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1. Introduction

Theory of fractional derivatives and integrals has gained much attention during
the past few decades. It is found that derivatives and integrals of fractional-
order are very suitable in modeling the behavior of premotor neurons in the
vestibulo-ocular reflex and also in modeling diffusion in a specific type of porous
medium. It has been shown that fractional differential equations provide ex-
cellent tools in description of the properties of materials used in industry.
Fractional-order models are found to be more accurate than classical integer-
order models in mathematical treatment of many problems arising in the fields
of physics, electrochemistry, signal processing, electromagnetic and so forth.
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Recently, there are some papers studying the boundary value problems for
nonlinear fractional differential equations; see [2] and [4]-]6].

Zhang [6] has proved the existence of positive solutions for a nonlinear frac-
tional differential equation boundary value problem involving Caputo’s deriva-
tive:

D8‘+u(t) = f(t7u(t))7 0<t <1,
u(0) +u'(0) =0, u(l)+u'(1) =0,
where 1 < a < 2 is a real number, Dg, is the Caputo’s fractional derivative,
and f:[0,1] x [0,400) — [0,400) is continuous.

Qiu and Bai [4] gave the existence of a positive solution to boundary value

problem of the following fractional differential equation:

Dgru(t) + f(t,u(t) =0, 0<t<1,
u(0) =v'(1) =u"(0) =0,
where 2 < a < 3, D, is the Caputo’s differentiation, and f : (0, 1] x [0,00) —
[0, 00) with tli%i f(t,-) = +oo (that is f is singular at t = 0).

Tian and Chen [5] proved an existence result for the problem involving
Riemann-Liouville fractional derivative:
D%(t) + f(t,u(t)) =0, 0<t<1,

(¢=1)
w(0) =0, u(l)=aD 7 ult) |,
where 1 < ¢ < 2 is a real number, « and £ satisfy certain conditions.

Motivated by the above results and methods, we discuss in this paper the
existence of a positive solution to the following nonlinear fractional differential
equation with nonlinear boundary conditions:

D&Lu(t) = f(t7u(t))7 0<t <1, (1)
u'(0) =0, "(0)=0, u(0)=g'(1)),
where 2 < o < 3 is a real number, Df, is the Caputo’s differentiation, f :
[0,1] x [0,400) — [0,+00) is continuous. We impose growth conditions on
the functions f and g, and apply fixed-point theorem in a cone to prove the
existence of a positive solution.

We only found one paper [2] dealing with the existence theorems for non-
linear fractional differential equations with nonlinear boundary conditions, in
which the authors study a different problem using Amann Theorem and the
method of upper and lower solutions.
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2. Preliminaries

We present here the definitions and some fundamental properties of Caputo’s
derivative which can be found in the literature.

Definition 1. The Caputo fractional derivative of order o > 0 of a con-
tinuous function w : (0,00) — R is given by
1 b (s)
Dgiu(t) = d
o ult) I'(n—a) /0 (t — s)o—n+l %
where n — 1 < a < n, provided that the right-hand side is pointwise defined on
(0, 00).

Definition 2. The Riemann-Liouville fractional integral of order o > 0 of
a function u : (0,00) — R is given by

t
Ig u(t) = ﬁ/o (t — s)* u(s)ds,
provided that the right-hand side is pointwise defined on (0, c0).
Lemma 3. (see [3] and [6]) Let n — 1 < o < n, u € C"[0,1]. Then
I8, D§ u(t) = u(t) — Cp — Cot — -+ — Cpt" 1,
where C; e R, i =1,2,...n.
Lemma 4. (see [1]) Let E be a Banach space, P C E a cone, and 1, Qo

are two bounded open balls of E centered at the origin with Qy C Qy. Suppose
that T : PN (Q2\ 1) — P is a completely continuous operator such that either

(1) [|[Tz|| < ||z, x € PNOQ and ||[Tz|| > ||z||, x € P N0, or

(ii) | Tx| > ||z||, x € PNOQ; and ||Tz|| < ||z||, x € P N 0N

holds. Then T has a fixed point in P N (g \ ).

Before proceeding to the next section, we first prove the following lemma.
Lemma 5. Given h(t) € C[0,1] and a continuous function g : [0, +00) —
[0,+00), let 2 < aw < 3, then the boundary value problem
Dgiu(t) =h(t), 0<t<l,
W(0) =0, u(0)=0, u(0)=g(u(D)),
has a unique solution
1

u(t) = (o) /Ot(t —5)* " h(s)ds + g <ﬁ /01(1 — s)a_2h(s)ds> .

(2)
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Proof. With Lemma 3, we can reduce equation (2) to an equivalent integral
equation
u(t) = I§, h(t) + Cq + Cst + Cst?.
We have

"(t) = ! t —8)*2nh(s)ds
() = )/O(t )22 (s)ds + Cs + 2Cst,

MNa—-1

(1) = ﬁ /0 (t — 5)°3h(s)ds + 2Cs.

Then from the boundary conditions u/(0) = 0, «”(0) = 0, we have Co = C5 = 0,
and

a

u(t) = %/0 (t — 5)* Lh(s)ds + Ch.

Since u(0) = g(u/(1)), we have C; = g(ﬁ fol(l — 5)%"2h(s)ds). Therefore,

the unique solution of (2) is
1

u(t) = o) /Ot(t — )" h(s)ds + g <ﬁ/o

1

(1-— s)a_zh(s)ds> . O

3. Main Results

Throughout this section, we make the following assumptions about the func-
tions f and g :

(A1) f: [0,1] x [0,4+00) — [0,+00) is continous, ¢ : [0,+00) — [0,+00) is
continous and non-decreasing.

(A2) There exists a positive constant L, such that |g(x) — g(y)| < Lz —y],
for any z,y € [0, +00).

(A3) limyyoo 22 = 0, Tlim, o4 22 = 400,

Throughout this section, we use the following notations:

L= al'(a)’ (3)
L2 = For ()
N (5)
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where L is the constant in assumption (A2).

From (A3), there exists a positive constant Ny, such that if z < Ny, then
9@ > 1 je., g(x) > .

xT

Similarly, there exists a positive constant No(Ny > Np), such that if z > No,
then @ <1, ie, g(z) <z

Then we choose a positive constant R, such that R > MLL%;L” Similarly,
we can choose a positve constant r, such that r < WLL%;LQ) Then r < R.

With the constant r, R chosen as above, we impose additional conditions
on the function f:

(Ad) f(t,z) < LlTRLz’ for (t,z) € [0,1] x [0, R];

(AB) f(t,x) = 1, for (t,x) € [0,1] x [0, 7],

where L1, Ly are constants in (3) and (4).

We construct a cone P ={u € E: u(t) >0, 0 <t <1}, where E = C[0,1]
and |jul| = Jnax |u(t)|. E is a Banach space. We define an operator T': P — P

as follows:

1

Tu(t) = m/o (t — )1 f(s,u(s))ds (6)

g (ﬁ /0 - s)a—zﬂs,u(s))ds) .

We state the main existence results in the following theorem.

Theorem 6. Let 2 < o < 3, the functions f and g satisfy assumptions
(A1)-(A5), then problem (1) has a positive solution.

Proof. The proof is divided into three steps.
Step 1. We prove that T" maps P to P.

From (6) and (A1), it is clear that Tu(t) is non-negative. Next, we prove
that for u € P, we have Tu(t) € C0,1]. Since u(t) € C[0,1], there exists a
constant M > 0 such that |u(t)| < M for t € [0,1]. With assumption (A1), let

F= o
(tU)G%%}i[O,M]f( yu(t)) +1,

we have
0 < f(t,u(t)) < F. (7)

We consider the following three cases:
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Case 1. tg € (0,1), t € (to, 1]. By mean value theorem, we have
(t =9 = (to—5)*"" = (a = 1)(T = 5)*(t — to) (8)
for some t € (tp,t). It follows from (7) and (8) that

ITu(t) - Tu(to)| = ﬁ /0 "= 9™ = (t0— )77 (s, u(s))ds

+ﬁ /t (t— )% f(s, u(s))ds
B N a2 ivds L [ se-lgs
<y @ 0w s [ e
- e P [ty ey
(t —to)(a — 1)F (1 — (T —tg)*™H) F N
- OF(a) a—1 + al'(«) (t=to)
(t—to)(a—1)F 1 F N
- Ia) a—1 + al'( )(t_to)
= r t—1t t—tg)”
@( - 0)+af(a)( —to)

Given € > 0, let

[l eozF(oz)é
5—m1n< SF . ( Ve ) >

Then when 0 < t — ty < d, we have

F F .
[ Tu(t) — Tu(to)| < @(i —1o) + m(t — o)
F el'(a) Foeal(a) € €
S T(a) 2F al(a) 2F 2727¢

Case 2. tp € (0,1], t € [0,tp)
Tu(to) — Tu(t)|

= i [ Tt =9 = = sl
T ﬁ / (to — )"~ £ (s, u(s))ds

F ! n a—2 F fo a—1
<m/0(oz—1)(t—s) (to—t)ds—l—m/t (to — 8)* "ds
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_ (o — tF)EZ)_ DF i (t — 5)* 2ds + %@(to —1)*
e e e W
= I'(a) ( a—1 ) "ar !
(to —t)(@-1F 1 L o

= I'(e) a—1" al(a) o=t

F r «
= iy o =D+ gry (o = 0%

where t < t < tg.
Given € > 0, let
. f(a) eal(a) 1
d = min( 5 ( oF )e)

Then when 0 < tg —t < J, we have

F F

[Tu(to) — Tu(t)] < m(to —t+ ol'(a)
F () F eal(a) €

“T(@ 2F 'al@ 2F 2

Case 3. to =0, t € (0,1]

Tu(t) - Tu(0)] = ﬁ /0 (t — )% (s, u(s))ds

Fote

Given € > 0, let

Then when 0 < t < §, we have
F  eal'(a)
al'(a) F
Hence, we have proved that for v € P, we have Tu(t) € C|0, 1]. Therefore,
T: P—P.

Step 2. Next, we prove that the operator T : P — P is completely
continuous.

— €.

ITu(t) — Tu(0)] <

Let up € P and |jugl]] = ap. For u € P and |lu — up|| < 1, we have
llu|| < 1+ ap:= a. By assumption (A1), we know that f(¢,u(t)) is uniformly
continuous on [0, 1] x [0, al.
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Therefore, given any € > 0, there exists § > 0 and § < 1, such that when
[u(t)—uo(t)| < 0, we have [f(t,u(t))—f(t,uo(t))| < &, where F is the constant
in (5).

If |lu — wo|| < 9, then u(t),up(t) € [0,a] and |u(t) — up(t)| < 0, for any
t € [0,1], then we have

€
£ u(®) = ftuo@)] < 7, ¥E€01] (9)
It follows from (9) and assumption (A2) that

I Tu(t) — Tu(t)| < ﬁ /0 (= 971 Fls,u(s)) — £(5,uo(s))|ds

+g (ﬁ / - s)a-2f<s,u<s>>ds)

1
Ly (ﬁ [a- S)O‘_Zf(s,uO(S))d8> |
€ r t 1
< ﬁ/g (t—s)a-lds+7r((f_ 1)/0 (1 —s)a-%zs}
t* L

:ozF(oz) + (a— I — 1)]

1 L €
[aT(a) @} G

IN
S R

F; =e.

Then
[T — Tugl| = max |Tu(t) — Tuo(t)] < e.
te(0,1]

Therefore, T': P — P is continuous.

Let  be a bounded set in P, i.e., Q:={u € P : ||u|| < M}, where M is a
positive constant. Let F' = max( )ejo1]x 0,0 f (u(t)) + 1.

Since g is non-decreasing, we have
ITu(t)| < —— /t(t s lds 4 g <L /1(1 - s)o‘_2ds>
L(a) Jo (o —1) Jo
Fote F 1
“Taa Y <7r<a_1>—a_ 1>

: arﬁ@ o <%>

Then

F F
Tull = m I'u(t +
1Tl te[g,}l{] ‘ u( )| < ol'(a) g < >
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for any u € €.
Hence T'(Q2) is bounded.

From the proof in Step 1, we can easily see that for each u € €, given
e > 0, there exists § > 0, such that, if ¢t1,t, € [0,1], and 0 < to — t; < J, then
|Tu(t) — Tu(ty)| < €. Therefore, T(Q2) is equicontinuous. By the Arzela-Ascoli
Theorem, T': P — P is completely continuous.

Step 3. Let Q1 = {u € P : ||ul| <r}, where r is the constant chosen in the
beginning of this section. For u € 9§, we have ||u| =7 and 0 < u(t) < r, for
t € [0,1]. Tt follows from assumption (A1), (A3) and (A5) that

1 ! a—1
W/O (1 —=5)""f(s,u(s))ds

< T(a—1) / (- )a_zf(s,u(s))ds>
= T+ 1) (L1 + Lo) FL/ (1—s)*tds+g ((L1 - L;)”F(a - /01(1 ) S)a—2ds>

T+ Lyjalt(a) ¢ ((L1 I — (e 1)>

Tu(l) =

<

T r
=li————+g | Lo——].

'L+ Ly g( 2L1+L2>
It follows from the discussion after assumption (A3) that Lyz—7 < Ni, and
we have g (LQm) > Lgm

Therefore,

r r r r

+ > L + L =
L+ Lo g< L1+L2> 1L1—|—L2 2L1—|—L2
Then ||Tul| > ||ul| on 0.

Similarly, let Q2 = {u € P : ||u|| < R}, where R is the constant chosen in
the beginning of this section. For u € 099, we have ||u| = R and 0 < u(t) < R,
for t € [0,1]. Tt follows from assumptions (A1), (A3) and (A4) that, for any
t €10,1],

1 R !
| Tu(t)] < mm/o (t —s)* lds

" <L1 fLQ r(al— 1) /01(1 - S)Hds>

1 R R 1 1
T It L) a I\ eTla—1)a-1
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- LR N ( L2R>
— L1+ Lo g Ly + Lo '

It follows from the discussion after assumption (A3) that Lgﬁ > Ny, and

R R
we have g <L2m) S LQm

Therefore,
R R R
Tult)| <Ilh1—————+g | Lo——+— | <L +L =R
Tudl < =, g< 2L1+L2>— "Lt Ly Lot Ly
Then || Tul| < ||ul| on 0.
By Lemma 4, we complete the proof of theorem. O
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[2]
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