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Abstract: A simple model of genetic algorithm convergence is presented.
An “ideal” iteration may be specified, in terms of a random variable for the
weight distribution. The behavior of an “actual” iteration may in some cases
be sufficiently close to the ideal behavior that useful quantitative information
is obtained. In any case, a useful framework for analyzing a genetic algoritm is
provided.
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1. Introduction
Genetic algorithms are acknowledged to be a useful optimization method; [6]
contains a list of over 50 application areas. Various theoretical frameworks have
been devised for analyzing their behavior (see [2], [3]), [7] has a discussion of
two well-known frameworks, schema and Markov chains. Here a new framework
will be presented. Related results may be found in [5]. Although this framework
is appearing here for the first time, it was originally considered by the author
in 1995.
A discussion of GAs (genetic algorithms) will be omitted here, since many
such are readily available; rather the specific algorithms under consideration
will be presented without discussion. The following will be assumed.
— The alphabet is {0, 1}.
Received:

January 28, 2010

c 2010 Academic Publications

242

M. Dowd
— The string length is l.
— The population size is s.

— The weight, or fitness, function (denoted w) is assumed to take values
from a finite range of nonnegative integers.
— The proportional selection and mutation operations are considered.

2. Ideal Proportional Selection
In an ideal GA, the weight is a random variable, which evolves with time. Let
Wt denote it at generation t, where t = 0 for the initial generation.
Consider first a GA with proportional selection only. In an actual GA, for
a given string x, the number of copies of
Px at time t + 1 equals the number at
time t, times (w(x)/W )s where W = x w(x). Also, W is approximately s
times the mean weight at generation t. Letting Pt (w) denote P {Wt = w}, the
recursion
X
wPt (w)
(1)
Pt+1 (w) = wPt (w)/
w

may be assumed to hold.
Theorem 1.

Pt (w) = wt P0 (w)

X

wt P0 (w).

(2)

w

Proof. This follows easily from (1), by induction on t.
Pt depends only on P0 , and does not depend on any other parameters.
Clearly this is an “ideal” behavior, and “actual” GA searches only approximate
it.
Let Etk denote the k-th moment E(Wtk ) of Wt . Using (2), it follows by
algebra that
Etk = E0k+t /E0k .

(3)
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3. The Binomial Distribution
In this section P0 (w) will be taken to be the binomial distribution
 
−l l
P0 (w) = 2
,
w
where l and w are integers with l > 0 and 0 ≤ w ≤ l. This is an important
example; it corresponds to a GA on bit strings where the weight is the number
of bits in agreement with a single “target”, with random initial strings.
The distribution Pt depends also on the parameter l, and when necessary
will be denoted Ptl , with similar notation for other values. Using (2) it is easily
seen that
 .
X l
t l
Pt (w) = w
St , where St =
wt
.
w
w
w

Also,

E0t = St /2t .

(4)

This distribution might be called a “power binomial” distribution.
The following additional notation is introduced. Let w denote w/l, t denote
t/l, etc. In some contexts t or w must be rational, and l a multiple of the
denominator; such will be assumed without comment when necessary. w̄t will
be used synonymously with Et1 . Given t, let µ be the value such that t =
µ(log(µ) − log(1 − µ)).

Theorem 2. a. Pt (w) is unimodal. In fact, there is a unique real number
w with 0 ≤ w ≤ l, which will be denoted wt= , such that


w+1 t w+1
=
.
(5)
w
l−w
The value of w (or the smallest of two consecutive such) at which Pt (w) is
maximum satisfies wt= ≤ w ≤ wt= + 1. For l ≥ 1 the value wt= is strictly
increasing with t.
b. For fixed t, as l → ∞, w= → µ.

c. For l ≥ 2 the mean w̄t is strictly increasing with t.
√
d. Let σ = ς l, where
s
µ(1 − µ)
.
ς=
1 + ((1 − µ)/µ)t
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Then for fixed t and |x| bounded by a constant,
1
1
log(Ptl (µ + xσ)) =
− log 2π − (log l + log µ + log(1 − µ))
2
2
+(t log µ − µ log µ − (1 − µ) log(1 − µ))l
 
x2
1
+tl log l −
+O √ .
2
l
Proof. For part a, for w < l Pt (w + 1)/Pt (w), equals the ratio of the left
side of (5) to the right side. The left side is constantly 1 if t = 0, else decreases
from ∞; further it is increasing with t for all w. The right side increases from
1/l to ∞. For part b, take the log of both sides of (5), expand log(1 + 1/w) in
a Taylor series, and use (l − 1)/2 ≤ w= < l. For part c, using (3) and (4), w̄t
2 )/(S S
equals St+1 /St , whence w̄1t+1 − w̄1t = (St+2 St − St+1
t t+1 ). Finally



X
l
l
2
2
St+2 St − St+1 =
(w2 − w1 )
.
w1
w2
1≤w1 <w2 ≤l

Part d is proved by adapting the proof of the normal approximation to the
binomial distribution, as found in [8] for example.

In light of Theorem 2.d the following seems certain, but no further discussion
will be given here.
Conjecture 3. For fixed t, as l → ∞, w̄ → µ.

For large t, µ is approximately 1 − e−t (the error is less than 1% for t ≥ 3).
Figure 1 shows a graph of µ versus t. It also shows w̄ when l = 16, as dashed
lines.
Observations suggest that the following is true.
= . Then 0 ≤ ∆ ≤ .5. For fixed l ∆ strictly
Conjecture 4. Let ∆ = w̄tl − wlt
decreases to 0 for t ≥ 1. For fixed t ∆ strictly increases to .5 for l ≥ 0.

That 0 ≤ ∆ has been verified for l ≤ 99 and t ≤ 5l (by verifying (St+1 +
t
for t > 0). A check using double precision finds no
St
− St+1 ) ≤ St+1
exceptions to the entire conjecture, for these values. The program used for
these checks (and other programs written during the writing of this paper) is
available at the author’s website, “www.hyperonsoft.com”.
)t−1 (l

Let Si (t, j) denote the Stirling numbers of the i-th kind, for i = 1, 2, as
defined in [4].
Theorem 5. a. For l, t > 0, Stl = l(St−1,l − St−1,l−1 ).

b. St = 2l−t σt where σ0 = 1 and for t > 0, σt (l) = l(2σt−1 (l) − σt−1 (l − 1)).
σt is a monic integer polynomial in l, of degree t.
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Figure 1: Behavior of normalized mode/mean
c.
σt =

t X
t
X
k=0

d. The coefficient of

j−k t−j

(−1)

2

j=k

lt−1

in σt equals


S2 (t, j)S1 (j, k) xk .
t
2 .

Parts
 Proof.
 a and b appear in [1]. Part a follows using the identity
l−1
= wl w−1
and the addition formula for binomial coefficients. Part b
follows by induction on t. For part c, the j-th factorial moment µ(j) of the
binomial
equals l(j) /2j , where l(j) denotes the falling factorial. l(j)
Pdistribution
j
j−k S (j, k)xk . The t-th moment µ′ about the origin equals
equals
1
t
k=0 (−1)
Pt
l µ′ , so by part b σ = 2t µ′ , part d follows using part
S
(t,
j)µ
.
S
=
2
2
t
t
(j)
t
t
j=0
c.
l
w

Theorem 6. For fixed t, as l → ∞, the following hold.

a. w̄ = (l + t)/2 + O(1/l).

b. w= = (l + (t − 1))/2 + O(1/l).

Proof. Part a follows using w̄t = σt+1 /(2σt ), Theorem 5.d, and polynomial
division. Part b follows by standard asymptotic formulas, noting that w ≥
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l/2.

4. Other Distributions
In a concentrated distribution, P0 (w) = 1 if w = c, and P0 (w) = 0 otherwise.
This distribution corresponds to a GA where the cost function is constantly c.
Pt equals P0 for all t.
In a uniform distribution, P0 (w) = 1/(l + 1) for w = a + b(j/l) where
0 ≤ j ≤ l. This arises from a GA where the weight increases
the
P linearly with
t and
Euclidean distance, for example.
Letting
S
=
(1/(l
+
1))
(a
+
b(j/l))
t
R1
using the approximation St ≈ 0 (a + bx)t dx,
1 − αt+2 t + 1
,
1 − αt+1 t + 2
Further discussion is omitted.
w̄t ≈ (a + b)

where α =

1
.
a+b

For the remainder of the paper, only the binomial distribution will be considered.

5. Mutation
The mutation operation is useful in actual GAs to “enrich the population”.
It can be analyzed in an ideal GA. Closed forms are less easy to obtain, but
computer programs can be written to obtain data.
To add the mutation operation to the idealized GA, let Vt+1 denote the
random variable giving the weight distribution during generation t + 1, after
the mutation operation but before the selection operation. Then
X
P {Vt+1 = v} =
M (w, v)P {Wt = w},
w

wP {Vt+1 = w}
P
,
w wP {Vt+1 = w}
where M (w, v) is the probability that a weight w string mutates to a weight v
string.
P {Wt+1 = w} =

Suppose a bit of a string is flipped with probability p by the mutation
operation. For large l the probability that k bits of a string are flipped is
approximately e−λ λk /k! where λ = pl. For small λ this in turn can be approximated by 1 − λ for k = 0; λ for k = 1; and 0 for k > 1. For binary strings,
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Figure 2: Dependence on mutation parameter

M (w, v) can be taken as 1 − λ if v = w; λ(w/l) if v = w − 1; λ(1 − w/l) if
v = w + 1; and 0 otherwise. λ must be sufficiently small; only values λ ≤ .1
will be considered.
Using the above approximation, straightforward computation yields

2λ 
E(Wt ) + λ,
E(Vt+1 ) =
1−
l

4λ 
2
E(Wt2 ) + 2λE(Wt ) + λ.
E(Vt+1
) =
1−
l
2 )/E(V
E(Wt+1 ) equals E(Vt+1
t+1 ).

No attempt will be made to obtain further formulas. It is worth mentioning,
though, that if P~t denotes the vector of values Pt (w), there are matrices M and
S such that P~t+1 = SM P~t , whence P~t = (SM )t P~0 .
Figure 2 shows how the mutation operation affects the behavior of the
normalized mean E(Wt )/l as a function of t/l, for l = 16. Tests show that for
larger values of l the dependence on l is slight.
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Figure 3: Dependence with κ = .1
6. Scaling
It is well-recognized that scaling the fitness function can improve the performance of a genetic algoritm. Ideal GAs provide a framework for evaluating
scaling methods. A simple method discards a fraction κ of the lowest weight
strings, after mutation and before selection.
In the ideal GA, values of w for which the cumulative distribution is less
than κ are set to 0, and κ is subtracted from the first value for which this is
possible. The distribution is then normalized by dividing by 1 − κ.

Figures 3 and 4 duplicate Figure 2 (for which κ = 0) for the values κ = .1
and κ = .2 respectively. As can be seen, in the ideal GA at any rate this method
yields substantial improvement.

7. Comparison with an Actual GA
An actual GA where the weight function is the Hamming weight is a useful case
for theoretical studies. It is modeled by the ideal GA with an initial binomial
distribution. It occurs in applications, and yields data relevant to other GAs.
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Figure 4: Dependence with κ = .2

An actual GA has an additional parameter, the population size s. Larger
values should yield improved chances of finding high weight strings, while
smaller values yield greater speed.
Other considerations include the following:
— With proportional selection only, only the maximum weight of the initial
population can be achieved. Further, a population uniformly this weight might
not be achieved, because there are other states which are fixed points.
— In the selection operation of an actual GA the replacement of xi with
(wi /W )S copies can only be done approximately. A convenient method is as
follows. Conceptually replace xi by wi S copies, and take every W -th entry
(starting, say, at the ⌊W/2⌋-th).

— The mutation operator adds the new strings to the population, which
ensures that the highest weight strings do not get replaced. In the ideal GA,
the actual mutation parameter λ should be replaced by λ′ = λ/(1 − λ).

— In simulating a run of the actual GA, only the string weights need be
maintained.
Results of various tests included the following.
— With λ = .025 and κ = 0, the actual GA gets stuck at the maximum of
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Figure 5: Actual vs. ideal
the initial population.
— With values of κ as small as .03 the GA convergence starts to improve,
and the improvement continues up to values of .1 and more.
— For various combinations of other parameters, the improvement from
s = 16 · l of larger multiples of l is often slight, and moderate at worst.
— Behavior improves from l = 16 to l = 32.

Figure 5 shows an example with λ = .025, κ = .05, l = 32, and for the
actual GA (dashed lines) s = 1024.
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