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Abstract: On time scales, by using the continuation theorem of coincidence
degree theory, M —matrix theory and constructing some suitable Lyapunov
functions, some sufficient conditions are obtained for the existence and ex-
ponential stability of anti-periodic solutions of a class of higher-order Hopfield
neural networks with distributed delays and impulse, which are new and com-
plement of previously known results. Finally, an example is given to illustrate
the effectiveness of our main results.
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1. Introduction

The theory of calculus on time scales (see [3], [1] and references cited therein)
was initiated by Stefan Hilger in his Ph.D. Thesis in 1988 in order to unify
continuous and discrete analysis, and it has a tremendous potential for applica-
tion and has recently received much attention since his foundational work. In
fact, both continuous and discrete systems are very important in implementing
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and applications. Therefore, it is meaningful to study dynamic system on time
scales which can unify the differential and difference system.

Consider the following higher—order Hopfield neural networks on time scales

aziA(t) =—c¢(t )+ Z a;j(t) fi(z;(t —7j)) + Z Z biji(t)

7j=11=1

/ kij(0)g;(x;(t — 0 AH/ ka(0)gi(z(t — 6)A0  (1.1)

Li(t), 1=1,2,...,n,teT, t>0,
Ax;(ty) :xi(tJr) —x(t,) = J,k(xl(tk)) i=1,2,...,n, k€N,

where T is an §-periodic time scale which has the Subspace topology inherited
from the standard topology on R. For each interval L of R we denote by
Ly = LNT, Azi(ty) = z;(t) — zi(ty), zi(t)), zi(ty )i = 1,2,...,n), which
represent the right and left limit of xz;(tx) in the sense of time scales. {¢;}
is a sequence of real numbers such that 0 < t; < to < ... < t; — 00 as
[ — oo. There exists a positive integer ¢ such that t;1, = ¢, + 5, Jigiq) =
—Ji, L € Z, i = 1,2,...,n. Without loss of generality, we also assume that
0, 5)rN{t; : 1 € Z} = {t1,12,...,tq}. n corresponds to the number of units in a
neural network, x;(t) corresponds to the state vector of the i-th unit at the time
t, c¢i(t) represents the rate with which the i-th unit will reset its potential to
the resting state in isolation when disconnected from the network and external
inputs, A = (a;j(t))nxn is the delayed feedback matrix which represents the
strengthening of the neuron interconnections within the network with bounded

delay parameter 7;; , T = =  max {7i;}. 1i(t) denotes the external inputs at
<1<

time ¢, B = (b;j;) is the second-order delayed feedback matrix which represents
the strengthening of the neuron interconnections within the network with delay
kernel k;;, and k;. f; and g; are the activation functions of signal transmission.

Since higher-order Hopfield neural networks have stronger approximation
property, faster convergence rate, greater storage capacity, and higher fault
tolerance than lower-order Hopfield neural networks, the study of higher-order
Hopfield neural networks has recently gained a lot of attention, moreover there
have been extensive results on the problem of the existence and stability of
equilibrium points, periodic solutions and almost periodic solutions of such
neural networks in the literature. We refer the reder to [20], [22], [10] and the
references cited therein. However, very few results are available on the existence
and exponential stability of anti-periodic solutions for neural networks, while
the existence of anti-periodic solutions plays an important role in characterizing
the behavior of nonlinear differential equations (see [10]-[13]).
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On the other hand, most neural networks can be classified as either con-
tinuous or discrete. However, there are many real-world systems and neural
processes that behave in a piecewise continuous style interlaced with instan-
taneous and abrupt changes (impulses). Motivated by this fact, several new
neural networks with impulses have recently been proposed and studied(see
[14]-[16]).

To my best knowledge, few papers applying the method of coincidence de-
gree to investigate the existence and exponential stability of anti-periodic solu-
tions to impulsive higher-order Hopfield neural networks with distributed delays
on time scales, thus, it is worth while to study the existence and exponential
stability of anti-periodic solutions of (1.1) on time scales by using he method of
coincidence degree. The system (1.1) is supplemented with initial values given
by

.’L’Z(S) - (252'(8), s € (_0070]T7
where ¢;(-) denotes continuous function defined on (—oo, 0]r.

Throughout this paper, we assume that:

(H1) 735 > 0,¢;,a45,b;5 € C(T,R) are §-periodic functions, and I;(t) € C(T,R)

are g-anti-periodic functions, ¢,7,0 = 1,2,...,n.

(Hs) The activation functions f = (f1,..., fu)', g = (91,...,9x)T, are bounded
odd functions on R and Lipschitz functions, that is, there exist positive
numbers a;, §; such that [fi(z) — fi(y)| < asle —yl, [gi(x) — gi(y)| <
ﬁ2|x—y|, T,y GRv = 17"')”'

(H3) ¢; € C(T,R*), and there exist positive numbers ¢

¢, Ci such that ¢
ci(t) < ¢, forallteT, i=1,2,...,n.

IN

(Hy) Jir, € C(R,R) and there exist positive numbers J3! such that |Ji(z)| <
JM 2 eR,i=1,2,...,n, keN.

(2

(Hs) The delay kernels k;; : [0, 00)r — R are real-valued piecewise continuous,
and there exists a ag > 0 such that the functions

[ee] mw
mw 2
Kij(a) =Y ea(0, ) [, R (0)A0,
m=1 2
are right-dense continuous for « € [0, o) and K;;(0) =1, 4,5 =1,2,...,n.

For the sake of convenience, we denote

.. — ()], by = b (1),
aij = max aig(t)],  biji = max [bij(t)]
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Ii = max |L;(t)], F;=sup|fi(t), Gi=suplg(t)l,
te[0,w]T teR teR

1
w 2
JM = max JM ||zl = </ |xi(t)|2At> . i,5,0=1,2,...,n, ke N.
0

1<i<n

Our purpose of this paper is by using the continuation theorem of coin-
cidence degree theory and constructing some suitable Lyapunov functions to
study the stability and existence of anti-periodic solutions of (1.1).

The paper is organized as follows: In Section 2, we present some basic
definitions concerning the calculus on time scale. In Section 3, by using the
continuation theorem of coincidence degree theory, we study the existence of
anti-periodic solutions of (1.1). In Section 4, by constructing some suitable
Lyapunov functions, we study the exponential stability of the anti-periodic
solution of (1.1). In Section 5, an example is given to illustrate the effectiveness
of our main results.

2. Preliminaries

In this section, we will cite some definitions and lemmas which will be used in
the proofs of our main results.

Let T be a nonempty closed subset (time scale) of R. The forward and
backward jump operators o,p : T — T and the graininess p : T — RT are
defined, respectively, by

o(t)=inf{s€T:s>t}, p(t)=sup{seT:s<t} and u(t)=oc(t)—t.

A point ¢ € T is called left-dense if ¢ > inf T and p(t) = t, left-scattered if
p(t) < t, right-dense if ¢ < supT and o(t) = ¢, and right-scattered if o(t) > t.
If T has a left-scattered maximum m, then T* = T\{m}; otherwise T% = T. If
T has a right-scattered minimum m, then Ty = T\{m}; otherwise T} = T.

Let w € R, w > 0, T is an w-periodic time scale if T is a nonempty closed
subset of R such that ¢t +w € T and pu(t) = u(t + w) whenever ¢ € T.

A function f: T — R is right-dense continuous provided it is continuous at
right-dense point in T and its left-side limits exist at left-dense points in T. If f
is continuous at each right-dense point and each left-dense point, then f is said
to be a continuous function on T. The set of continuous functions f : T — R
will be denoted by C(T).

For y : T — R and t € T, we define the delta derivative of y(t), y(t),
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to be the number (if it exists) with the property that for a given £ > 0, there
exists a neighborhood U of ¢ such that

ly(o(t) = y(s)] = y> (D)o (t) — s]| < elo(t) - s
for all s € U.
If y is continuous, then y is right-dense continuous, and y is delta differen-
tiable at ¢, then y is continuous at t.

Let y be right-dense continuous. If 3 (t) = y(t), then we define the delta
integral by

Definition 2.1. Function f=(f1,..., f,) is a Lipschitz if it satisfies | f;(x)—
S < llz—yl,i=1,...,n for any 2,y € R,

If y is continuous, then y is right-dense continuous, and if y is delta differ-
entiable at t, then y is continuous at ¢.

Definition 2.2. (see [17]) If a € T,supT = oo, and f is rd-continuous on
[a,00), then we define the improper integral by
0 b
/ fAt = blim (t)At
provided this limit exists, and we say that the improper integral converges in
this case. If this limit does not exist, then we say that the improper integral
diverges.

Definition 2.3. (see [18]) For each ¢t € T, let N be a neighborhood of ¢,
then, for V € Cg[T x R",RT], define DY VA(t, 2(t)) to mean that, given ¢ > 0,
there exists a right neighborhood N. C N of ¢ such that

Vio(),2(ot)) = V(s,2(a(t)) — ult, ) f (&, 2] _ ey

u(t, s)
for each s € N, s > t, where pu(t,s) = o(t) —s. If t is rd and V (t,x(t)) is
continuous at t, this reduce to
t —
D+VA(t,ZE(t)) _ V(O-(t)7x(0-( ))) V(t,ZE(O'(t))) ]
o(t)—t
Definition 2.4. (see [19]) We say that a time scale T is a periodic if there

exists p > 0, such that if t € T then t £ p € T. For T # R, the smallest positive
p is called the period of the time scale.

(t,z(t) + ¢

Definition 2.5. Let T # R be a periodic time scale with period p, we say
that the function f: T — R is §-anti-periodic if there exists a natural number
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n such that § = np, f(t+%) = —f(t) forall t € T and % is the smallest number
such that f(t+ %) = —f(t). If T =R, we say that f is $-anti-periodic if ¥ is
the smallest positive number such that f(t + %) = —f(t) for all ¢ € T.

A function r : T — R is called regressive if

1L+ p(t)r(t) #0

for all t € T*.

If r is regressive function, then the generalized exponential function e, is
defined by

t
er(t,s) = exp { / SH(T)(T‘(T))AT}, fors,t € T,
S
with the cylinder transformation
Log(14+hz) £h 40
En(2) = h ; f :
z ifh=0.
Let p,q: T — R be two regressive functions, we define
p
L+ pp
Then the generalized exponential function has the following properties.

pOg:=p+q+ppg, pOq:=pd(Sq), Op:=

Lemma 2.1. Assume that p, q: T — R are two regressive functions, then
(1) eo(t,s) =1 and ep(t,t) = 1;
(i) ep(o(t),s) = (L+ p(t)p(t))ep(t; s);
(

(i) ep(t,o(s)) = TEEE

Lemma 2.2. (see [1]) Assume that f,g: T — R are delta differentiable at
t € T*. Then

(f9)2(8) = [2(1)9(t) + F(a(8)g () = f()g™ (1) + F2(t)g(o(t)).
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Lemma 2.3. Ifa,be T, o, €R and f,g € C(T,R), then:
b b b
() [ las)+sg®)at=a [ seaes s [ ga
b
(13) if f(t) >0, for all a <t < b, then / ft)At > 0;

b
(i) if |f(t)] < g(t) on [a,b) = {t € T : a < t < b}, then \/ F)At <

/ab g(t)At.

The proofs of the following lemmas can be found in [20]-[22], respectively.

Lemma 2.4. (see [20]) Let t1,ty € [0,w]. If 2 : T — R is w-periodic, then

1 < a(t) /|3: $)|As, x(t)Zaz(tg)—/Ow|3:A(s)|As.

Lemma 2.5. (Cauchy-Schwarz Inequality on Time Scale, see [21]) Let
a,b € T. For rd-continuous functions f, g : [a,b] — R we have

/ FBgiat < (/ b ) : (/ b |g<t)|2m>5.

Lemma 2.6. (see [22]) Assume that {f,}nen Is a function sequence on J
such that:

(2) {fn}nen is uniformly bounded on J;

(i1) {fYnen is uniformly bounded on J.

Then there is a subsequence of { f, }nen converges uniformly on J.

Lemma 2.7. Let T be a w-periodic time scale, then o(t +w) = o(t) + w,
forallt € T.

Proof. By using the definition of forward jump operator, we have o(t)+w >
t +w, then o(t) + w > o(t + w), now we claim that o(t) + w = o(t + w). If it
is not true, we assume that o(t +w) = t] < o(t) + w, from the definition of
infimum (inf), we know that there exist a 5 € T, t5 > ¢t + w, such that
o) +w—t7 o) +tw+tt
2 - 2 =

£ < th+ o(t) + w. (2.1)
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From (2.1), we obtain t5 —w < o(t), on the other hand, since t§ > t+w, t5—w >
o(t), which is a contradiction. The proof of Lemma 2.7 is complete. O

From Lemma 2.7, we obtain the following lemma.

Lemma 2.8. Let T be a w-periodic time scale, then p(t) is a w-periodic
function.

Proof.
pt+w)=oct+w)—t—w=0o(t)+w—t—w=o0(t) —t = p). O

Form Lemma 2.8, we know that if §,7 € T are constants, then eg(t, —7) is
a w-periodic function.

Definition 2.6. The anti-periodic solution z*(¢) of system (1.1) is said to
be exponentially stable if there exist a positive constant « such that for every
d € T, there exists N = N(d) > 1 such that the solution of (1.1) through
(6,x(9)) satisfies

D la(t) —a*(t)] < Nll¢ — 2*[le—a(t, 6),t € T,
1=1

where
n

lo - =3[ sup [6:(6) — a5 (9)].
i=1 66(—0070}']1‘

The following fixed point result of coincidence degree is crucial in the argu-
ments of our main results.

Lemma 2.9. (see [23]) Let X, Y be two Banach spaces, @ C X be open
bounded and symmetric with 0 € €. Suppose that£ : D(L) C X—=Yisa
linear Fredholm operator of index zero with D(L)NQ # ) and N : Q :— Y is
L-compact. Further, we assume that
(H) Lz — Nx # XN—Lx — N(—x)) forall D(L)NJQ, Xe (0,1].

Then equation Lz = Nx has at least one solution on D(L) N oS.

Definition 2.7. A real n x n matrix A = (a;;) is said to be a non-singular
M-matrix if a;; < 0,7 # j, 1,7 = 1,...,n and all successive principal minors of
A are positive.

3. Existence of Anti-Periodic Solutions

In this section, by means of Mawhin’s Continuation Theorem, we will study the
existence of at least one anti-periodic solution of (1.1).
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Theorem 3.1. Assume that the assumptions (Hy)-(Hs) are satisfied and
E = (€ij)nxn Is a nonsingular M-matrix, where
si— (1 +gwlagow, i=j,
‘i { —(1+ qw)ajojw, i # j, T A

where 1,7 =1,2,...,n.

Then system (1.1) has at least one %-anti-periodic solution.
Proof. Let

C0,w;t1,ta, ..oty tarts - taglT
— {: 0.wlr = R ()]0 s € Cltistisn), T (t7) = (8, (8],

i=0,1, ke [0,w]rN{t;: 1 € N}}.
Take
X = {a € Cl0.witr to,. o gy tartse s taglr s alt + 5) = —a(t), t € [0, S]r}
and
Y = X x R"*?

be two Banach spaces with the norms
n
lellx = lwilo,  lzlly = ll2llx + [lyll, = €X, y e R™,
i=1
in which |z;|o = max |z;(t)|, i =1,2,...,n, ||.|| is any norm of R™"*%. Set
te[0,w]T

L:DomLNX =Y, x— (%, Az(t)),...,Ax(t,)),
where Dom L = {z € C'[0,w;t1,ta,... tog]T : x(t + %) = —x(t), t € [0,¥]r},

and N : X —Y,
Al (t) Aazl(tl) Awl(tg) Aazl(tq)
Nz = ) ’ sty )
A, (t) ) Az, (ty) ) Az, (t2) ) Azp(ty) ) )
where

Ait) = —ci®)mi(t) + > ai() £t — 7))
j=1

# Y bnlt) [ iOlaplast - 0920 [ ka@)atan(e ~ 0)a0

j=11=1
+I(t), i=1,2,...,n
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sz},

ImL = {z:(f,C’l,C’g,...,C’q)GY‘/wf(s)A.S:O} =Y.
0

Obviously,
Ker L = {:E eX

Then
dimKer L = codimIm L = 0.

So, Im L is closed in Y, L is a Fredholm mapping of index zero. Define the

project operators P and @ as

1 w
Px:—/ z(t) At =0, zeX
w Jo

1 w
Qz=Q(f,C1,Cs,...,Cy) = <5/ f(s)As,O,...,O), zeY.
0
It is not difficult to show that P and @) are continuous projectors and satisfy
Im P=KerL, Im L =Ker Q@ =1Im (I — Q).

Further, let LI_Dl = L|pomnker p and the generalized inverse Kp = LJ_D1 is
given by

K20 = [ 1eas+ 3 a5 [T Has-5 Y
k=1

t>1g
in which Cyy; = —C; for all 1 <1 < ¢. Thus, the expression of QNz is

LY Ai(t)At
: ,0,...,0,
tpaon )

and then
Jo Ar(s)As + 3 Tun(a(t)
Kp(I —Q)Nz = :
Jo An(s)As + 3 Jon(an(ts)
LIy Au(s)As 32 o)
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Clearly, QN and Kp(I — Q)N are both continuous. Using Lemma 2.9, it is
easy to show that QN (Q), Kp(I — Q)N (Q) are compact for any open bounded

set 2 C X. Therefore, N is L-compact on €2 for any open bounded set 2 C X.

In order to apply Lemma 2.9, we need to find an appropriate open bounded
subset €2 in X. Corresponding to the operator equation Lz — Nx = A(—Lz —
N(—z)), A € (0,1], we have

A0 =—L Byt 1) — —2 Bt —a),

P TTEN 1+ A
te(0,00)T, t £ty i=1,2,...,n, (3.1)
1 A .
where

Bi(t, ) = —ci(t)zi(t) + > ai(t) fix;(t — 735))
j=1

+ ; ; biji(t) /OOO kij(0)g;(x;(t — 0))A0 /000 kir(0)g1 (21 (t — 0)) A0 + I;(#),
and

Bi(t, —z) = c;(t)ai(t) + Y ayj(t) f;(—aj(t — 73j))
=1

+> 3 bijl(t)/ kij(9)9j(—$j(t—9))ﬁ9/ ki (0)gi(—ai(t —6)) A6+ I;(2),
j=1 I=1 0 0

Suppose that = = (21,22, ...,2,)" is a solution of system (3.1) for a certain

A€ (0,1). Set tg =t5 =0, tyg41 = w. We obtain

2q+1

w tr 2q
JAECINED Sl OIS S e8]
0 k=1 “ti1 k=1

w
</
2q

>
k=1

1 A w
< | — [ . . _
= [1“* 1“]/0 max{ert,x)\,rBZ(t, x>}At

—Bi(t, x) - Bi(t, —:E) At

1+ A

A
T+ A

T Lo ite) - H%IM—%(%))
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2q

+ |t 1%} > {tatel i)}
/ |2 (t |At—|—2aw/ | (2 (t = 755)) = f5(0 |At+2aw|f3
+ZZBZ-J-1</OOOI<; (6)g; (a5 (t — AO/ Fa gl(ml(t—ﬁ))A9>At—|—Ilw

j=11=1
2q

+ 3 max { st t0) i)

k=1

n n
< evwllalla + Y agovwllallz + > ailf;(0)

j=1 7j=1

+ ZZb,ﬂG Giw + Liw + ZJ%

j=11=1
Integrating both sides of (3.1) from 0 to w, we have

/Ow [c,-(lt)fi)ft) B _)\Cli(—i)ii(t):|At = /Ow ci(t);,;i(t)m‘
=y [Z QUCHORE )

- ; ; biji(t) /O h kij(0)g;(z;(t —0))A0 /O h Ky (0) g1 (z(t — 0)) A0 + Ii(t)] At
+1% [‘é“ij@fi(%‘(t—m)>

SO ba(t) /0 ki (0)g(—(1—0))AB / h ku<e>gz<—xl<t—e>>Ae—n<t>} At

j=1 I=1

1+)\ijkxztk 1+)\ijk xztk

<[tz o] |

Zaw )i (@ (t = 755))
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S bt /kw gy (5t — 6 AH/ Fat(0)gu (1 (£ — 0))A0 + L(8)|,

j=11=1

() fi(z;(t — 7ij))

3N ) /0 " ks (0)g5 (5t — 0) A0 /0 " ha(®)ar((t — 0)) 0 mt)\}m

j=11=1

1 A e S
' [1+A " 1+>\] maX{ZUzk el 2 xl(tkm}

k=1 k=1
n n n 2q
< gl +w<zaij|fj(0)| + Zzbilele + Ii> +> i
j=1 j=1 j=11=1 k=1
From Lemma 2.4, for any t,t} € [0,w]r, i = 1,2,...,n, we have

/0 wci(t)wi(t)AtS /0 wci(t)mi(til)At—i- /0 wc,-(t)< Ow\xf(s)ms> At,

i=1,2,...,n, (3.2)

and

Cammat> [ abun@ai— [Cawm( [ Ede)as)at,
| / JECIGNTCEY

i=1,2,...,n. (3.3)
Diving by f(;‘) ci(t)At on the two sides of (3.2) and (3.3) respectlvely, we have

; 1
0 (4

and
i (th) < g——— c-tmitAt—l—/ :EZ-AS As, 1=1,2,...,n. (3.5
(t) foci(t)At/o (ei)at+ [ la (o) (35

Let ¢;,t; € [0,w]r, such that z;(¢;) = max x;(t), z;(;) = min z;(t), i =
te[0,w]r te|0,w]

1,2,...,n, by the arbitrariness of ¢, t}, in view of (3.4) and (3.5), we obtain

i\U; 71 wC' xT; A — f]}'A S AS
! } 1 xX; A — ) .Z'A S AS
/0 Cz(t) z(t) t' /0 ‘ i ( )’

Gw

2_
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_clw [Zaijaj\/a\]a:jl\g—l—w(Za,-j]f] H_ZZI)UIG GH‘I>+Z :|
= j=1 j=1

Jj=11=1

- [@@Hwnb Y gl HO0 43S GG +L~) +ZJ%],
j=1 k=1

j=11=1

and

(0 < o / At+/w|:n (5)|As
c, At‘ /\x s)|As

1 n
> —l-ng [;aijaﬂ/ﬂ]w]—]\g—i—w(Z_:a,-j]f] H‘ZZZ)UlG Gl+I>+Z :|

7j=11=1

+[c,-\/aua:,-u2+2a,-jyf] HZZ%!GG1H>+Z ] i=1,2,....n
j=1

Jj=11=1

So, we can obtain that

x;lo = max |x;(t
’ 2’0 te[O:}(]T‘ Z( )‘

< clw [Zaz’jOéj\/aijH2+w<Zaij‘fJ HZZb”lG Gl+[>+z }
G j=1 j=1

7j=11=1

[l + Y a0+ 30D huGiGi 1) + 3 |,
j=1 j=11=1 k=1
where ¢ = 1,2,...,n. In addition, we have that

iz = ( /0 ’ |:si<s>|2As>1 < max [zi(0).

te[0,w]T

By (3.6), we have,

n
cwlzilo < ¢Eiw?|zilo + Z(l + qw)a;jow|zlo + (1 + cw)Ty,
j=1
where

:W<Zai]—\fﬂ y+ZZbUlG Gl+I> +Z
j=1

7j=11=1
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That is
n
[in - Qiéiwz] |zilo — Z(l + qw)aijajwlzslo < (14 w)li =Dy, (3.7)
j=1
where i = 1,2,...,n. Denote |z|o = (|z1]o, |20, - -, |znlo)T, and D = (Dy, Do,
., D).
Then (3.7) can be rewritten in the matrix form

From the conditions of Theorem 3.1, E' is a nonsingular M matrix, hence
lzlo < E7D := (N1, Ny, ..., N,)T.
n
Let N = > N; + Ny, where Ny is any positive constant. It is clear that N is
i=1
independent of A. Take Q2 = {3: € X||lz|lx < N . Obviously, € satisfies all the
requirement in Lemma 2.9 and the condition (H) satisfied. In view of all the

discussion above, we conclude from Lemma 2.9 that system (1.1) has at least
one F-anti-periodic solution. This completes the proof. O

4. Global Exponential Stability of Anti-Periodic Solutions

Suppose that z*(t) = (2}(t),z5(t),..., 2% (t))T is a anti-periodic solution of
system (1.1). We will construct some suitable Lyapunov functions to study the

global exponential stability of this anti-periodic solution.
Theorem 4.1. Assume that (Hy) — (Hs) hold, suppose further that:

(Hg) fori=1,2,...,n.

i+t > aji+ Y. > biu(GiBi+Gif) <0.
j=1 j=1i=1
(Hy) Impulsive operators Jy(x;(t)) satisfy

Jzk(l'l(tk)) = _72k$l(tk)7 0<7ir<2 1=12,...,n, k e N.

Then the §-anti-periodic solution of system (1.1) is globally exponentially sta-
ble.

Proof. According to Theorem 3.1, we know that (1.1) has an §-anti-periodic
solution x*(t) = (w%(t),23(t),...,25(t))T. Suppose that z(t) = (x1(t),z2(t),

P 1
..., o, ()T is an arbitrary solution of (1.1).
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Let y(t) = z(t) — 2*(t), then by (1.1) we have

yA () = —ei(t) i Zam [fy 2t — 7)) — Fa(E nm]

+ b” ki; (0 x;(t—0))— t 0))|Ab k(6 x1(t—0))Ad
;; l / J [QJ J 9] ] / 10)gi(z(
+;;bm / (005 (5 (t-6)A0 / ka6 [gz<xz<t—9>>—gl<x7<t—e>>]Ao,

with the initial conditions 1;(s) = ¢;(s) — z}(s),s € [—o0,0], i = 1,2,...,n.
Hence from the conditions of Theorem 4.1, we have

n
Dffai(t) —2f ()% < —gilea(t) — @i (0) + Y asale;(t — 7)) — @t — 7))

j=1
+Zzbzﬂclﬁ]/ kzy |33] t— )—l‘ (t— )|A9
j=11=1
+ZZ%IG351/ ki (0)|x1(t — 0) — ] (t — 0)| A0,
j=11=1

fori=1,2,...,n, k € N. And we have from (H7) that

wi(ty) — @i (ty) = wite) + Jin(i(te)) — @7 (tr) — Jiw (2] (1))
= (1 — i) (@i (tr) — 27 (tr))-
Hence
i (t) — 27 ()] = [1 = vkl |z (t) — 27 ()| < |2i(tn) — 7 (te)],
i=1,2....n keN
Let A; be defined by

Ai(e) = gi—a—aiZdﬁea(%,—T)

n n mw

mw 2
33 by (cwy > 05 [, k0129
j=11=1 2

mw

+Gjﬁl Z 66(07_7)/ i

(m—1)w
m=1 2

k:il(e)A9>,
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where € € [0,00), 7 =1,2,...,n, it is clear that
OzZZCL], Zwal Glﬁ] +G]ﬂl)>0 1=1,2,.
j=11=1

Since A; are contlnuous on [0,00) and A;(¢) — —o0, as € — 400, there exist
& > 0 such that A;(&) = 0 and A;(e) > 0, for € € (0,&). By choosing
¢ =min{ min {£}, %} we have

1<i<n

L w
Ail§) = ¢—¢&- OéiZ:ajief(E, =)
n n mw 5
- ]z:l 2 il <Glﬂ] Z eg(0,——~) /(m;)w kji(0) A0

mw

b
1
+G]ﬁlzef(07_%)[ ’ kll(e)A0> >0, i=12,...,n
m=1

m—1)w
2

mw

Now, we define
vi(t) = ec(t,0)|zi(t) —x;(t)], t €T, 6 € (—o00,0lr, i=1,2,...,n. (4.1)

Fort >0, t #tx, k€N, i=1,2,...,n, notice (4.1) and by using Lemma 2.8,
we have

Dol (1) < €ee(t, B)|ai(t) — a3 (t)
T ee(o(t).0) [ ~ cilea(t) — 3 (0)] + Zamam ) - a7

E3 Y Gl / ki (O) s (¢ — 0) — (¢ — 0)| A6

7j=11=1

+ZZ%1GM/ Ei(0)|zi(t — 0) — a7 (t — 0)|Af

7j=11=1

< [1 + :u'(t)g] |:( G +§ Uz + Z a2ja]e§ TZ])U]( Tij)

Y (G5 [ bttt — 0)uste - )00

7j=11=1

+ Gyt [ huO)ec(tt  O)ue - 6)80 )|
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guwa[( ¢+ )it +Zawajeg =yt — 735)

mw

+ Zme <Glﬁ] Z (0, m“’) /(ZTW ki (0)v;(t — 0)A0

7j=11=1
= mw. (5
+ Gy Zleg(o —) ﬂ - K () (t — H)Aeﬂ, (4.2)
where = sup p(t). Also
te[o,%h
vl(t;)| =1 — yirlvi(tg) < vi(tx), i=1,2,...,n, k€N. (4.3)

It is easy to see that
max {v;(s)} < [1+ ec(0,0)][|¢ —2"||, s € (—o0,0]r.

1<i<n
Now, we claim that

max {v;(t)} < [1+4ee(0,0)]||¢ — 2|, te (0,00)r. (4.4)

1<i<n
If (4.4) is not true, there exist t* € (0,00)r > 0, and some i € {1,2,...,n}, such
that v;(t*) = [1 +ec(0,8)]||¢ — x*||, DT[R ()] > 0, if (t* # tg), Av;(t*) > 0, if
(t* =tg), and v;(t) < [1 4 €£(0,0)]||¢ — z*||, for t € (—o0,t*)r, 7 =1,2,...,n
From (4.2), we have

DrR) < [ adl| e+ Out) +Z%%€5 (e i)
_mw 2 .
+Zwal<Glﬂj Z e(0. =) [ 7 Ki(0)v;(t" — 0)A0
Jj=11=1 m=1 2
£y > ed0. 1) [, kot 0100
< [+ pgl A + ec(0,)]l|¢ — 27| < 0. (4.5)

From (4.3) and (4.5), we get a contradiction. So
vi(t) <[1+e(0,9)]l¢ — 27|, € (0,00)r, i=12,....,n

which means that

lel @) < N(6)eec(t; 0)llo — =7,

where N(§) = n[l —|— eg(O, d)] > 1. This completes the proof. O
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5. An Example

Consider the following neural networks with impulses

22 (t) = = ci(t)zi(t) + Y ag(t) fi(a;(t — 735))

j=1
+ ;; bi(t) /0 ki (0); (5t — 0)) A /0 K (0) g1 (1 (¢ — 6)) A6
+I(t), i=1,2 teT, t>0,

Ax(ty) = —0.1cos(x(ty)), k€N,

where T is a %— periodic time scale, and

5 1 5 1
¢i(t) = 3 + 3 sin(16mt), co(t) = 373 cos(167t),
11, 11,
a(t) = 1 + 7 €08 (87t), ag(t) = 7~ 75 (87t),
1 1
alg(t) = a9 (t) =0, blll(t) = b222(7f) = — + — COS4(47Tt),
16 16
br1a(t) = bota(t) = = + —= cos(16mt)
12(t) = b212(t) = 55 + =5 )
brot(t) = boot (£) = = + — sin(167)
121 (1) = baz1 () = 5 + o5 sin(167t),
1 1 . I
= bo11(t) = — — — cos(167t = sin(—%
bi2a(t) = ba11(?) 6 16 cos(16mt),  fi(z1) Sm(\/i)’

folwa) = sin(j—ix gi(z1) = rarctan<%>\,

2

€2
g2(w2) = |arctan(2—§)|, T1 =3, Tio=T701=0, 799 =4,
2

ree2(0,0)  rmress(9,0)
5 .
T+4.(0) c04\Ys 1+5u(0) €5V,

(kij(0))2x2 = < 1+24(0)

By calculating, we have

- _ 1 - - 1
a12 a21 ) 111 222 ]’ 112 212 16’
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- - 1 - - 1
bi21 = bag1 = 16’ bioo =bo11 = <, F1=1I=1,

oo

™
G1=G2=§, ap=m=0n=0=1 T1=4

It is not difficult to see that (H;)-(H4) and (H7) are satisfied. By calculating,
we also have

(Kij(@))ax2 =
—[eas2(%,0) _ea(%vo)]m —[eaes(%ao)—ea(%ao)]m
—[60@4(%,0) —€a(%70)]m —[eaes(%ao)—ea(%ao)]m ’

is right-dense continuous for a € [0,2), that is, the condition (Hs) holds. Fur-
thermore, we get

~ NN, 31 — 12
—atm ) an+ Y > hGif+Gif) = —— < —0.3 <0,
7j=1 j=11=1

3m—12

e+ Y ap+ Y Y bou(GiB + Gif) =

j=1 j=11=1

L
E:(eij)2x2:<8 l)'
8

Then we obtain E = (e;;)2x2 is a nonsingular M-matrix, and the condition (Hpg)

holds. From Theorems 3.1 and 4.1, we know that above system has at least one

%—anti—periodic solution and it is global exponential stable.

< -0.3<0,

and

6. Conclusion

Using the time scale calculus theory, coincidence degree theory and the Lia-
punov functional method, some sufficient conditions are obtained to ensure the
existence and the global exponential stability of periodic solutions for Hopfield
neural networks with bounded and distributed delays on time scales. The re-
sults obtained in this paper possess highly important significance and are easily
checked in practice. In addition, the method in this paper can be applied to
some other systems such as the BAM and DCNNs systems and so on.
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