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Abstract: Motivated by Hayashi’s mapping and characterization of r-mean
[3], we present a generalization of the mapping and the [-power-mean which
was originated in [4]. Instead of two operators we generalize the S-power-mean
to 2n+1 operators. Some applications are given about the Furuta-type operator
inequalities.
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1. Introduction

Let H be a (finite or infinite dimensional) complex Hilbert space, and the set
of all bounded positive and invertible linear operators on H be denoted by
B(H)". According to [3] Hayashi gave the r-mean as follows: For r > 0 and
A,B € B(H)t the map M,(-,-): B(H)T x B(H)™ — B(H)™" defined by
MT(A,B) — Bl/Z(B—l/ZAB—l/Q)TBl/Z

is called the r-mean. The map was characterized in the same paper [3, Theorem
2.1] in terms of the another map. In contrast we should mention that the (-
power-mean introduced by Kubo and Ando [4] was given by
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Albg B = AV2(ATI2BA-Y2B AV for any real number 3 and A,B €
B(H)™".

In particular, the binary operation f, for a € [0,1] is called the a-power-
mean, ie., A, B=AYV2(A"1/2BA-1/2)>A1/2,

«, B-power-means are used to express alternatively the Furuta-type inequal-
ities as we see in the literature, e.g., [5] and references therein.

Instead of two operators we generalize the [-power-mean (i.e., the map
M, (-,)) to 2n + 1 operators for any natural number n in this section.

In what follows we assume that A, B, A; € B(H)",i=1,2,---,2n.

Definition 1.1. Let r; be any real numbers, i = 1,2, - -,2n — 1. The map
M,, ,:B(H)" xB(H)t x---x B(H)" — B(H)" (i.e., M,,, , maps 2n+ 1
copies of B(H)™" into B(H)™) is defined by

Mr2n71 (B7 A17 A27 T A2n—17 A2n)
1/20 (—1/2¢ ,1/2 /20 (=1/27 4172, =1/2 1 «—1/2\p1 A 1/2909 41—1/27p
= Azé [A2n11[A2£—2 T [A4/ [A3 / [Az/ (A, / BA,; / ) 1A2/ ] 2A; / ]
AL Ay s Ay 2y Ay L Ay,
For n =1 and A; = Ay = A in particular:
M,, (B, A, A) = AV?(A7VPBAT2yn A2 = M,., (B, A) = AgB
if T = ﬁ
Immediately we have.
Corollary 1.2. The following relations hold.
(1) My, (B, Ay, Ay) = A2 (A7 BAT Py 4y
= AP ATYML (B AN AT AP = AP AT (At B AT A
(2) M—n (Bv Ar, A2) = MT1 (B_l’Al_lv A2) = [MTl (B>A1’A2_l)]_1'

We see that M, (-, ) can be expressed in terms of M, (-, -, ), and vice versa.

Corollary 1.3. For eacht € [0,1], p>1,r>tand s> 1,if C < B< A
for A,B € B(H)" and C' is a bounded positive linear operators, then:
(1) AVt > [M,(CP, Bt, A7)| 5w
= [A"/2B~t/2(Bt g, Cp)B—t/2AT’/2]ﬁ,

(2) A> A%[Ar/zB—tM(Bt s CP)B_T//2A"/2](1:%A“TT
= M 1oeer (B7'2(B',C7)B712, A7 AFT)

(p—t)s+r
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t—r r—t

:Az[Az

AY2BH2( Bl 0P B2 A2 A o heir A
= A" e [AYV2BTYR(BY,CP)BTY2 AN,

(p—t)s+r
Proof. With the conditions in above the next inequality holds.
Al—t—i—r > [Ar/2(B—t/2CpB—t/2)sAr/2](pl:t%’

and it is called extension of the grand Furuta inequality, see [6].

(1) The proof is easy by (1) in Corollary 1.2.

(2) The inequality is trivial due to (1), and the equality follows by (1) in
Corollary 1.2. O

The purpose of this paper is to express the map M, , (i.e., a generalization
of the S-power-mean) alternatively in Section 2. In Section 3 two special cases
of Theorem 2.1 are given, and consequently, we obtain some applications about
the Furuta-type operator inequalities in Section 4.

2. Alternative Expression of the Map M,

2n—1

The formula (1) in Corollary 1.2 and its similar forms will be used in the proof
of the next result.

Theorem 2.1. The following relations hold.
MT2n71 (B7 A17 A27 Y A2n—17 A2n)
1/27 ,—1/2 41/2 1/2r —1/27 (1/2, —1/2 —1/2vr1 A1/2709 1—1/274
= A A A AV LA P AP (AT B AT Ry AP g
AP A s A2 rana A A ranes A3
= Tanl{[MTaniS[[MTanS e [[Mrs[[MT’g[[Mm (B, Alv A2)]T27A37A4HT47
As, Ag,]]70 - ]2 Aoy s, Agp o] 72, Agp—1, Aan )

Proof. The first equality is by Definition 1.1 and we shall use the induction
process to give the proof of the second equality.

For n = 1:
M, (B, Ay, Ay) = AY2(ATYPBATY?y AY? = M, (B, Ay, Ay).
For n = 2:

M?“g(Ba A17 A27 A37 A4)
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= AP LA (AT BAT Ay A e Al
= AP145 M, (B, Ay, A2 A7 ) ALY
= M, {[M,, (B, A1, A2)]"™, Az, As}.
For n = 3:
M, (B, A1, Az, A3, Ay, As, Ag)
= 47145 A4 LA (A P B Ay
AL AT V2 412 g1/ 2rs g1/
= AP 1AS My (M (B, Av, A2))™, Ag, Ad]™) A5 A
= M, {[M,;[[M,,(B, A1, A2)]", A3, A4]]™, As, Ag}.
For n = 4:
M, (B, A1, Az, A3, Ay, As, As, A7, Ag)
= AP AT A AT LAY LA Ay A P B AT Ay
O e e A R
= AY AT P (M (M [[My (B, Av, A)]'™, A, Ad])™, As, Ag]®) A7 27 A
= My {[My; [[My[[My, (B, A1, A2)]"?, A3, Aa]]"™, A5, Ael]™®, A7, As}.
Suppose that the relation holds for n = k for any positive integer k, i.e.,
M,,, (B, A, Ag, -, Agk_1, Aog)
_ A;ﬁAg_klﬁ [A%z_z o [A}l/z[Agl/z[Aé/z(Al—l/zBAl—l/z)nA;/2]m
Y i R e (e HA (S bl L e
= My, {[Mry, y[[Mryy, 5 - [[Mr [My,[[My, (B, A1, A2)]"2, Az, Aq]]"™,
As, A, )]0 -] 1, Aog 3, Agg—o]]"+2, Agg 1, Aok}

Then, for n = k + 1:
My, (B, A, Az, - oy Aggrn, Aogy2)

712k+1
1/2 —1/2 1/2 1/2 —1/2 1/2 —1/2 —1/2\r 1/2q9

— A2 AR IAYE - (AP AT LAY (AT P B AT Ay Ay
AP AP AR e A2 e A 2 4012

1/2 —1/2 r
= Ay A B My (Mo o [[Mygy s - - [Mi[Mry [[My, (B, Ay, A)]™
, Az, Ad]]"™, As, Ag]™ - ..’A%_l’Azk]rznAz—klﬁ]mkmﬂAéﬁ_z

= 7"2k+1{[M7"2k71 [[Mr2k—3 T [[Mrs[[Mm[[Mm (BvA17A2)]T27 As, A4Hr47
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As, Ag, ] - -+, Agg—g, Ag—2]]"2F=2, Agj1, Agi]]"2*, Aogi1, Aokt2}-

This completes the induction process and the proof is finished. O

3. Special Cases of Theorem 2.1

Consequences of Theorem 2.1 are the next two special cases. The conditions in
both corollaries below are not much of significant meaning, but only to be used
in applications in the Section 4.

Corollary 3.1. The following equality holds for t € [0,1], and any real
numbers p; > 1,1 =1,2,---,2n.

[A—t/2[At/2 . [At/2 [A—t/2 [At/2(A—t/2Bp1A—t/2)pgAt/2]p3A—t/2]p4At/2]p5
o A_t/2]p2n72At/2:|p2n71:|A_t/2:|p2n
= AT2A o, (A" pany (A" tipaa (A" (A g (A" g (A" b,
(At upz BP1 )pS )p5)p7 .. ,)pznfs)p%kl]A—t/?'

Proof. In Theorem 2.1 replace B by BPt. Alsolet r; = p;y1,i=1,2,...,2n—
1,and A; = A', j = 1,2, - -, 2n. Then, by Definition 1.1,

A_t/2{Mp2n (Bll’l ) At? Atv R} Ata At)}A_t/2
(there are 2n copies of A')
_ [A—t/2 [At/2 . [At/2[A—t/2 [At/2(A—t/2Bp1A—t/2)p2At/2]p3A—t/2]p4At/2]p5
. A_t/z]pQ'rLfQAt/z]Panl]A_t/2]p2n
(i.e., the left side of of the equality),
and by Theorem 2.1,
AN, (BM AL AL AN AN AT
(there are 2n copies of A")
= A_t/2{Mp2n[[MP2n72 [[Mp2n74 e [[Mpa[[Mm[[Mpz (BplvAta At)]pg’ At, At]]ps
) Atv Atv Hp7 R Atv At]]p2n737 Atv At]]p2n71 ) Atv At]}A_t/z‘
Now, applying (1) in Corollary 1.2 we obtain inductively from above.
For n = 1: A7Y/2{M,,(BP, At, A }A~/2 = A7H2(Al b, BP)A~Y2.
For n = 2:

AT, ([My, (BP, AT, AN, AT ATRATH
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= AT, (A" by, BP)PE, AT AN AT
= AT(A" by, (A by, BPPS) AT,
For n = 3:
AT Mg [ My, [[My, (BP, A, AP, AL, A'PS, AT AT 1L AT
= ATV [ Mg [(A” by, (A'hy, BPH)P2)P5, AT, AT A2
= ATI2[Ay (A, (Algy, BRSPS AT,
It leads to
A_t/z{Mpzn[[anfQ [[Mp2nf4 e [MP6[[MP4[[MP2 (Bm’At’ At)]pg’ At, At]]pE)
) Atv Atv Hp7 ) At) At]]p2n737 At) At]]p2n71 ) At) At]}A_t/2
= A2 Ay, (Ao (A'lipay (A" - - (A"l (A'thpg (A'tp,
(AthszM)m)ps)m . ”)p2n73)p2n71]A_t/27
which is the right side of the equality and this completes the proof. O
Corollary 3.2. The following equality holds for t € [0,1], and any real
numbers p; > 1,i=1,2,---,2n.
A%[At/2[A—t/2[At/2 . [At/2[A—t/2(A%BA%)pgA—t/2]p3At/2]p4A—t/2]p5
L. A—t/Q]pznﬂAt/?]pznA%

= A g, { Al {A g+ {A T i { Al (A T, B} -},
and there are 2n — 3 terms of the bracksts ”}” at the end for n > 2.
Proof. In Theorem 2.1 let A; = Ay, = A, Aj=A""j7=23,..2n—1,
and r; = p;y1, ¢ = 1,2,- - -, 2n — 1. Then, by Definition 1.1,
M, (B, A"t At ... At Al
(there are 2n — 2 copies of A™Y)
_ A5 [At/Q[A_t/2 [At/2 o [A—t/2 [At/2 [A—t/z(A%BA%)pzA—t/2]p3At/2]p4
ATH2ps L ATt 2]pen At/2]P2nA%
(i.e., the left side of the equality), and by Theorem 2.1:
M,,, (B, A'=t At ... A7t AT
(there are 2n — 2 copies of A™Y)
= Mpo, {[Mpa, o [[Mpo, s -+ - [Mipg [My, [[Mp, (B, A'™H, AT P2, ATF AT
AT AU AT AT Penes ) AT AT JPeem1 ) AT A1),
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First note that
[Mp, (B, A™H AT = [A7V2 (AN "g,, B)ATV2)Ps
= A7V2 (A, (A, B)J AT,
Now, again, applying (1) in Corollary 1.2 we obtain inductively from above
For n = 2:
My {[My, (B, ATH ATH)]Pe A AT
= My, {[A71/2(AT"y, B) ATV, AT AT
= AT AP AT Ay, (A, B AT P AP AT
1 _ _
AT (Al (AT, B} AT = A (A, (AT, B)),
and there is 2 x 2 —3 =1 term of " }”.
For n = 3:
Mype{[Mp,[[M, 2( B, AT AT AT AT AT AT
= AT {A (A, {A" "y {Alyy (A", B) AT JoA’E
= A s { Al { A", { Allpy (A", B) 1)
and there are 2 x 3 — 3 = 3 terms of ”}”.
For n = 4:
Mg ([Mpg [ M, [[ pz(B AT AT AT AT AT AT AT ANV
17
2 {A 2 {A p7{A1 thpe{A po{Al - p4{A ps(Al "6, B)
HHPAT AT oA
= AT { Al { A" g { Allps { A" ", { Allpy (A", B) 11,

and there are 2 x 4 —3 =5 terms of 7 }”.

Inductively it leads to the required conclusion. O

4. Applications

Recently Furuta gave and proved the next two theorems; one is the further
extension of an order preserving operator inequality, and the other the log
majorization.

Theorem A. (see [1], Theorem 3.3) Let A > B > 0 with A > 0, t € [0,1],
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and p1,p2,- -, pan > 1 for a natural number n. Then the following inequality
holds for r > t.

Al-t+r > {Ar/2[A—t/2 [At/2 co A2 [A—t/2 [At/2(A—t/2Bp1A—t/2)p2At/2]p3

A—t/2]p4At/2];D5 - A—t/2]p2n72At/2]p2n71]A—t/2]p2nA"‘/2}q7

1—t+r
< ((((p1=t)p2+t)p3—t)patt)ps — - —t)pan+r"

where q = (

In Theorem A, there are n terms of A=%/2 and n — 1 terms of A/? alterna-
tively arranged on the left side of BP!, and the same arrangement on the right
side of BP'. As for the denominator of ¢, there are n terms of —t and n — 1
terms of ¢ alternatively arranged.

Theorem B. (see [2], Theorem 2.1) Let A > 0, B > 0, t € [0,1], and
D1, P2, -+, Pan > 1 for a natural number n. Then the following log majorization
holds for r > t.

(Aﬁ%B)h >‘(log) Al_t—wﬁa{Al_thpzn{Ahmnfl{Al_thmnﬂ t
{Al_thm{Ahps (Al_thsz)}} : }

p1p2--p2n(l—t+r) .
(p1—t)p2+t)p3—t)pa+t)ps—---—t)pan+r’ and o = P1p2-P2an

where h = T

In the right side of the log majorization in Theorem B, there are n terms
of A=t and n — 1 terms of A alternatively arranged on the left side of B. Also,
for n > 2, there are 2(n — 1) terms of the brackets } at the end.

Theorem 4.1.Let A > B > 0 with A > 0, t € [0,1], and for a natural
number n, p; > 1,4 =1,2,---,2n. Then the following inequality holds for r > t.

(1) Al-t+r > {Ar/2 [A—t/2 [At/2 cL A2 [A—t/2 [At/2(A—t/2Bp1A—t/2)p2At/2]p3

A—t/Q]IMAt/?]Ps o A_t/2]p2n72At/z]anfl]A_t/2]p2nAT/2}q

(A% (A (At (AL - (Al (Al (A'ty,
(At t,, BPL)P2)Ps)PT ...)p2n73]p2n71ATTﬂf}q.
(2) A> AT (AT [Alty,, (A, 5 (A, 4 (A - - (Allpy (Al (A,
(Aly,,, BP)Ps)Ps P7 ...)p2n73]p2n,1ArT*t}th—Tr

= At_rﬁq {Athmn (Athpznfz (Athp2n74 (At T (Athps (Athpa (Athpz;

. (Atuszm )ps)ps )p7 . ,,)p2n73 }p2n717
—t+r
(p1—t)p2+t)ps—t)pa+t)ps—-—t)pan+r <L

r—t

:{A2

where q = e
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Proof. (1) The inequality is due to Theorem A, and the equality is by
Corollary 3.1.

(2) The inequality is trivial from (1), and the equality is due to a-power
mean. O

Corollary 4.2. Let A > B > 0 with A > 0, t € [0,1], and for a natural
number n, p; > 1,1 =1,2,-- - 2n. Then the following inequality holds.
A> {At/2[A—t/2[At/2 . At/2[A—t/2[At/2(A—t/2Bp1A—t/2)p2At/2]p3
A—t/Q]IMAt/?]Ps .. A_t/2]p2n72At/2]p2n71]A_t/2]p2nAt/2}q
= [Athpzn (Athp2n—2 (Athmnfz; (At T (Athps (Athpﬁ (Athm
(Athmel)ps)ps))m . ,,)p2n73]qp2n71’

_ 1
where q = (- ((((p1—=t)p2+t)p3—t)patt)ps —--—t)pan+t =1L

Proof. The inequality comes from [1, Theorem 3.1], and this is nothing but
a special case of Theorem A when r = t. The equality is a special case of (2) in
Theorem 4.1. when r = t, and note that I f, B = B“. O

Corollary 4.3. Let A > B > 0 with A > 0, t € [0,1], and p; > 1 for
1=1,2,3,4. Then the following inequality holds for r > t.

(1) Al—t+r > {AT’/2[A—t/Q[At/2(A—t/QBplA—t/Q)pgAt/2]p3A—t/2]p4
ATy TG rmsmatr = {A™S[AL ), (Alhy, BP)PS] AT} (st ms—opa 7

(2) A> A%{A%t[Athm(Atumel)]PaA%}<<<p1—t>p121tt>+zfgft>p4+r14%
= A" 1-tir [Alh,, (Aty,, BP)]Pe.

(((p1—t)p2+t)p3—t)pg+r

Proof. The inequality in (1) comes from [1, Corollary 3.4], and this is a
special case of Theorem A when n = 2. Thus, Corollary 4.3 is just a special
case of Theorem 4.1 when n = 2. (]

Theorem 4.4. Let A >0, B >0, t € [0,1], and for a natural number n,
p;i >1,i=1,2,--- 2n. Then the following log majorization holds for r > t.

(Aﬁ%B)h ~ (log) Al_t—wﬁa{Al_thpzn{Aupznfl{Al_thpznfz o

{Al_thm{Ahps (Al_thsz)}} ’ }
(there are 2(n — 1) terms of the brackets } on the right of B for n > 2)

= AT 4, {A%[At/Q [A—t/2[At/2 . [At/2 [A—t/2(A%BA%)p2A—t/2]p3
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At/2]p4 . A—t/2]p2n71 At/Q]anA%L

_ p1p2--p2n(1—t+r) _ h
where 1 = (((p1—Dp2+)ps—)pat0ps———Dpzntr’ & = pipz-pan”
Proof. Clearly this is due to Theorem B and Corollary 3.2. O

Corollary 4.5. Let A > 0, B > 0, and for a natural number n, p; > 1,
i =1,2--,2n. Then the following log majorization holds for r > 1.

(Aﬁ%B)h ~ (log) Arﬁa(Ahmnfl(Ahanfs (Ahp2n—5'“(Ahp5 (AhpsBm)m)pG)ps'")mn
_ Arﬁa[A1/2[A—1/2[A1/2M[A1/2[A—1/2Bp2A—1/2]p3A1/2]p4.“A—l/2]p2n,1A1/2]p2n’
where h = e

P1p2---P2nT a= h
(P1—=1D)p2+1)p3—1)pa+1)ps—-—1)pan+r’ p1p2-p2n

Proof. Let t =1 in Theorem 4.4 to get the result. O

Corollary 4.6. Let A>0,B>0,t€[0,1], and p; > 1,7 =1,2,3,4. Then
the following log majorization holds for r > t.

(AﬁiB)h ~(log) AT o { AN by, {Allp, (A1, B)}}

AT AT AT AT2 (A BATS A A2 5,

p1p2p3pa(1—t+r) o h
(p1—t)p2+t)p3s—t)patr’ and a = p1p2p3ps’

where h = «
Proof. Let n = 2 in Theorem 4.4. O

Corollary 4.7. Let A > 0, B > 0,t € [0,1], and § € [0,1]. Then the
following log majorization holds for s > 1 and r > t.

(Aﬁ5B)h >'(10g) Al—t—l—rﬁa(Al—tusB)’

where h = ((1_t+r)8

_ h
1—8t)s+or”’ and o = 55‘

Proof. Let p% =0 € [0,1], po = ps = 1, and ps = s in Corollary 4.6, and
note, in this case, that
AT [A2[AT (AT BAT P2 AP AP AT = AV B, O
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