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Abstract: A stochastic model for the description of the classification problem is presented. Statistically motivated supervised and unsupervised training
schemes for classifiers are considered; the resulting classifiers turn out to be
asymptotically optimal. The rates of convergence of probability of successful
classification to optimality are studied in a computer experiment. The supervised training scheme entails a sequence of classifiers whose quality converges
faster to optimality than that in the unsupervised case.
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1. Introduction
Learning to classify is an ubiquitous process which can be modelled stochastically. The aim of this learning process can be formalized as the establishment
of a good classifier whose quality is measured by the probability of successful
guess.
A natural training scheme for a classifier is based on the statistical exploration of the mechanism generating the observations (measurements) as basis
for classification; the so trained classifier imitates the optimal one as far as it
is possible with the gained statistical information.
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The aim of the present contribution is the exemplification of a comparative
evaluation of supervised/unsupervised training schemes for classifiers requiring
the consideration of rates of convergence to optimality.
The paper is organized as follows. In Section 2 a stochastic model formalizing the classification problem is introduced; two training schemes for classifiers
are motivated and described based on the introduced stochastic model. In Section 3 we specify a classification model and describe an evaluation strategy for
the supervised/unsupervised training schemes introduced in Section 2. The role
of the EM algorithm in unsupervised training is also pointed out. In Section 4
we describe and report a computer experiment yielding the rates of convergence
of the quality of trained classifiers to optimality for increasing training sample
size.

2. The Classification Problem
Let (X, F) be a measurable space. For j = 0, 1 let Qj be a probability measure
on (X, F) with density function fj : X → R+ w.r.t. a σ-finite measure µ.
We consider the following two-steps classification model:

Step 1. A non-observable class J ∈ {0, 1} is generated where
Prob(J = 1) = 1 − Prob(J = 0) =: q ∈ (0, 1).

Step 2. An observable measurement x ∈ X is generated according to QJ .

The classification task is now to guess J. A classifier is a measurable function c : X → {0, 1} with the interpretation that class c(x) ∈ {0, 1} is guessed if
x is observed in Step 2.
A natural quality criterion for classifiers c is the probability of successful
guess:
s(c) := (1 − q) · Q0 (c = 0) + q · Q1 (c = 1).

If the the stochastic mechanism generating observation x is completely known,
then the optimal (Bayesian) classifier cB : X → {0, 1} is given by
(
0 if (1 − q)f0 (x) ≥ qf1 (x),
cB (x) :=
1 otherwise.
In typical applications neither Q0 , Q1 nor q are known but the past experience is represented by a training sample (Ji , xi )N
i=1 generated according to the
introduced two-steps model.
A supervised training scheme for a classifier c(N ) is the estimation of fj
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(N )

by f j based on the data set {xi |Ji = j} for j = 0, 1; parameter q can be
estimated by
1
q (N ) :=
· #{i|Ji = 1}
N
where #S denotes the cardinality of set S.
The trained classifier c(N ) : X → {0, 1} is given by
(
(N )
0 if
(1 − q (N ) )f 0 (x) ≥ q (N ) f 1 (x)
(N )
c (x) :=
1 otherwise.

(2.1)

Since variables Ji are observable in the training sample (Ji , xi )N
i=1 , we speak of
supervised training of classifier c(N ) .
Remark 2.1. Let us assume in an asymptotic set-up that the applied
estimators are strongly consistent:
Z
(N )
|f j − fj |dµ → 0
almost surely for N → ∞
(j = 0, 1),
(A1)
X

and
q (N ) → q

almost surely for N → ∞.

(A2)

It follows that the probability s(c(N ) ) of successful guess converges almost surely
to the optimal value s(cB ) for N → ∞. Moreover,
E(s(c(N ) )) → s(cB )

(2.2)

holds for N → ∞ where E denotes the expected value.

Let us now suppose that the training sample is given by (xi )N
i=1 where xi is
generated according to the mixture
(1 − q)Q0 + qQ1 .

(2.3)

Estimating f0 , f1 and q in this situation is called unsupervised training of classifier b
c(N ) : X → {0, 1} which is given by
(
(N )
(N )
0 if (1 − qb(N ) )fb0 ≥ qbfb1 (x),
(N )
(2.4)
b
c (x) :=
1 otherwise,
(N )

where fb0
(xi )N
i=1 .

(N )
, fb1 , qb(N ) are the corresponding estimators based on the sample

(N ) (N )
Analogously to Remark 2.1, if estimators fb0 , fb1 , qb(N ) are strongly consistent in the sense of (A1) and (A2), then

s(b
c(N ) ) → s(cB ) almost surely for N → ∞
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and
E(s(b
c(N ) )) → s(cB )

for N → ∞.

(2.5)

At first sight, it might be quite surprising that a consistent unsupervised estimation is possible at all; in Section 3 we consider, however, an example where it
really is if the class allowed for the (unknown) probability measures Q0 and Q1
is appropriately restricted. Note that strongly consistent estimation of densities
f0 , f1 is also possible in a nonparametric context (cf. [1] and [3]).

3. Two Training Schemes for Classifiers
Let us specify (X, F) := (R, B), where B denotes the Borel σ-field. Let us,
moreover, assume that
Qj = N (aj , 1)
N (a, σ 2 )

where
and a0 < a1 .

(j = 0, 1),

denotes the normal distribution with mean a and variance σ 2

We consider a training sample (Ji , xi )N
i=1 , where
1
(i = 1, . . . , N ).
Prob(Ji = 1) =: q =
2
Put
Nj := #{i|Ji = j}
and
aj :=

1 X
·
xi
Nj

(j = 0, 1)
(j = 0, 1).

Ji =j

A natural construction of a classifier c(N ) based on sample (Ji , xi )N
i=1 is given
in (2.1), where


1
1
(N )
2
f j (y) = √ · exp − (y − aj )
(j = 0, 1)
2
2π
and
N1
.
q (N ) :=
N
The probability s(c(N ) ) of successful guess can be determined numerically by
1-dimensional integration. Note that s(c(N ) ) is in some sense random because
it depends on the randomly generated training sample (Ji , xi )ni=1 ; the expected
value E(s(c(N ) )) can be interpreted as a characteristic number expressing the
efficiency of the described supervised training scheme yielding classifier c(N ) .
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For the construction of a classifier b
c(N ) based on sample (xi )N
i=1 (unsupervised case) we consider the family
gq,a0 ,a1 (x) =

N
Y
((1 − q)ϕa0 (xi ) + qϕa1 (xi ))
i=1

(a0 < a1 , q ∈ (0, 1))

(3.1)

of probability densities corresponding to the mixture model
⊗N
i=1 ((1 − q)N (a0 , 1) + qN (a1 , 1)),

where



1
1
2
ϕa (y) = √ · exp − (y − a)
2
2π
denotes the density of N (a, 1).

Let (b
q, b
a0 , b
a1 ) denote the maximum likelihood estimate of (q, a0 , a1 ) in the
model (3.1). This estimate can be efficiently computed by application of the
EM algorithm (cf. [2], p. 238). A natural classifier b
c(N ) based on (xi )N
i=1 is given
by (2.4), where
(N )
fb (y) = ϕba (y)
(j = 0, 1)
j

j

and

qb(N ) := qb.

Analogously to the supervised case, it is possible to determine s(b
c(N ) ) numerically by 1-dimensional integration. Again, the expectation E(s(b
c(N ) )) expresses
the quality of the unsupervised training scheme yielding classifier b
c(N ) .

Since all estimators involved in the construction of classifiers c(N ) and cb(N )
are consistent, we have
c(N ) )) = s(cB ),
lim E(s(c(N ) )) = lim E(s(b
N →∞

N →∞

(3.2)

where cB denotes the Bayesian classifier, cf. Remark 2.1.
In the sense of (3.2) both training schemes are asymptotically optimal; to
compare the quality of the supervised/unsupervised training schemes we have
to study the convergence rates in (3.2) which will be done in Section 4.

4. The Computer Experiment and its Outcome
We describe a long term computer experiment and report its outcome.
We consider the classification model specified in Section 3 where
a0 := 0

and

a1 := 1
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Figure 1: Convergence of the classifiers to optimality

are fixed. For a fixed training sample size N the following procedure is carried
out.
Step 1. Generate a supervised training sample (Ji , xi )N
i=1 of size N distributed according to the mixture
1
1
N (a0 , 1) + N (a1 , 1).
2
2
Step 2. Estimate aj by aj and q = 1/2 by q (N ) from the sample according
to Section 3.
Step 3. Construct classifier c(N ) and compute numerically probability s(c(N ) )
of successful guess.
Step 4. Forget the components Ji in the sample.
Step 5. Determine estimates b
aj and qb(N ) from the sample (xi )N
i=1 according
to Section 3.

Step 6. Construct classifier b
c(N ) and compute numerically probability s(b
c(N ) )
of successful guess.
Step 7. Repeat Steps 1–6 1000 times to estimate the expectations E(s(c(N ) ))
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and E(s(b
c(N ) )) by the averages of the probabilities of successful guess.
Step 8. Compute numerically s(cB ).
In the long term computer experiment Steps 1–8 have been repeated where
the sample size N has been varied.
In Figure 1 the horizontal axis corresponds to the sample size N and the vertical axis to s(cB ) minus expected probability of successful guess. The diamonds
and triangles represent the supervised and unsupervised training scheme, respectively. The logarithmic plots presented in Figure 1 confirm the convergence
of the quality of the trained classifiers to optimality in the sense of (3.2). Figure 1 also reveals the fact that the convergence to optimality for the supervised
training scheme is faster than for the unsupervised one.
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