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Abstract: This is the second paper in a sequence of several articles dedicated
to the development of applications of Euler Beta-function B-splines (BFBS) to
Computer-aided Geometric Design (CAGD) and, in particular, for geometric
modelling of parametric curves, surfaces and volume deformations. This study
is an analogue of the study conducted in [13, 11] for the case of expo-rational B-
splines (ERBS). An important objective of this study is the comparison between
the graphical and computational performance of BFBS versus ERBS, as well
as the comparison of BFBS versus classical polynomial Schoenberg B-splines.

In the first paper [14] of the sequence we discussed parametric curve in-
terpolation based on BFBS, as well as the respective BFBS-based Bezier-type
form of the resulting parametric curves. In the present paper we shall continue
this topic by studying interpolation of bivariate BFBS tensor-product paramet-
ric surfaces and trivariate BFBS tensor-product volume deformations in 3D
and the respective BFBS-based Bezier-type representations of the parametric
surfaces and volume deformations resulting from the interpolation.
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1. Introduction

Expo-rational B-splines (ERBS) were introduced in 2003, and a first compre-
hensive study of their properties was conducted and announced in [2], and pub-
lished in [9]; their applications to geometric modelling of curves and surfaces
were first studied in [13] and, more comprehensively, in [11].

Generalized expo-rational B-splines (GERBS), first proposed in [3], with
subsequent publication in [8], are a generalization of ERBS which includes the
polynomial simplified modifications of ERBS, introduced in [3] as Euler Beta-
function B-splines (BFBS), with a brief outline of their definition in [8] and
a detailed exposition of their definition and properties in [4] and discussion of
their evaluation in [5, 6, 7]. The GERBS class also includes other basis/blending
functions with relevant properties such as minimal support (as a 1st-degree
piecewise-affine B-spline), value 1 at the center knot, value zero at all other
knots, and (at least one) derivative equal zero at all knots.

BFBS were introduced in [3] as a particularly important practical instance
of GERBS which is essentially complementary to ERBS. In this framework, the
definition and properties of BFBS [4] are similar to those of ERBS but these
useful properties of BFBS [4] are only available within a limited range, com-
pared to the practically unlimited range of validity of the respective properties
of ERBS [9]. On the other hand, unlike ERBS, whose evaluation requires nu-
merical integration, BFBS are explicitly and efficiently computable in closed
form, in terms of polynomial bases [5, 6, 7].

Definition 1. (BFBS – see [4, Definition 4]) Consider a strictly increasing
knot-vector {tk}

n+1
k=0 . A Beta-function B-spline (BFBS), associated with three

strictly increasing adjacent knots tk−1, tk and tk+1, Bk(t) = Bk(ik−1, ik, ik+1; t)
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is defined by

Bk(t) =





Sk−1

t∫

tk−1

ψk−1(s)ds, if t ∈ (tk−1, tk),

Sk

tk+1∫

t

ψk(s)ds, if t ∈ (tk, tk+1),

1, if t = tk,

0, otherwise,

(1)

with

Sk =




tk+1∫

tk

ψk(t)dt



−1

, (2)

and

ψk(t) = Ck

(t− tk)
ik(tk+1 − t)ik+1

(tk+1 − tk)ik+ik+1
, t ∈ [tk, tk+1], (3)

where

Ck =

(
ik + ik+1

ik

)
, (4)

and
il > 0, l = k − 1, k, k + 1. (5)

In a sequence of several papers, of which this is the second one, preceded by
[14], we study applications of the new BFBS to Computer-aided Geometric De-
sign (CAGD) and, in particular, for geometric modelling of parametric curves,
surfaces and volume deformations. This study is an analogue of the study con-
ducted in [13, 11] for the case of ERBS. An important objective of this study
is the comparison between the graphical and computational performance of
BFBS versus ERBS, as well as of BFBS versus classical polynomial Schoenberg
B-splines. In the first paper [14] of the sequence we discussed parametric curve
interpolation based on BFBS, as well as the respective BFBS-based Bezier-type
form of the resulting parametric curves. In the present paper we shall continue
this topic by studying interpolation of bivariate BFBS tensor-product paramet-
ric surfaces and trivariate BFBS tensor-product volume deformations in 3D
and the respective BFBS-based Bezier-type representations of the parametric
surfaces and volume deformations resulting from the interpolation.
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Due to the analogy with the exposition of the case of curves in [14], in the
present paper the exposition of the respective topics for tensor-product surfaces
and volume deformations is considerably more concise, and the emphasis is
concentrated on two main aspects:

• the necessary upgrades of the construction needed to pass from curves on
to surfaces and volume deformations;

• graphical examples (Examples 1–3 in Section 2.4 and Example 4 in Section
3, see Figures 1–5).

2. BFBS-Based Bivariate Tensor-Product Surfaces

BFBS-based tensor-product surfaces are defined via

S(u, v) =

nu∑

i=1

nv∑

j=1

sij(u, v)Bi(u)Bj(v), (6)

where sij(u, v), i = 1, .., nu, j = 1, ..nv , are nu×nv local patches, and Bi(u),
Bj(v) are the respective BFBS basis functions. As can be seen, the formula
resembles the usual B-spline tensor-product surface, except that sij(u, v) are
not points, but surfaces. Moreover, the formula is the same as with ERBS (see
[11], beginning of Chapter 5: tensor-product Surfaces), with the exception that
the class of admissible surface patches sij(u, v) is constrained by the degree of
the BFBS in (6), while with ERBS there are no such constraints. A tensor-
product BFBS surface can, therefore, be regarded as a blending of local patches,
similarly to tensor-product ERBS. A BFBS surface with nu × nv local patches
can be divided into (nu − 1) × (nv − 1) “quadrilateral” parts, where each of
them is a blending of parts of 4 local patches.

In [14, Definition 2] we provided a classification of local functions which
are admissible as functional coefficients of BFBS in the case of curves. For
tensor-product surfaces we can briefly summarize the following.

Remark 1. In principle, the only constraint on the choice of the local
surfaces si,j(u, v) is that |si,j(u, v)| ∈ F(Bi(u)) for all v ∈ [v1, vnv ], and that
|si,j(u, v)| ∈ F(Bi(v)) for all u ∈ [u1, unu ].

2.1. Definition/Implementation of “Open/Closed” Surfaces

The cases of “open” and “closed” tensor-product BFBS surfaces are analogous
to “open” and “closed” BFBS curves. For BFBS surfaces the definition and
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implementation of “open” and “closed” surfaces (see, e.g., [15] for the usual
polynomial spline surfaces) is analogous as with ERBS, but the boundary u-
curves and v-curves (corresponding to the (u, v0), (u, vn), (u0, v) and (um, v)
lines forming the boundary of the rectangular parametric domain [u0, um] ×
[v0, vn]) are now BFBS curves, while with ERBS these boundary curves are of
ERBS type.

2.2. Evaluation of BFBS-Based Tensor-Product Surfaces and Their
Derivatives

We shall now derive a matrix representation for the tensor-product surface. We
have

S(u, v) =

nu∑

k=1

nv∑

l=1

skl(u, v)Bk(u)Bl(v), (7)

where

skl(u, v) =

ik−1∑

µ=0

jl−1∑

ν=0

cµνu
µvν (8)

is a polynomial patch of 2 variables and total degree n = ik +jl−2. This means
that 0 ≤ µ+ν ≤ n. The span of these polynomials is a subspace of the space of
all polynomials of degree ik + jl − 2, such that only one polynomial with degree
ik + jl − 2 has nonzero coefficient. We can see that this subspace is a tensor
product of spans of functions in u and spans of functions in v, i.e., its elements
are tensor-product surfaces. Here ik and jl are the respective multiplicities of
the knots uk and vl.

We shall now rewrite equation (8) using Taylor’s expansion formula. Let
us first write the equation in Taylor’s formula for, say, the variable u about the
point uk and after that for the other variable v about the point vl,

skl(u, v) =

ik−1∑

µ=0

1

µ!
s
(µ)
kl,u(uk, v)(u− uk)

µ

=

ik−1∑

µ=0

1

µ!

[
jl−1∑

ν=0

1

ν!
s
(µ+ν)
kl,u,v (uk, vl)(v − vl)

ν

]
(u− uk)

µ

=

ik−1∑

µ=0

jl−1∑

ν=0

1

µ!

1

ν!
s
(µ+ν)
kl,u,v (uk, vl)(u− uk)

µ(v − vl)
ν

(9)
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Now we can write skl(u, v) in matrix form using local monomial bases,

skl(u, v) = (Mik,k(u))
T C (Mjl,l(v)) , (10)

where
C =

(
s
(µ+ν)
kl,u,v (uk, vl)

)
,

is a block matrix (matrix of matrices) with dimension ik × jl and dimension of
the blocks is µ× ν, Mik ,k(u) is a matrix representation of the monomial basis
centered around uk,

Mik ,k(u) =




1
0!

(u−uk)
1!
...

(u−uk)ik−1

(ik−1)!



,

and Mjl,l(v) is a matrix representation of the monomial basis centered around
vl

Mjl,l(v) =




1
0!

(v−vk)
1!
...

(v−vk)jl−1

(jl−1)!



,

where the monomial bases are normalized with 1
µ! for matrix Mik,k and 1

ν! for
matrix Mjl,l for the purpose of the differentiation.

Let us change the monomial basis to Bernstein basis

Mik,k(u) = AkBrik,k(u)

Now we can write (10) in terms of Bernstein bases, as follows:

skl(u, v) = (Brik,k(u))
T AT

k C AlBrjl,l(v) (11)

where Ak, Al are the matrices of the change between the two bases and they
are with constant coefficients. Here, Brik,k and Brjl,l are the Bernstein-basis
matrices.

For the BFBS tensor-product surfaces given in (7), we have the following
matrix representation

S(u, v) = (Bnu(u))T (skl(u, v)) (Bnv(v)) , (12)

where Bnu is a square matrix of order nu ×nu, Bnv is a square matrix of order
nv × nv and the order of skl is nu × nv.
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Figure 1: A global tensor-product BFBS surface with 25 local surfaces
(interpolation points marked with blue cubes). All local surfaces are
2nd degree Bezier patches that are planar, some of them are viewed
(the red cubes are control points in the control polygons of the local
Bezier patches). In a greyscale version of the image, all cubes in the
left-hand image are interpolation points, while in the right-hand image
are seen both control points and interpolation points.

Finally, we get the following matrix equation for the BFBS tensor-product
surfaces

S(u, v) = (Bnu(u))T (Brik,k(u))
T AT

kCAlBrjl,l(v) (Bnv(v)) (13)

Differentiation in u, v uses now the rules for differentiation of a product
of matrix-valued functions (essentially, the same as with scalar functions, but
without commutativity). Analogously to the case of curves, here we will have
some zero entries in the matrices in relevance to the fact that BFBS are poly-
nomials.

2.3. Bezier Patches as Local Patches

In general, Bezier patches are very convenient to use as local patches. Recall
that Bezier patches are defined by

s(u, v) =

du∑

i=0

dv∑

j=0

ci,j bdu,i(u)bdv ,j(v) for 0 ≤ u ≤ 1 and 0 ≤ v ≤ 1, (14)



368 A. Laks̊a, B. Bang, L.T. Dechevsky

where the basis functions are the Bernstein polynomials

bd,i(x) =

(
d

i

)
xi (1 − x)d−i , x ∈ [0, 1],

and where ci,j ∈ R
n, are the coefficients where n > 0 usually is 3.

All types of evaluators used for Bezier curves are of course also available
for Bezier tensor-product surfaces. In [14, formula (22)] the generalized Bern-
stein/Hermite matrix was introduced. In the generalized Bernstein/Hermite
matrix, each row is scaled by δj , where j is the row number (starting with 0).
The matrix looks like this:

Bd(t, δ) =




δ0D0bd,0 (t) . . . δ0D0bd,d (t)
...

. . .
...

δdDdbd,0 (t) · · · δdDdbd,d (t)


 . (15)

In the curve case, the matrix was used both for evaluation (pre-evaluation) and
Hermite interpolation. It is also natural to do this for tensor-product BFBS
surfaces.

Hence, using the matrix, (15), we can first make an expanded matrix version
of equation (14), not only returning the value, but also all the derivatives. We
now get:

S̃du,dv
(u, v) = Bdu

(u, δu) C Bdv
(v, δv)

T for 0 ≤ u ≤ 1 and 0 ≤ v ≤ 1, (16)

where C is the control polygon (matrix), and δu and δv are the scaling as a
result of the affine global/local mapping (see [14, Definition 4]). If du = dv = 2
the matrix S̃du,dv

(u, v) will be

S̃2,2(u, v) =




s(u, v) Dvs(u, v) D2
vs(u, v)

Dus(u, v) DuDvs(u, v) DuD
2
vs(u, v)

D2
us(u, v) D2

uDvs(u, v) D2
uD

2
vs(u, v)


 . (17)

As one can see, the matrix (17) contains the position and all derivatives that are
not 0 at the parameter value (u,v) on the surface. It follows that this matrix,
together with the scaling factors δu and δv, completely describes the patch.

Let us examine this matrix representation. Consider Ti(x) : R
k → R

k−1, i =
1, 2, . . . , a band-limited matrix with bandwidth two, and with the elements 1−x
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and x on the nonzero band, where the index i denotes the number of rows in
the matrix Ti,

Ti(x) =




1 − x x 0 · · · 0
0 1 − x x · · · 0
...

...
. . .

. . .
...

0 · · · 0 1 − x x




i×i+1

, (18)

see [11].

We can now consider a matrix version of a (du +dv)-th degree Bezier patch,

s(u, v) = T1(u)T2(u) . . . Tdu
(u) C Tdv

(v)TTdv−1(v)
T . . . T1(v)

T

=

du∏

i=1

Ti(u) C




dv∏

j=1

Tj(v)




T

.
(19)

The derivatives of this patch can now be obtained by partial differentiation
in u or v of a product of matrix functions (the formula is similar to the case of
differentiation of a product of scalar functions, but without commutativity).

Remark 2. Similar to the case of Bezier local curves in [14], in the present
context the local Bezier patches can be upgraded to local polynomial B-spline
patches, with extension of the respective matrix representations according to
the upgrade of the matrix-based theory of Bernstein polynomial bases to matrix
representations of Schoenberg B-spline bases, see [12].

2.3.1. Local Bezier Patches and Hermite Interpolation

As with curves, Hermite interpolation of BFBS surface patches is analogous to
the ERBS case, with respective constraints for the order of the Hermite inter-
polation in the knots in the BFBS case. This exposition follows [11], Chapter
5: Tensor-product Surfaces, Section 3.1 Local Bezier patches and Hermite in-
terpolation, with respective additional constraints related to the multiplicities
(ik, jl) in the knots (uk, vl).

We start by recalling the settings from [14, Section 2.3], and adapting them
to tensor-product BFBS surfaces.

• Given is a surface g(u, v), g : Ω ⊂ R
2 → R

n, where Ω = [us, ue]× [vs, ve],
n = 1, 2, 3, ....
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Figure 2: A global tensor-product BFBS surface with four linear local
patches (interpolation points marked with blue cubes). In the first and
second case, all local surfaces are planar Bezier patches which are equal
modulo rigid motion and also parallel. (The surface is viewed from
two different angles, and on the left hand side of each view, there is
an RGB-frame showing the orientations. The small cubes also contain
an RGB-frame showing the orientations of the local patches.) In the
third case, two of the Bezier patches (”top” and ”bottom”) are rotated
around their y-axes. In a greyscale version of the image, the greyscale
value for each of the three axes in the RGB frames slightly differs from
the other two.

• Given is the numbers of samples mu > 1 and mv > 1 and the number
of derivatives {du,i}

mu

i=1 > 0, and {dv,i}
mv

i=1 > 0 in each of the sampling
points, to be used in the interpolation.

• Generate a knot vector by:
– first setting u1 = us and v1 = vs, i.e., the start of the domain of g

in both u and v direction,

– then setting umu = ue and vmv = ve, i.e., the end of the domain of g

in both u and v direction.
– Then, for i = 2, 3, ...,mu−1, generate ui, so that ui−1 < ui and where
umu−1 < umu , and for j = 1, ...,mv generate vj, so that vj−1 < vj ,
and where vmv−1 < vmv .

– Finally, u0 and umu+1 and also v0 and vmv+1 must be set according to
the rules for “open/closed” parameters for tensor-product surfaces.

• Generate vectors of integers {iu,k}
mu

k=1 and {iv,k}
mv

k=1, iu,k ≥ du,k, iv,k ≥
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dv,k.

• Design a BFBS surface S(u, v) using the knot vectors {ui}
mu+1
i=0 and

{vi}
mv+1
i=0 , and generate local patches, in such a way that the BFBS sur-

face is interpolating the local patches, so that, for i = 1, ...,mu and
j = 1, ...,mv ,

Dsu
u Dsv

v S(ui, vj) = Dsu
u Dsv

v g(ui, vj), for su = 0, ..., du,i and sv = 0, ..., dv,j .

This looks like a general Hermite interpolation method used for generating
an approximation of a parametric surface. The specific thing is the generation of
the local patches. First, recall that the domain of a Bezier patch is [0, 1]× [0, 1].
Then, invoke [14, Theorem 1], but adjust it to fit to the local domain of the
Bezier patch. We now get, for i = 1, ...,mu and j = 1, ...,mv ,

Dsu
u Dsv

v S(ui, vj) = δsu

u,iδ
sv

v,j D
su
u Dsv

v si,j ◦ (ωi(ui), ωj(vi)),

for su = 0, ..., du,i and sv = 0, ..., dv,j ,

where S(u, v) is the tensor-product BFBS surface, si,j(u, v) now are Bezier
patches, and

ωi(ui) =
ui − ui−1

ui+1 − ui−1
,

and

ωj(vj) =
vj − vj−1

vj+1 − vj−1
,

are the affine global/local mappings from [14, Definition 4], and

δu,i =
1

ui+1 − ui−1
for i = 1, 2, ...,mu,

and

δv,j =
1

vj+1 − vj−1
for j = 1, 2, ...,mv ,

are the domain-scaling factors defined in [14, Theorem 1]. All this shows that
the tensor-product BFBS surface is adjusted by the domain-scaling factor, inter-
polating the local patches si,j(u, v) for all derivatives at the knot nodes (ui, vj)
for i = 1, ...,mu and j = 1, ...,mv . We consider the equation for the Hermite
interpolations for a local Bezier patch with the pair of indices (i, j),

Dsu
u Dsv

v g(ui, vj) = Dsu
u Dsv

v S(ui, vj)
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Figure 3: A graphical example of a global tensor-product ERBS-surface
with four local surfaces, shown from two different angles. All local sur-
faces are planar Bezier patches which are equal modulo rigid motion
and also parallel (the two ”middle” patches are overlapping in the fig-
ure). In a greyscale version of the image, all colours used range within
different ranges of the greyscale value.

= δsu

u,iδ
sv

v,j D
su
u Dsv

v si,j ◦ (ωi(ui), ωj(vi))

=

d1∑

r=0

d2∑

s=0

ci,j,r,s δ
su

u,i D
subdu,r ◦ ωi(ui)δ

sv

v,j D
svbdv,s ◦ ωj(vj)

for su = 0, ..., du, and sv = 0, ..., dv .

This is nearly the same as the formulation in (16), but now we have included
the global/local mapping in consideration. The matrix form now is, for i =
1, ...,mu, and j = 1, ...,mv ,

gdu,dv
(ui, vj) = Bdu

(ωi(ui), δu,i) Ci,j Bdv
(ωj(vj), δv,j)

T , (20)

where

gdu,dv
(ui, vj) =




g(ui, vj) . . . Ddv
v g(ui, vj)

...
. . .

...
Ddu

u g(ui, vj) · · · Ddu
u Ddv

v g(ui, vj)


 .

Then, the final step to generate the local Bezier patches is to solve equation
(20) with respect to the Bezier coefficients (control polygon) Ci,j,

Ci,j = Bdu
(ωi(ui), δu,i)

−1 gdu,dv
(ui, vj) Bdv

(ωj(vj), δv,j)
−T .
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2.4. Graphical Examples

Example 1. (See Figure 1) On the left-hand side in Figure 1, there is a plot
of a tensor-product BFBS surface with 25 local 2nd-degree Bezier patches. The
interpolation points, the points where the BFBS surface (later also called the
global surface) completely interpolates (with all derivatives up to the respective
order ik + jl of multiplicity in uk and vl, ik being the multiplicity of uk, and jl
being the multiplicity of vl) the local patches, are marked as blue cubes. All
local patches are planar and parallel, and on the right-hand side in Figure 1,
four of the local patches are plotted. The red cubes represent the control points
of the Bezier patches. The knot vector in u direction is {ui}

6
i=0, where u0 = u1

and u5 = u6 are the multiple start and end knots, and where u2, u3 and u4 are
the simple inner knots. The knot vector in v direction is {vi}

6
i=0, where v0 = v1

and v5 = v6 are the multiple start and end knots, and where v2, v3 and v4 are
the simple inner knots. As can be seen on the right-hand side in Figure 1, the
local Bezier patches in the corner are only covering parts of the global surface.
One can also see that, for this example, the local Bezier patches connected to
the points on the sides are covering half of the global surface, and it is also
clearly seen that the Bezier patch connected to the point in the middle of the
global surface is covering the whole global surface.

Example 2. (See Figure 2) In Figure 2 is visualized a BFBS surface with
only 4 local surfaces. It follows that all local surfaces are covering the whole
global BFBS surface. In the figure, the surface is viewed from three different
angles. Note that in this case all the local patches are planar and parallel.

Example 3. (See Figures 3 and 4) In Figure 4 one can see a BFBS surface
and an ERBS surface plotted together, each one of them with only 4 local
Bezier patches (see Figure 3 for perspective views of the ERBS surface plotted
separately). In the first row for the BFBS case the multiplicities (parameters
ik and ik+1 in the basis function, see [4, Definition 5]) are set to (1, 1), in
the second and third rows – to (2, 2) and (3, 3) respectively. It is seen how the
’green’ approximation at the top knot (the maximal value) in the patches in the
left column improves and approaches closer to the planar local patch there. On
the first row the ’green’ is under the ’yellow’ surface near the maximal, because
of the bad approximation. On the second and third row, the green is already
above the yellow (that is, closer to the local patch) and the approximation in
the row is clearly visually better than in the second row (the ’plateau’ at the
top is broader).



374 A. Laks̊a, B. Bang, L.T. Dechevsky

Figure 4: Approximation to the graphical example of Figure 3. (The
ERBS (yellow) global tensor-product surface and the Bezier patches
in all of the cases are the same as in Figure 3.) The green surface is
a BFBS global tensor-product surface, with multiplicity of the BFBS
basis functions set to (1, 1), (2, 2), (3, 3) in the corresponding row (first,
second and third). (In each row, the surfaces are viewed from three
different angles, and on the left hand side of each view, there is an
RGB-frame showing the orientations.) In a greyscale version of the
image, all colours used range within different ranges of the greyscale
value.
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3. BFBS-based Trivariate Tensor-Product Volume Deformations

In 2, 3 and more dimensions, the ’curse of dimensionality’ begins to take its toll.
Most often, this simply means that a satisfactory solution of an approximation
problem requires too much data from practical computational point of view.
Data reduction is then essential. This is the goal, for example, of Trond Brenna
in [1]. If instead, the dataset comes from a computer simulation, the opposite
problem appears. The data set yields a coarse grid, and this leads to problems
with the quality of the visualization. To address this, one idea related initially
only to ERBS has been to use the Hermite interpolation property of ERBS to
model 3D scalar data, and by this resample by re-evaluating the 3D model in a
re-designed point set. In many cases is it possible to get additional information
(e.g., partial derivatives) in the nodes. Using this type of data immediately
leads to a much better visual expression of the results of a simulation.

The general formula for a trivariate tensor-product BFBS function is f :
R

3 → R
n, n ∈ N, is

f(u, v,w) =

nu∑

i=1

nv∑

j=1

nw∑

k=1

pijk(u, v,w) Bi(u) Bj(v) Bk(w), (21)

where pijk(u, v,w) are the nu × nv × nw local functions, and where the three
sets of BFBS basis functions Bi(u), Bj(v) and Bk(w) are defined by the three
knot vectors, {ui}

nu+1
i=0 , {vj}

nv+1
j=0 and {wk}

nw+1
k=0 . This function is a volume

deformation in 3D when it is 3-dimensional vector-valued or point-valued in
3D, i.e., in (21) n = 3. The BFBS construction is analogous to the case of
ERBS (see [11]), with respective constraints in the BFBS case related to the
degrees of BFBS.

Example 4. (See Figure 5) Suppose that n = 1 holds in (21), i.e., consider
a scalar field. This can be modeled by a trivariate tensor-product BFBS-based
expansion. In Figure 5, there is a plot of a wireframe volume object, where
nu = nv = nw = 5. The total volume (cube) is divided in 4 × 4 × 4 = 64 small
cubes. The local volume in the right hand corner (the upper one) is marked
with green, and is filling one of the small cubes. If a local volume is on an edge
but not in a corner it will fill two small cubes. If a local volume is on a side but
not on an edge or in a corner it will fill four small cubes. And if a local volume
is in the interior of the big volume it will fill eight small cubes.

We now assume that the local functions are trivariate tensor-product Bezier
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Figure 5: The figure shows a 3D “volume” object displayed as a wire-
frame. The object is a trivariate tensor-product Expo Rational B-spline,
where the local volumes are trivariate tensor product Bezier volumes.
The local volume at one of the corners is shown in green, all the others
are marked with blue cubes. In the case of BFBS, the construction is
exactly the same. In a greyscale version of the image, all colours used
range within different ranges of the greyscale value.

functions, p : R
3 → R

n, n > 0, given by

p(u, v,w) =

nu∑

i=1

nv∑

j=1

nw∑

k=1

cijkbi(u)bj(v)bk(w). (22)
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The Hermite interpolation process is analogous to the procedure described in
Section 2.3.1. Thus, we have to introduce ’3D-matrices’ (essentially, 3-tensors,
or matrices with entries which are block matrices themselves). We can now
write (22) in the matrix format

p(u, v,w) = C Bdw
(w, 1) Bdv

(v, 1) Bdu
(u, 1), (23)

where C is the 3D coefficient matrix, and Bdu
(u, 1), Bdv

(v, 1) and Bdw
(w, 1)

are the Bernstein/Hermite matrices defined in [14, formula (22)]. The turning
of the sequence of the Bernstein/Hermite matrices is due to the nature of the
3D-matrix (see [16]).

We now get the following formula for the Hermite interpolation in the knot
ui, vj and wk:

gdu,dv,dw
(ui, vj , wk) = Ci,j,k Bdw

(ωi(wk), δw,k) Bdv
(ωj(vj), δv,j) Bdu

(ωi(ui), δu,i),
(24)

where gdu,dv,dw
(ui, vj , wk) is a 3-tensor analog to (15), du is the number of

partial derivatives in u, where dv is the number of partial derivatives in v, and
where dw is the number of partial derivatives in w which are assumed known
in the respective point. We also have that

ωi(ui) = ui−ui−1

ui+1−ui−1
,

ωj(vj) =
vj−vj−1

vj+1−vj−1
,

ωk(wk) =
wk−wk−1

wk+1−wk−1
,

are the affine global/local mappings from [14, Definition 4], and

δu,i = 1
ui+1−ui−1

,

δv,j = 1
vj+1−vj−1

,

δw,k = 1
wk+1−wk−1

,

are the domain-scaling factors defined in [14, Theorem 1].
Now, the final step for generating the local Bezier trivariate tensor-product

volume deformations (3-dimensional vector fields in 3D) is to solve equation
(24) with respect to the Bezier coefficients in the 3D control polygon Ci,j,k,

Ci,j,k = (((gdu,dv,dw
(ui, vj , wk) Bdw

(ωk(wk), δw,k)
−T )T Bdv

(ωj(vj), δv,j)
−T )T

Bdu
(ωi(ui), δu,i)

−T )T . (25)
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4. Concluding Remarks

Some other types of parametric manifolds in 3D, with applications to CAGD,
where BFBS can be applied by analogy with ERBS (with respective additional
constraints) are:

• Gordon surfaces (3-dimensional vector-valued or point-valued bivariate
Boolean sums)

• Gordon volume deformations (3-dimensional vector-valued or point-valued
trivariate Boolean sums)

• Surfaces on triangulations, with prescribed smoothness in the vertices and
the edges of the triangulation.

• Volume deformations on tetrahedral simplectifications in R3, with pre-
scribed smoothness in the vertices, edges and faces of the tetrahedra.

The theory of these types of surfaces and volume deformation is considerably
more complex. We intend to return on the study of these cases in subsequent
research.
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