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Abstract: Two-dimensional system of heat and diffusion equations is con-
sidered. For the polynomial reaction-rate function the exact solutions of the
system are constructed. A linear relation between these solutions and the ma-
trix solutions of the nonlinear wave equations is determined. The petalled forms
of composition of combustion waves are described and their graphic represen-
tations are given. The spiral form of solutions for particular case of the system
is defined.
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1. Introduction

The establishing of linear relation between solutions of wave equations and
solutions of heat and diffusion equations is the starting point of the present
consideration. This relation of the form u = 2w − 1 gives a wide possibilities
to use rotational properties of matrix solutions of nonlinear and linear wave
equations for graphic representation of combustion waves. The more interesting
examples of this representation are the petalled forms of combustion waves with
skilful chosen parameters. One of the infinitely many petalled forms is given
on the Figure 1 with parameters 1,-5,7, explained below.

Received: January 12, 2010 c© 2010 Academic Publications



308 V.V. Gudkov

Figure 1: Composition of three solutions u1 with turns 1,-5,7

This form represents composition of three wave traces imposed one upon
another with period 2π in the complex plane. In other words this petalled form,
as many others, looks as constant object whose petals are independent on time
and, hence, can be associated with a standing wave. That gives an additional
reason to say about matrix solutions of wave equations as an effective tool for
mathematical modeling.

The paper is arranged in the following way. In Section 2 we describe a
model system of heat and diffusion equations and define its solutions. Matrix
solutions of the nonlinear and linear wave equations are constructed in Section
3. In Section 4 many-dimensional solutions of model system of heat and diffu-
sion equations are constructed and the basic relation between these solutions
and matrix solutions of nonlinear wave equation is established. In the final
Section 5 a procedure of reduction and composition of solutions is described
with corresponding graphic representation.
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2. Heat and Diffusion Equations

The complete system of combustion equations was reduced in the book of
Zel’dovich et al [8] to the two-component system of heat and diffusion equations,
provided similarity of the reactant concentration and temperature distributions.
The resulting two-component system looks as follows:

ρcTt = (λTx)x + θ0W (q, T ), ρqt = (ρDqx)x − W (q, T ), (1)

where T is temperature, q is the reactant concentration, λ is thermal conduc-
tivity, c is specific heat, ρ is density, and θ0 is the heat of reaction.

In the moving frame of reference, z = x − vt, the above equations are
supplemented by the boundary condition

q = q0, T = T0, z = −∞; q = 0, T = T+ > T0, z = +∞.

Typically, the function W (q, T ) has the polynomial form. The system is
simplified even more if the analysis is restricted to the mean values of λ, ρ, c
and the coefficients of diffusion and thermal diffusitivities are assumed to be
equal: D = λ/(cρ). In our paper [3] the above system in the dimensionless
variables are reduced to the following form:

Lq = −F (q, T ), L ≡ −v
d

dz
− D

d2

dt2
, (2)

LT =
θ0q0

c(T+ − T0)
F (q, T ), F =

W

ρq0

(3)

and the boundary condition is reduced to

q = 1, T = 0, z = −∞; q = 0, T = 1, z = +∞. (4)

Eliminating F from equations (2), (3), and using (4) we find

T (z) = 1 − q(z), θ0q0 = c(T+ − T0).

Relation T = 1 − q shows that it is sufficient to consider one equation, for
example, LT = F (1− T, T ). For polynomial function F (see [3]) this equation,
being represented in the form

LT = −AT (Tm − 1)(Tm − B), A > 0, −∞ < B < ∞, (5)

has exact solution

T = pν(βz), q = 1 − pν(βz), p(z) = (1 + exp(z))−1, ν = 1/m, (6)

where β depends from A,D, v and p(z) is a kink-function. Thus, model equa-
tions of combustion waves have a traveling wave solution in the form of kink-
function, which implies that profile T (z) moves with constant velocity along
z-axis, but the profile q(z) recedes with the same velocity in the same direc-
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Figure 2: Composition of solutions u1 with turns 1,-25,27

tion.

The analogous behavior is typical for combustion waves and many inves-
tigations are usually focussed on concrete combustion regimes. For example,
Gubernov et al [2] undertake an analytical and numerical investigations of the
linear stability and properties of traveling non-adiabatic combustion waves.
Smolyakov [7] studies stationary combustion regimes with a phase transition.
Babkin et al [1] consider the problem of energy concentration in combustion
waves and show that the existence of some flames such as cellular and spin
itself is due to an excess energy.

In [3] we have constructed real solution (6) of equation (5). In the present
paper we are abstracting from the concrete combustion regimes and are trying to
consider combustion waves in more wide spaces. In Section 4 will be constructed
many-dimensional solutions of equation (5) in the same way as matrix solutions
of nonlinear wave equations are constructed in our paper [4]. Now it is time
to give one more petalled form. On Figure 2 is represented composition of
solutions u1 = 2w1 − 1 for parameters 1,-25,27.
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3. Klein-Gordon Equation

Consider the Klein-Gordon (KG) nonlinear wave equation [4], written in the
natural system of units ~ = c = 1

∂2u

∂t2
− ∆u +

dQ

du
= 0, Q(u) =

µ2

4
(u2 − 1)2. (7)

The corresponding sequence of matrix solutions un (n = 2k, k = 1, 2, . . .) for
KG-equation is constructed as follows

un(Φ,a) = cos(Φ)En + a sin(Φ) = exp(Φa), (8)

a =

2k+1
∑

j=1

ajMj ,

2k+1
∑

j=1

a2
j = 1. (9)

The spectrum of values of angular parameter is given by the formula:

Φ = φ + mπ, φ = arccot(− sinh(αz)), α = µ
√

2/(1 − v2), (10)

where m is an arbitrary integer, z = x−vt is the moving frame of reference, x is
an arbitrary point along the chosen radial direction in 3D-space of coordinates
x1, x2, x3. Note that the angular parameter φ behaves as a kink-function in the
region −∞ ≤ z ≤ ∞, so that φ defines the initial layer 0 ≤ φ ≤ π. Angular
parameter Φ = φ + mπ defines the m-layer and maps 3D+1-space into this
layer.

Other Notation. En is the unit n × n-matrix, matrices Mj are unitary,
MjM

∗

j = En (∗ means transposition and conjugation), anti-Hermitian, M∗

j =
−Mj, anti-commuting and linearly independent n × n-matrices.

Remind the construction of 2k + 1 anti-commuting matrices Mj(n) ≡ Mj

given in our paper [6] for the case of the order n = 2k (k = 1, 2, . . .).

Definition 1. For k = 1 let us define Mj(2) = Hj (j = 1, 2, 3), where Hj

are unit quaternions

H1 =

(

0 i
i 0

)

, H2 =

(

0 −1
1 0

)

, H3 =

(

i 0
0 −i

)

,

and for k = 2, 3, . . . let us define

Mj(n) =

(

Mj(n/2) 0
0 M∗

j (n/2)

)

, j = 1, 2, . . . , 2k − 1,

M2k(n) =

(

0 −En/2

En/2 0

)

, M2k+1(n) =

(

0 iEn/2

iEn/2 0

)

.

It can be easily derived by mathematical induction that these matrices are



312 V.V. Gudkov

unitary, anti-Hermitian, anti-commuting, and linearly independent. Matrices
Mj(n) of arbitrary even and odd order n are constructed in [5] in the form of
diagonal block matrices. Due to the specific diagonal form of matrices Mj it
is easy to accomplish a reduction or contraction of matrix un to matrix un/2

and further till complex solution u1. This procedure, described in detail in our
paper [6], gives a good reason to study the behavior of solutions on the complex
plane. A reduction, or better to say contraction, contracts space V (n) of un-
definition to space V (n/2) of un/2-definition with simultaneous composing the
dimensions. Indeed, reduction un(φ) → un/2(2φ) means contraction of diagonal
matrix un of the order n×n to more compact matrix un/2 of the order n/2×n/2
with angular parameter in the later matrix two times larger than in the former
one.

For a linear wave equation the angular parameter is a linear function, for
example, argument φ = αz is one and the same both in solution un(φ,a) of
KG-equation with potential Q0 = −µ2u2 + Const and in solution un(mφ,a)
of KG-equation with potential Q0m = −m2µ2u2 + Const. Therefore only one
layer −∞ < φ > ∞ exists in the linear case.

4. Basic Relation

The model system of heat and diffusion equations is reduced in Section 2 to
equation (5). Let us consider the particular case of equation (5) in the form

LT = −AT (T − 1)(T − B), A > 0, −∞ < B < ∞. (11)

To construct many-dimensional solution of this equation we first of all remind
the properties of many-dimensional vector a. It follows from (9) that unit
vector a is expanded in anti-commuting basis and the main properties of anti-
commuting basis elements are M2

j = −En. This is the basic property, which
allows us to operate with a as with usual imaginary unit. To simplify the
construction we give some necessary formulas. It follows from the definition of
kink-function p(z) = (1 + exp(z))−1 that

p(2z) = (1 − tanh(z))/2, p2(2z) − p(2z) = − sech2(z)/4, p′ = p(p − 1). (12)

Theorem 1. Many-dimensional function

wn(βz) = p(2βz)En + a sech(βz)/2, β = (A/2D)1/2,

satisfies equation (11) provided z = x − vt and v = Dβ(1 − 2B).
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Proof. Let us prove that function wn(βz) satisfies the so-called logistic
equation w′

n = βwn(wn − 1), where ′ = d/dz. According to the equalities

p′(2βz) = 2βp(2βz)(p(2βz) − 1), sech′(βz) = −β sech(βz) tanh(βz)

we find

w′

n = 2β(p2(2βz) − p(2βz))En − aβ sech(βz) tanh(βz)/2.

On the other hand

βwn(wn − 1) = −En sech2(βz)/2 − aβ sech(βz) tanh(βz)/2.

Taking into account the equality p2(2βz) − p(2βz) = − sech2(βz)/4 we really
verify that function wn satisfies the equation w′

n = βwn(wn − 1).

Now, by substituting function wn in the left side of equation (11) we find

−vw′

n − Dw′′

n = −vβwn(wn − 1) − D(β)2wn(wn − 1)(2wn − 1).

Further, if we substitute wn in the right hand side of (11) and cancel both sides
of equation on value wn(wn − 1) then we find an equality

vβ + Dβ2(2wn − 1) = A(wn − B),

which is valid for A = 2Dβ2 and v = Dβ(1 − 2B). The theorem is proved.

Thus we have proved that equation (11) has many-dimensional solution
Tn = wn, and hence, qn = 1 − wn. It follows from definition (10) of angular
parameter φ = φ(αz) that

cos(φ) = − tanh(αz), sin(φ) = sech(αz).

Thus, assuming β = α, provided corresponding choice of parameters, we find
the following relation

2wn(φ) − En = cos(φ)En + a sin(φ) = un(φ). (13)

This is the basic relation between many-dimensional solutions of equation (11)
and KG-equation. The relation (13) leads to equality wn = (un + En)/2 and
allows us to define solutions qn and Tn in the form: Tn = (un + En)/2 and
qn = (En − un)/2.

In the common case β = γα, where γ > 0. For the validity of the relation
(13) in this case it is sufficient to take φ = φ(βz) and β = γµ(2/(1 − v2))1/2.
In other words we should consider the equation (7) with changed potential Q,
namely, we should replace parameter µ on parameter γµ. It means that we
always can choose the parameters to obtain equality β = α and, hence, can
always use relation (13) in our consideration.

Note, that nonlinear equation (11) is a particular case of essentially more
nonlinear equation (5), which has real solution T = pν(βz). Let us show that
equation (5) has also many-dimensional solution.
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Theorem 2. Many-dimensional function wν
n(βz) for ν = 1/m satisfies

equation (5), provided β = (A/(Dν(ν + 1)))1/2 and v = Dβ(ν − (ν + 1)B).

Proof. If we substitute function wν
n(βz) in the left hand side of equation

(5) and simplify the expressions then we find

Lwν
n = −νβwν

n(wn − 1)(v + Dβ(wn(ν + 1) − ν)).

Substituting wν
n in the right side of equation (5) and taking into account ν =

1/m we find an expression −Awν
n(wn − 1)(wn − B). Comparing it with Lwν

n

gives an equality

νβ(v + Dβ(wn(ν + 1) − ν)) = A(wn − B),

which is valid for β = (A/(Dν(ν + 1)))1/2 and v = Dβ(ν − (ν + 1)B). The
theorem is proved.

Note that if we replace m on ν in the right part of equation (5), i.e. consider
function F in the form −AT (T ν −1)(T ν −B), then we obtain solutions pm and
wm

n . Indeed, the proof of Theorem 2 is valid independently on assumption what
value m or ν is positive integer. Let us consider particular case of solution wm

n

for n = 1. According to relation w1 = (u1 +1)/2 and u1 = exp(iφ) after raising
in the power m we find wm

1 = exp(imφ/2) cosm(φ/2). Due to 0 ≤ φ/2 ≤ π/2
an amplitude cosm(φ/2) tends to zero when φ → π and, hence, solution wm

1

describes a contracting spiral.

5. Composition of Solutions

Let us describe a procedure of composition of solutions, which leads to Figure
1 and Figure 2. First of all we reduce many-dimensional solution by sequential
steps of contracting to complex solution. Then we compose two or three solu-
tions in the complex plane in such a way that each next solution runs along
the previous one. More precisely, complex solution u1(nφ) accomplishes a cer-
tain rotation and number of turns is equal to n/2. Namely these numbers of
turns appear in titles of figures. Now we represent on Figure 3 a composition
of two complex solutions with one and forty turns. This composition gives two-
dimensional image of torus. There are infinitely many possibilities to obtain
amazing number of images by varying the solutions and its angular parameter.

Let us give a theoretical ground for our construction of images using com-
position of simultaneous rotations.

Theorem 3. The rotations, described by matrix solutions, can be mapped
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Figure 3: Toroidal image of two solutions with turns 1 and 40

to complex plane sequentially by the following chain of reduction

un(Φ,a) → un/2(2Φ,a) → . . . u2(Φn/2,a) → u1(nΦ),

using the corresponding transformation of reduction on each step.

Proof. First of all we remind the basic properties of matrix solutions

u∗

n(Φ,a) = un(−Φ,a) = u−1
n (Φ,a), u2

n(Φ,a) = un(2Φ,a),

where a2 = −En. Then, as follows from the theorem of composition and de-
composition of simultaneous rotations [5], the composition of two simultaneous
rotations in one and the same sphere gives one whole rotation. This statement,
using the symbol ⊗ for operation of composition, in the particular case leads
to the equality

un/2(2Φ,a) ⊗ un/2(−Φ,a) = un/2(Φ,a),

which can be rewritten in the form

un/2(2Φ,a) = un/2(Φ,a)/u∗

n/2
(Φ,a)

and used for the definition of the transformation of reduction

un(Φ,a) → un/2(Φ,a)/u∗

n/2
(Φ,a) = un/2(2Φ,a).

Applying this transformation sequentially, we obtain the required chain of re-
duction. The theorem is proved.
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