1−Fj+1)−FjF
′
j+1 = fj(1−Fj+1)−Fjfj+1 Lebesgue-a.e. on R. (5)

The examples, considered in items 1, 2, 3 in Section 5.2, are all instances
of absolutely continuous non-smooth GERBS. These examples show, in partic-
ular, that absolute continuity of GERBS alone does not imply existence of the
derivatives of GERBS in the knots tj , j = 1, . . . , n.

Another example which gives evidence of the same, but is interesting in itself
and has potential applications of its own, is the following one. Let us consider
again the conditions of Definition 3 in full generality, i.e., Fj in the notations
of Definition 3 and formula (3) is a general CDF, not necessarily absolutely
continuous. By Definition 3 and formula (3), construct the respective GERBS
family {Gj}.

Next, let us construct from Fj a new CDF, Φj, which is absolutely contin-
uous:

Φj(t) = Sj

t
∫

−∞

Fj(τ)(1 − Fj(τ))dτ, t ∈ R, (6)

where

Sj =





∞
∫

−∞

Fj(τ)(1 − Fj(τ))dτ





−1

=







tj
∫

tj−1

Fj(τ)(1 − Fj(τ))dτ







−1

. (7)

Now it is possible to construct a new GERBS family {Γj} over the same
knots, generated from the new family of absolutely continuous CDFs {Φj}. The
new family {Γj} is generally different from {Gj}, and Γj , j = 1, . . . , n, are all
absolutely continuous.
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5.4. Cm-Smooth GERBS, m ∈ N

For the Cm-smooth (i.e., the m times continuously differentiable) GERBS, m ∈
N, formulae (4, 5) hold with fj, fj+1 ∈ Cm−1(R), and these GERBS have some
new remarkable properties, as follows.

1.

G
(µ)
j =

µ
∑

ν=0

(

µ

ν

)

F
(ν)
j (1 − Fj+1)

(µ−ν) everywhere on R, (8)

where G
(µ)
j ∈ Cm−µ(R), µ = 1, . . . ,m.

2. In view of the existence and continuity of all derivatives G
(µ)
j (t) for every

t ∈ R, µ = 1, . . . ,m, the following property holds true:

G
(µ)
j (tk) = 0, k = 1, . . . , n, j = 1, . . . , n, µ = 1, . . . ,m, (9)

which follows easily from the fact that the left-hand derivativesG
(µ)
j (tj−1−)

at the left endpoint of [tj−1, tj ] and the right-hand derivatives G
(µ)
j (tj+)

at the right endpoint of [tj−1, tj ] of order µ = 1, . . . ,m are all equal to
zero and, in view of the Cm-smoothness, all of the respective quantities

G
(µ)
j (tj−1+), G

(µ)
j (tj−1) and G

(µ)
j (tj−), G

(µ)
j (tj) exist and are equal to 0;

for the knots tk, k 6= j, the proof is much simpler.

3. More generally, assume that Fj ∈ Cmj , mj ∈ N, j = 1, . . . , n and
for every j = 1, . . . , n define µj ∈ N, as follows: µj = min{mj ,mj+1}
(with obvious modification for j = 1, n). Then, (9) holds in the following
more general form, which guarantees only uniform Cm-smoothness of the
GERBS for

m = min{m1, . . . ,mn} = min{µ1, . . . , µn} (10)

but locally at every knot

G
(µ)
j (tk) = 0, j = 1, . . . , n, µ = 1, . . . , µk, k = 1, . . . , n. (11)

For this type of GERBS the Lagrange interpolation via formula (2) gen-
eralizes and upgrades to Hermite interpolation up to order µj − 1 at the
knot tj , j = 1, . . . , n, via the following.

P (t) =
n

∑

k=1

Pk(t)Gk(t), t ∈ R, (12)
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where Pk(t) is the Taylor polynomial in powers of t− tj of degree µj − 1:

Pk(t) =

µk−1
∑

j=0

Pjk

(t− tk)
j

j!
t ∈ R, (13)

and where

Pjk = P (j)(tk), j = 0, . . . , µk − 1, k = 1, . . . , n. (14)

The graph of the resulting curve is already both Cm-smooth and Gm-smooth,
where the order of smoothness is given in (10).

Remark 2. Note the remarkable fact that for GERBS which are C1-
smooth, the hierarchy of the concepts of G-smoothness and C-smoothness be-
comes reversed compared to their usual hierarchy in computer-aided geometric
design: while, say, for polynomial B-splines G-smoothness of a certain order
is a more general concept than C-smoothness of the same order, in the case
of GERBS we have the remarkable fact that the order of level of general-
ity between these two concepts is reversed. This is due to the fact that
C1-smooth GERBS are NOT regular at the knots.

Remark 3. Another remarkable fact is that the procedure described via
(6, 7) can be reiterated. Considering the procedure, as described in (6, 7), to
be the first iteration, the result on the second iteration will generate a GERBS
family with a.e. existing and absolutely continuous second derivative, i.e., this
will be a C1-smooth GERBS family over the same knot-vector. Continuing like
this, after the ν-th iteration, ν ∈ N, a Cν−1-smooth GERBS family with a.e.
existing and absolutely continuous ν-th derivative will be generated over the
same knot-vector. (In fact, the ν-th derivative will have even better properties:
it will have bounded Jordan variation.)

Some examples of Cm-smooth GERBS, m ∈ N, follow, including also case 3
of the last list (non-uniform index µj of smoothness in (tj−1, tj+1)), see Sections
5.4.1, 5.4.2.

5.4.1. C1-Smooth Absolutely Continuous GERBS, and Increase of
the Smoothness to Cm, m = 2, 3, . . .

Given is the strictly increasing knot vector {tk}
n+1
k=0 , tk ∈ R for k = 0, 1, 2, ..., n+

1.

Definition 4. An absolutely continuous GERBS Gk(t), associated with
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three strictly increasing knots tk−1, tk and tk+1, is defined (see Section 5.3) by

Gk(t) =



















































Sk

t
∫

tk−1

ψk(s)ds, if t ∈ (tk−1, tk],

Sk+1

tk+1
∫

t

ψk+1(s)ds, if t ∈ (tk, tk+1),

0, otherwise,

(15)

with

Sk =







tk
∫

tk−1

ψk(t)dt







−1

, (16)

where ψk is defined Lebesgue–a.e. on (−∞,∞) and supp ψk ⊂ [tk−1, tk], with

ψk ∈ L1(R) ∩ L1[tk−1, tk].

For the absolutely continuous GERBS Gk to belong to C1, k = 1, 2, ..., n,
ψk(t), k = 1, 2, ..., n + 1, must have the following additional property:

ψk is continuous everywhere on R. (17)

In particular, this implies,

1. ψk is continuous on (tk−1, tk) and ψk(t) > 0 on a subinterval of (tk−1, tk)
with positive length;

2. ψk is continuous at tk−1 and tk;

3. lim
t→tk−1+

ψk(t) = lim
t→tk−

ψk(t) = 0;

4. ψk(t) = 0 ∀t ∈ (−∞, tk−1] ∪ [tk,+∞).

Remark 4. Of main interest is the case when ψk is not only continuous,
but also has some additional smoothness and property (17), together with the
implied properties 1–4, holds not only for ψk but also for derivatives of ψk up
to certain order. See Figure 5 for a Cm-smooth GERBS where m is high: this
results in very flat graph of the GERBS and its first derivative near the knots;
compare with the second graph (from the left) on Figure 7 which is only C1-
smooth (in the latter case, notice also the complete absence of flatness around
the central knot tk of the first derivative of the GERBS).
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t k-1 k+1t tk

Figure 5: A graph of an example of an absolutely continuous GERBS
basis function Gk(t) (solid red) with considerable additional smoothness
of its first derivative (dotted red). The knots tk−1, tk and tk+1 are also
marked on the plot. The flatness of the graph and its first derivative
around the knots is controlled by its smoothness.

5.4.2. Euler Beta Function B-Splines

Euler Beta-function B-splines (BFBS or EBFBS) are an important example of
the GERBS considered in Section 5.4.1 and satisfying (15, 16, 17) (see Figure
6).

ERBS (see [6] and Section 2.2 here) also satisfy the minimal conditions (15,
16, 17) for smoothness but in this ’super B-spline’ case ψk ∈ C∞. This is
because the derivative ψk of an ERBS between the consecutive knots tj , tj+1 :
tj < tj+1 of a strictly increasing knot-vector is either identically zero (for j 6= k)
or (for j = k) it is an expo-rational function (i.e., a function which is the
exponent of a rational function taking negative values for t : tk < t < tk+1 and
having poles at tk and tk+1). The computation of the integral in the definition
of ERBS is by fast-converging numerical quadratures.

BFBS are an instance of GERBS where some tradeoff has been made be-
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Figure 6: A graph of an Euler Beta-function B-spline basis function
Gk(t) (solid green) and its first derivative (dotted green). The knots
tk−1, tk and tk+1 are also marked on the plot. This graph is not so flat
around the knots as that of an ERBS (see Figure 4), relevant to the
lower order of smoothness of the former.

tween the properties and the ease of computation. In the case of BFBS, the
expo-rational ψk in the definition of the derivative of ERBS is replaced by a
Bernstein polynomial rescaled to the interval [tk, tk+1] (see Figure 7). Thus,
between the knots a BFBS is a piecewise polynomial function which can be
computed exactly without using numerical integration.

While multiplying ERBS with a Taylor series in powers of t − tk of an
analytic function makes sense and has the effect of transfinite Hermite interpo-
lation (cf. [6, formula (50)]), the same can be done with the BFBS only with a
Taylor polynomial of degree not exceeding the multiplicity of tk as a zero of the
respective Bernstein polynomial (see (12, 13, 14) and Figure 7). What is lost in
the range of this important property is compensated in the ease of computation
of the BFBS which is piecewise polynomial.

The name of Euler Beta-function B-splines comes from the relevance of
BFBS as special functions to the incomplete Euler Beta function.
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Figure 7: ERBS (leftmost, in blue) and C1-, C2-, C3-smooth Euler
Beta-function B-splines (EBFBS) (in green). The Euler Beta-function
B-splines given in Figure 6 is the rightmost in Figure 7. It is seen how
increasing of the order of smoothness of the EBFBS results in increasing
the flatness around the knots of the B-spline and its derivative(s). The
ERBS is C∞-smooth and, respectively, much flatter around the knots
than any of the EBFBS. At the same time, the ’peak’ of the ERBS
is better localized than the ’peak’ of a smooth EBFBS (compare the
ERBS on the leftmost picture with the EBFBS on the rightmost pic-
ture) because graphs of exponential functions can ’bend’ much faster
than graphs of polynomial ones.

The Hermite interpolation property of (12–14) extends from parametric
curves using Taylor-polynomial local curves to parametric tensor-product sur-
faces using Taylor-polynomial tensor-product local patches. This makes BFBS
very easy and convenient to use in geometric modelling (see example in Figure
8: the surface in the figure is an Hermite interpolation of a Klein’s Bottle at
12 × 12 points.

A new and promising feature of the new type of B-splines is the affine trans-
formation of local functions (curve arcs, surface patches, etc.). This provides a
convenient framework of using BFBS both for geometric design using Bezier-
type techniques and for simulations using finite/boundary element analysis. In
Figure 9 is given an example of geometric modelling and editing. The surface
is a tensor product Euler Beta-function B-spline surface, made by first interpo-
lating a given surface with parametrization which is not algebraic polynomial
(the Sin surface). Then the surface is edited to new geometric shape. For this
purpose, an affine transformation of the local tensor-product patches has been
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Figure 8: This tensor product Euler Beta-function B-spline surface
is made by Hermite interpolation of an appropriate ”Klein’s Bottle”
parametrization at 12 × 12 points. The positions of the interpolating
points are seen as blue cubes.

made by converting the shifted monomial bases appearing in the local Taylor
polynomial tensor-product patches to respectively shifted and scaled Bernstein
polynomial bases. The small cubes, which can be seen in Figure 9, are the 3D
locations of the resulting Bezier coefficients (points in 3D) of the local tensor-
product patches which can be used (by ’clicking’ on them on the screen while
applying rigid transformations (shifts and rotations) on the whole surface) as
Bezier-type editing points which are used for affine transformation of individ-
ual local tensor-product patches, thereby geometrically editing the shape of the
entire surface.

5.5. Infinitely Smooth GERBS

In this case, the CDFs Fj in Definition 3, formula (3) and Section 5.4 are
infinitely smooth; the same refers to the densities ψj : Fj ∈ C∞(R), ψj ∈
C∞(R), j = 1, . . . , n+ 1. The following property of Fj , ψj , j = 1, . . . , n+ 1,
needs to be noted:

Property (*): At the knots tj−1, tj forming the boundary of the sup-
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Figure 9: The tensor-product Euler Beta-function B-spline (EBFBS)
surface on the left-hand side of the figure is made by first Hermite-
interpolating of a non-algebraic surface (Sin surface) at 5 × 5 interpo-
lating points (the positions of the interpolating points are seen as small
cubes); next, the local Taylor monomial bases of the tensor-product
patch centered at every knot are converted to respective Bernstein bases
rescaled on the support of the one and only EBFBS basis function at-
taining its maximum at that knot; finally, the surface is edited by mov-
ing its Bezier control polygon (three of the cubes are moved ’out’ from
the center of the surface, so the surface obtains the shape given on the
right-hand side of the figure).

port of Fj , ψj each of Fj , ψj is C∞-smooth but not analytic, i.e., the
Taylor series expansion of these functions in powers of t− tj−1 in a
neighbourhood of tj−1, and in powers of t− tj in a neighbourhood of
tj, respectively, is not convergent.

This property is inherited also by the respective GERBS Gj in the
three knots tj−1, tj, tj+1 belonging to supp Gj.

This property is of key importance for the construction of C∞-smooth
GERBS, for the following reason. A C∞-smooth GERBS is analytic for all
t ∈ R, t 6= tj−1, tj, tj+1. If Gj was analytic on the boundary of its support
(tj−1 and/or tj+1), then it would be possible to extend Gj by 0 in the
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interior of its support, which is contradiction. With a little modification,
the same argument can be extended also to the ’interior’ knot tj : in this case,
the same argument can be applied to G′

j . The importance of this argument in-
creases in the multivariate case, since the boundary of the support of a GERBS
will consist entirely of points where the GERBS is C∞-smooth, but not analytic.
This property is key for order- and shape-preserving approximation. For
example, using an ERBS-based Hermite interpolant on a scattered-point set can
ensure positivity, monotonicity, etc., preservation by this interpolant, while in
general an analogous Hermite polynomial-based interpolant must fail to pre-
serve order constraints, because the polynomial analogues of the GERBS
basis functions are entire analytic functions (recall that such functions can
be bounded if, and only if, they are constants).

The typical representatives of C∞-smooth GERBS are ERBS [6], and they
exhibit all of the above-said ’superproperties’.

One final comment here addresses the question about the admissible clas-
ses of functions which can be used as local functional coefficients in
the ERBS-based [6, formula (50)]). For example, admissible are all ana-
lytic functions in (tj−1, tj+1), expanded in Taylor series in powers of t− tj, but
they by far do not exhaust all the possible functions that can be used as lo-
cal functional coefficients in [6, formula (50)]). Other function families consist
of Hermite-interpolating trigonometric polynomials, combination of algebraic
polynomials, trigonometric polynomials and linear combinations of exponential
(expo-affine) functions (which, altogether, constitute (in the univariate case) all
possible solutions of linear ODEs with constant coefficients), rational functions
with poles on, or out of, the boundary of supp Gj , and other, more general
classes. For every j = 1, . . . , n it is possible to identify the exact maximal class
of functions which can serve as a local functional coefficient multiplying Gj ,
as in the following outline. An expo-rational density ψj can be mapped by
rational transformation of its argument to a function from the Schwartz
class S(R) (for example, the expo-rational function corresponding to the de-
fault set of the intrinsic parameters (see [6]) can be mapped to the standard
Gaussian exp[−(•)2/2]). The maximal class of C∞-smooth multipliers on S(R)
is well known: this is the space of moderately increasing distributions
(see, e.g. [1]). The respective maximal class of functional coefficients of the
ERBS in one of its two intervals of monotonicity will be the image of the space
of moderate distributions under the action of the inverse rational transfor-
mation of the argument. This procedure has to be repeated for the other
interval of monotonicity of the ERBS. The resulting two maximal classes are
the maximal ranges of ’the left-hand’ and ’the right-hand’ part of the functional
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coefficient (i.e., on (tj−1, tj) and (tj , tj+1), respectively). The local coefficient
function for the j-th ERBS will be obtained by selecting one function from
each of the ’left’ and ’right’ class. This includes also cases of discontinuity
of the local coefficient function on (tj−1, tj+1) at tj, an eventual disconti-
nuity of the local coefficient function at tj being interpreted as coalescing of
two adjacent knots in the knot vector, thus covering also the case of
non-strictly increasing knot vector.

6. Concluding Remarks

The classical polynomial B-spline theory does not allow usage of non-regular
curves in the interpolation process. The graphs of polynomial B-splines are
curves which are either regular everywhere (the tangential vector exists and
is not zero) or there are points on the curve (corresponding to values of the
parameter at a knot) where the tangential vector does not exist. In this setting,
G-regularity is a more general concept than C-regularity.

The C1-smooth GERBS approach turns that question around. The new
B-splines propose a smooth reparametrization of the piecewise affine B-splines,
which guarantees the existence of tangential vector everywhere on the curve,
but this tangential vector is zero at the knots, i.e., the curve with constant coef-
ficients (2) is not regular at the knots. However, when the constant coefficients
(corresponding to Lagrange interpolation at the knots) get upgraded to Taylor
polynomial coefficients (corresponding to Hermite interpolation at the knots)
and when the interpolated curve is regular at every knot, then so becomes also
its GERBS Hermite interpolant (12). Thus, in the new setting of C1-smooth
GERBS allowing absence of regularity at the knots, C-regularity becomes, in a
way, a more general concept than G-regularity.

Here we considered only examples of parametric curves and tensor-product
surfaces (a first announcement of related results was made in [8]), but the great-
est new impact of the GERBS approach is in the most difficult part of Computer
Aided Geometric Design (CAGD) and finite element analysis (FEA): it provides
a simple and very general technique for generation of smooth convex partitions
of unity which works in fairly uniform way for mesh-free data, on triangulations
and for more general domain partitions in the multivariate/multidimensional
case. (This was the main part of the new results announced in [5].)

At the Seventh International Conference on Mathematical Methods for
Curves and Surfaces in Tønsberg, Norway, in June 2008, at the lecture of



868 L.T. Dechevsky, B. Bang, A. Laks̊a

Thomas J.R. Hughes, on which the authors were also present, Tom Hughes
informed the geometric modelling community of the world of his vision of a
united approach to geometric modelling in CAGD and FEA in the modelling
and simulation via boundary-value problems for PDEs. The main common tool
which Tom Hughes proposed was the current industrial standard in CAGD:
Non-Uniform Rational B-splines (NURBS), and the NURBS-based methods
proposed by him gave the start of Isogeometric Analysis. It was rather sym-
bolic that this happened at the same conference where, on the next day, the
first communication [5] on the topic of Generalized Expo-rational B-splines
(GERBS) was given, with Tom Hughes being in the audience. What seemed to
impress the audience most, was the possibility to easily construct GERBS-based
smooth convex partitions of unity on triangulations, where each GERBS had
the support of the usual piecewise linear/affine B-spline (i.e., the star-1 neigh-
bourhood of ’its’ vertex in the triangulation) while at the same time GERBS
was smooth, and multiplication of each GERBS with a coefficient which was
not constant, but a Taylor polynomial ’around the vertex of the GERBS’ im-
mediately implied Hermite interpolation at this vertex of all derivatives present
in the Taylor polynomial. The conversion to ’Bezier form’ was also done effort-
lessly by simply changing the monomial basis in the Taylor polynomial around
each vertex with respective tensor-product Bernstein basis; moreover, this con-
version was done independently for every vertex in the triangulation, i.e., the
procedure was readily parallelized.

After the presentation of [5] at this conference there was a lot of inter-
est in the multivariate constructions based on GERBS, but the author of [5]
requested (at least) one year more to work on the development of the the-
ory before starting to publish relevant results. The present paper is the first
publication in this direction. Summarizing its conclusions, it is our opinion
that GERBS and their rational forms, Non-Uniform Rational Gen-
eralized Expo-Rational B-splines (NURGERBS)1 vastly outperform
polynomial B-splines and their rational forms NURBS as a potential
universal tool of Isogeometric Analysis.

In line with the afore-mentioned, the present paper is the first in a sequence
of publications dedicated to the theory and applications of GERBS.

1In the case of ERBS, the respective rational forms have been termed NUERBS [7].
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