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Abstract: In [5] a hierarchy of several general constructions of smooth con-
vex resolutions of unity over general partitions of multidimensional domains
in Rn, n ∈ N, was proposed. When the basis functions generating these res-
olution are not constants but Taylor polynomials centered at the ’peaks’ of
the basis functions, the linear combination of these basis functions, with this
type of functional coefficients, exhibits Hermite interpolation at the ’peaks’ and
has good approximation properties. These new constructions are all based on
generalized expo-rational B-splines (GERBS) [5, 11]. In a sequence of several
papers, of which this is the second one, the essentials of these constructions is
provided. Rather than trying to elaborate all details, in these first publications
on the new constructions the emphasis will be on lucidity, clarity and concise-
ness of the exposition of the main ideas. In the first paper [10] of the sequence,
the most general construction is considered: the one corresponding to general
simply connected partitions of domains in Rn, n ∈ N; in the present paper we
consider the reductions and upgrades in this construction in the partial case of
star-shaped covers.
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1. Introduction

In [5] the author proposed several general constructions of smooth convex res-
olutions of unity over general partitions of multidimensional domains in Rn,
n ∈ N. When the basis functions generating these resolution are not con-
stants but Taylor polynomials centered at the ’peaks’ of the basis functions,
the linear combination of these basis functions, with this type of functional
coefficients, exhibits Hermite interpolation and good approximation properties.
These new constructions are all based on generalized expo-rational B-splines
(GERBS) [5, 11]. In a sequence of several papers, of which this is the second
one, the essentials of these constructions will be provided.

In the first paper [10] of the sequence, the most general construction is
considered: the one corresponding to general simply connected partitions of
domains in Rn, n ∈ N.

In the present paper we consider the reductions and upgrades in the general
construction introduced in [10] in the partial case of star-shaped covers.

For the readers’ convenience, the exposition in this and the next papers
of this sequence will be maximally self-sufficient within reasonable space con-
straints: we shall try to include the most important results of previous results
in concise but explicit form in the Preliminaries section of each paper of the
sequence.

2. Preliminaries

2.1. Generalized Expo-Rational B-Splines

2.1.1. Expo-Rational B-Splines

The definition of expo-rational B-splines (ERBS) and first results about their
properties were announced in 2004 in [4]. A detailed exposition of the results
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in [4], upgraded with graphical visualization and including some new results,
was published in [12].

Definition 1. (See [12].) Let tk ∈ R and tk < tk+1 for k = 0, 1, 2, ..., n+1.
Consider the strictly increasing knot-vector {tk}

n+1
k=0 . The ERBS Bk(t), k =

0, . . . , n+ 1, associated with this knot-vector are defined, as follows.

Bk(t) =



























t
∫

tk−1

ϕk−1(s)ds, tk−1 < t ≤ tk

1 −
t
∫

tk−1

ϕk(s)ds, tk < t < tk+1

0, otherwise

, (1)

with

ϕk(t) =
e
−βk

[t−((1−λk)tk+λktk+1)]2σk

((t−tk)(tk+1−t)γk )αk

∫ tk+1

tk
e
−βk

[s−((1−λk)tk+λktk+1)]2σk

((s−tk)(tk+1−s)γk )αk ds

, (2)

where

αk > 0, βk > 0, γk > 0, 0 ≤ λk ≤ 1, σk ≥ 0,

are the intrinsic parameters, defaulting to: αk = βk = γk = σk = 1, λk = 1
2 .

2.1.2. Generalized ERBS

Together with the study of proper ERBS, it was of considerable interest to
try to find modifications of ERBS for which the density ϕk in (2) is simpler
and/or more efficient to be integrated; in particular, it was of interest to find
appropriate sufficiently smooth ϕk in (2) which can be integrated in terms
of elementary functions. This was one among several motivations to conduct
research on appropriate generalizations of ERBS which are simpler to compute,
and yet retain essential part of the ’superproperties’ of ERBS. The results of
this research were first announced in [5] and published in [11]. One of the
most important questions which needed to be answered in this study was to
determine the maximal meaningful class of generalized ERBS (GERBS) which
retain the most basic properties of ERBS. (For example, this large class should
contain both the C∞-smooth ERBS and the C0-smooth (continuous) piecewise
affine B-splines generated by the given knot-vector.) This problem was solved
in [11], and the following definition emerged.
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Definition 2. (See [11].) Consider the system {Fi}
n+1
i=1 of cumulative dis-

tribution functions (see, e.g., [13, 14]) (CDF, for short) such that Fi is supported
on the interval span [ti−1, ti], i.e.,

1. the left-hand limit F (ti−1+) = F (ti−1) = 0,

2. the left-hand limit F (ti+) = F (ti) = 1,

3. F (t) = 0 for t ∈ (−∞, ti−1],

4. F (t) = 1 for t ∈ [ti,+∞), and F (t) is monotonously increasing, possibly
discontinuous, but left-continuous for t ∈ [ti−1, ti].

5. The j-th (g)eneralized (e)xpo-(r)ational (B)-(s)pline (GERBS), is defined,
as follows.

Gj(t) =



















Fj(t), if t ∈ (tj−1, tj ],

1 − Fj+1(t), if t ∈ (tj , tj+1),

0, if t ∈ (−∞, tj−1] ∪ [tj+1,+∞),

(3)

j = 1, . . . , n.

As noted in [11], Definition 2 can be reformulated, as follows.

Definition 3. (Equivalent to Definition 2 – see [11, end of Section 3].)
GERBS is any piecewise monotone reparametrization of a piecewise affine B-
spline which preserves the intervals of monotonicity of the latter, as well as the
range of the latter in each of these intervals.

2.1.3. The Hierarchy of GERBS

In [11] the following chain of nested GERBS classes was considered:

• general GERBS (defined via Definitions 2 and 3);

• possibly discontinuous GERBS (containing the classes of step functions
(piecewise constant B-splines) and piecewise affine B-splines);

• continuous possibly non-smooth (C0-regular) GERBS (containing the class
of piecewise affine B-splines);

• absolutely continuous GERBS (in which case there exist densities ϕk in
(2), and these densities can be arbitrary non-negative Lebesgue-integrable
functions, supported on the respective intervals [tk, tk+1], k = 0, . . . , n;
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• Cm-smooth GERBS, m = 0, 1, . . . , (the case when the densities ϕk in
the previous item are Cm-smooth on R): one particular instance are the
Cm-smooth Euler Beta-function B-splines (BFBS);

• C∞-smooth GERBS (including, but not limited to, ERBS).

2.1.4. Euler Beta-Function B-Splines

In [11] the idea of the definition of BFBS was outlined to be essentially the
same as the definition of ERBS, but with the ’expo-rational’ densities ϕk in (2)
replaced by densities which are normalized Bernstein polynomials, shifted and
scaled to have segment [tk, tk+1], k = 0, . . . , n, as their support. The definition
and properties of BFBS were addressed in detail in [6].

Definition 4. (BFBS – see [6, Definition 4].) Consider a strictly increasing
knot-vector {tk}

n+1
k=0 . A Beta-function B-spline (BFBS), associated with three

strictly increasing adjacent knots tk−1, tk and tk+1, Bk(t) = Bk(ik−1, ik, ik+1; t)
is defined by

Bk(t) =































































Sk−1

t
∫

tk−1

ψk−1(s)ds, if t ∈ (tk−1, tk),

Sk

tk+1
∫

t

ψk(s)ds, if t ∈ (tk, tk+1),

1, if t = tk,

0, otherwise,

(4)

with

Sk =





tk+1
∫

tk

ψk(t)dt





−1

, (5)

and

ψk(t) = Ck
(t− tk)

ik(tk+1 − t)ik+1

(tk+1 − tk)ik+ik+1
, t ∈ [tk, tk+1], (6)

where

Ck =

(

ik + ik+1

ik

)

, (7)
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and
il > 0, l = k − 1, k, k + 1. (8)

2.1.5. Closed-Form Evaluation of BFBS

Unlike ERBS, whose evaluation requires numerical integration, BFBS are ex-
plicitly and efficiently computable in closed form, in terms of polynomial bases.
In particular,

• in [7], BFBS were computed in closed form on the segments [tk, tk+1]
between two adjacent knots in terms of the local monomial bases

1, t− tk, (t− tk)
2, . . . , (t− tk)

ik+ik+1, t ∈ (tk, tk+1); (9)

• in [8], BFBS were computed on [tk, tk+1] in terms of the local Bernstein
bases

bn,i(tk, tk+1; t) =
1

(tk+1 − tk)n

(

n

i

)

(t− tk)
i(tk+1 − t)n−i, i = 0, . . . , n,

(10)
for appropriate value of n, depending on ik and ik+1;

• in [8], a closed form of BFBS was computed on [tk, tk+1] in terms of global
monomial bases 1, t, t2, . . . , m, where m depends on k: m = mk =
0, 1, 2, . . . ;

• in [15] a matrix form of BFBS-based parametric curves in 2D and 3D was
developed;

• in [16] an upgrade of the matrix form from [15] to the case of tensor-
product parametric surfaces and volume deformations in 3D was obtained.

2.2. Problem Setting

This and the next preliminary section follow the exposition of the main results
in the first paper of the present sequence, [10]. In [10] we considered a very
general problem setting in Rn, n = 1, 2, 3, · · · : assume that Rn is endowed with
a metric d = d(x, y), x, y ∈ Rn. Later in the exposition of [10] we discussed
how diverse the metric d can be, so that the construction developed still retains
its nice properties. The topology in Rn is assumed to be the one induced by
the metric d.

Let Ω ⊂ Rn. In the problem setting of [10], Ω:
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1. is the set to be partitioned or covered (the elements of a cover of Ω (which
are subsets of Rn themselves) may, or may not, overlap with each other;
a partitioning is a non-disjoint cover; in [10] the convention was made
(which will also hold here and throughout this sequence of related studies)
that the concept cover is synonymous of overlapping (non-disjoint) cover,
while partition is equivalent to non-overlapping (disjoint) cover;

2. contains the scattered points in which Hermite data are to be interpolated;

3. is either an open set, or a closed set with non-void interior Int(Ω), or,
intermediately, an open set together with part of its boundary ∂Ω;

4. is a connected (not necessarily simply) set;

5. has compact closure Ω (and boundary ∂Ω).

Let ∆{Ωi, i = 1, · · · , N} be a cover or partition of Ω. For the elements of
∆, Ωi, i = 1, · · · , N , in [10] we assumed the following:

1. for the case of a cover, Ωi ⊂ Rn; for the case of a partition, Ωi ⊂ Ω;

2. Ωi are simply connected, i = 1, · · · , N ;

3. Int(Ωi) 6= ∅, i = 1, · · · , N ;

4. Ωi has compact closure (and boundary);

5.
N
⋃

i=1

Ωi ⊇ Ω, (11)

in the case of a cover, and
N
⋃

i=1

Ωi = Ω, (12)

in the case of a partition.

Let Λ = {xi ∈ Ω, i = 1, . . . , N}, be the Hermite-interpolation scattered-
point set in Ω. For the elements of Λ, the following is assumed:

1. Λ is consistent with ∆, in the sense that xi ∈ Int(Ωi) i = 1, · · · , N ;

2. in the case when ∆ is a cover and Int(Ωi) ∪ Int(Ωj) 6= ∅, for some i =
1, · · · , N , i 6= j, it is possible that xi ∈ Int(Ωi) ∪ Int(Ωj) and/or xj ∈
Int(Ωi) ∪ Int(Ωj).
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Next, in [10] we described two sets of parameters intended to control con-
straints describing intra-relations among elements of ∆, intra-relations among
elements of Λ, and inter-relations in-between elements of ∆ and Λ, as follows:

1. The set of size-constraint parameters LN (∆) = {Ri}
N
i=1, 0 < Ri < +∞,

i = 1, . . . , N .

2. The set of nondegeneracy-constraint parameters lN (∆,Λ) = {ρi}
N
i=1, 0 <

ρi < +∞.

3. LN (∆) majorizes lN (∆,Λ) (lN (∆,Λ) minorizes LN (∆)), in the sense that
ρi ≤ Ri, i = 1, . . . , N .

The respective sets of size and non-degeneracy constraints are:

1. For LN (∆):

max
x∈∂Ωi

d(x, xi) ≦ Ri < +∞, (13)

i = 1, · · · , N .

2. For lN (∆,Λ):

0 < ρi ≦ min

{

min
x∈∂Ωi

d(x, xi),min
j 6=i

{d(xi, xj), j = 1, . . . , N}

}

, (14)

i = 1, · · · , N .

As part of the data needed for the construction, in [10] we specified also
the smoothness / regularity index of the convex resolution of unity to be con-
structed. As a default definition of this parameter, we chose herem = 0, 1, 2, . . . ,
+∞ (note the inclusion of +∞ in the possible range for m). In the default case,
considered in the main exposition of [10], the resulting family providing the con-
vex resolution of unity was in Cm(Rn) or Cm(Ω), depending on the context. In
other words, in our setting, started in [10], and continued here, m is the total
order of smoothness / regularity, i.e., the partial derivatives of multiindex order
α exist and are continuous on Ω (or the whole of Rn), for all α : 0 ≤ α ≤ m.

Remark 1. (See [10, Remark 1].) For some special cases of the general
construction developed here it is also convenient to consider m as a multiindex
itself; then existence and continuity is required for all partial derivatives of
multiindex order α which are minorized by α0 : |α0| = 0, and are majorized by
m, including also the upper bound m.
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2.2.1. Examples of Admissible ∆ and Λ

In [10, Section 3.1] we considered the following examples of admissible ∆ and
Λ.

Example 1. Partitions (non-overlapping covers) in ∆:

1. Voronoi diagrams for dimension n = 2 (Dirichlet tesselations for any
dimension n = 1, 2, 3, 4, . . . );

2. Dual case: Delaunay triangulations for dimension n = 2 (called simplec-
tifications or simplicializations for any dimension n = 1, 2, 3, 4, . . . );

3. Other types of triangulations / simplectifications;

4. Partitions with non-affine boundaries, e.g., obtained from Voronoi dia-
grams or Delaunay triangulations after a non-affine (non-linear) change
of variables.

Example 2. Covers (overlapping) in ∆:

1. Star-1 neighbourhoods of the vertices xi, i = 1, · · · , N in a Delaunay
triangulation;

2. Star-1 neighbourhoods of the vertices xi, i = 1, · · · , N in a Voronoi dia-
gram;

3. General finite covers of compact subsets of Rn.

Example 3. Only Λ; no ∆: The spectrum of an M ×M -square matrix
{zj ∈ C, j = 1, · · · , N}, with respective multiplicity rj, j = 1, · · · , N , so

that
∑N

j=1 rj = M (only scattered-point set, without definition of a domain
partition).

Example 4. Only ∆; no Λ: A finite atlas of maps of a compact smooth
manifold (only a finite, compactly supported, resolution of unity, without spec-
ifying a scattered-point set for Hermite interpolation).

2.2.2. Constraint Reductions in (13), (14) for Some Special Cases

Some important reductions of the constraints introduced during the setting of
the problem, valid for important partial cases, were introduced in [10, Section
3.2]. They are described here, as follows.
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Formulae (13, 14) are valid in the most general case, when Ωi, i = 1, . . . , N ,
form a possibly overlapping cover of Ω, and such that it may happen that, for
one or more indices i = 1, . . . , N , Int(Ωj) contains some other elements of the
scattered point set {xi}

N
i=1 besides ’its point’ xj . Some special cases when (13,

14) simplify:

(A) The special case when every Int(Ωi), contains only ’its point’ xi (although
some other elements of the scattered point set may be situated on ∂Ωi,
see, e.g., Example 2), i = 1, . . . , N . (This includes the particular case of
non-overlapping tiles, see, e.g., Example 1.) In this case, (14) simplifies to

0 < ρi ≦ min
x∈∂Ωi

d(x, xi), (15)

for i = 1, · · · , N .

(B) The case when mesh-free Hermite interpolation at a scattered-point set is
considered, see, e.g., Example 3. Here (13, 14) reduce to

0 < ρi ≦ min
j 6=i

{d(xi, xj), j = 1, . . . , N}, (16)

ρi ≦ Ri < +∞, (17)

for i = 1, · · · , N .

(C) In the case when there is interest only in the smooth convex compactly
supported resolution of unity on some domain partition, without the as-
pects related to Hermite interpolation, it is an appropriate choice for every
i = 1, . . . , N to select the hypersphere Bi(ρi) inscribed in Ωi so that it
has the maximal possible radius ρi. In this case the scattered-point set
{xi}

N
i=1 of the respective centers of {Bi(ρi)}

N
i=1 still have the Hermite in-

terpolation property, with multiplicities {ri}
N
i=1 depending on the choice

of the GERBS (in the case when it is chosen to be a BFBS) . A respec-
tive choice of {Ri}

N
i=1 would then be determined via (13). (For general

partitions {Ωi}
N
i=1 it is possible that for some j = 1, . . . , N the center of a

minimal-radius circumscribed hypersphere around Ωj may not belong to
Int(Ωj).)

2.3. The Families {ϕi}, {ψi}

The open ball Bd(y;R) in Rn, of radius R with respect to the metric d, centered
at y ∈ Rn, is defined by

Bd(y;R) = {z ∈ Rn : d(y, z) < R}, y ∈ Rn, R : 0 < R <∞. (18)
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The closed ball B̄d(y;R), defined by

B̄d(y;R) = {z ∈ Rn : d(y, z) ≤ R}, (19)

is the closure of Bd(y;R), in the topology induced in Rn by the metric d.
If clear from the context, we shall omit the part of the notation y for the

centre, or the part of the notation R for the radius; if the part of the notation
indicating the metric d is omitted, this, by default, implies that the metric is the
customary (unweighted) Euclidean distance in Rn, see Case 0.0.0.0 in Section
2.5.1.

In [10, Section 4] we proceeded to define the two function families used in
the new construction.

Definition 5. (See [10, Definition 5].) The non-degeneracy function family
{ϕi}

N
i=1 is defined, as follows:

1. ϕi ∈ Cm(Rn) (or, at least, ϕi ∈ Cm(Ω));

2. for the support suppϕi of ϕi,

suppϕi = B̄d(xi; ρi) (20)

0 < ϕi(x) ≤ 1, x ∈ Int(supp ϕi); (21)

3.
ϕi(xi) = 1; (22)

4. Dαϕi(xi) = 0, 0 < |α| ≤ m,

where x ∈ Rn, suppϕi ⊂ Ωi ∈ ∆ (by definition of ρi), and xi ∈ Λ is the element
of Λ which corresponds to Ωi ∈ ∆, i = 1, . . . , N .

Remark 2. For the family {ϕi}, the following holds.

1. If a linear combination is formed of the functions ϕi, i = 1, . . . , N , with
functional coefficients which are Taylor-expanding polynomials, then, the
family {ϕi} provides Hermite interpolation at all xj , j = 1, . . . , N , in such
a way, that only one function of the family, namely ϕi, is ’responsible’ for
the Hermite-interpolation value at ’its point’ xi, i = 1, · · · , N .

2. The supports of ϕi, supp ϕi, i = 1, · · · , N , may not provide a cover of Ω:

N
⋃

i=1

supp ϕi $ Ω. (23)
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Definition 6. (See [10, Definition 6].) The size function family {ψi}
N
i=1 is

defined, as follows:

1. ψi ∈ Cm(Rn) (or, at least, ψi ∈ Cm(Ω));

2.
suppψi = B̄d(xi;Ri) (24)

holds;

3.
0 < ψi(x), x ∈ Int(supp ψi), (25)

where x ∈ Rn, suppψi ⊃ Ωi ∈ ∆ (by definition of Ri), and xi ∈ Λ is the element
of Λ which corresponds to Ωi ∈ ∆, i = 1, . . . , N .

Remark 3. For the family {ψi}, the following holds.

1. ψi does not necessarily share the Hermite-interpolation property of the ϕi
at xj, j = 1, . . . , N, i = 1, . . . , N , in the sense that when these functions
are multiplied with polynomial coefficients, the generalized Vandermonde
matrix of the interpolation process with the family {ψi} can eventually be
band-limited but not block-diagonal, as is the case with the family {ϕi}.

2. The union of supports of ψi, i = 1, · · · , N , forms a cover of Ω̄:

N
⋃

i=1

supp ψi k Ω̄. (26)

2.3.1. The Auxiliary Families {Φi}, {Ψi}

Using {ψi}, in [10, Section 4.1] we designed the following auxiliary function
family {Ψi}

Ψi(x) =
ψi(x)
N
∑

i=1
ψi(x)

. (27)

Lemma 1. (See [10, Lemma 1].) The family {Ψi} provides smooth,
convex, compactly supported resolution of unity on Ω

Ψi ∈ C∞(Rn), 0 ≦ Ψi(x) ≦ 1, i = 1, · · · , N,
N
∑

i=1

Ψi(x) ≡ 1, ∀x ∈ Ω, (28)
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Remark 4. Similar to {ψi}, {Ψi} does not necessarily have the Hermite-
interpolation property of {ϕi}, see Remarks 2 and 3.

Using {ϕi}, in [10, Section 4.1] we also designed the auxiliary function
family {Φi}

N
i=0, as follows:

Φi(x) = ϕi(x)

i−1
∏

j=1

(1 − ϕj(x)), i = 1, · · · , N (29)

Φ0(x) =

N
∏

j=1

(1 − ϕj(x)), x ∈ Ω. (30)

Lemma 2. (See [10, Lemma 2].) The family {Φi}
N
i=0 satisfies

Φi ∈ C∞(Rn), 0 ≦ Φi(x) ≦ 1, i = 0, 1, . . . , N,
N
∑

i=0

Φi(x) ≡ 1,∀x ∈ Rn. (31)

Remark 5. {Φi}
N
i=0 has both the needed smooth convex resolution prop-

erty and the Hermite interpolation property at xi, i = 1, . . . , N , similar to the
family {ϕi}. However, it still has one important drawback: the resolution of
unity and Hermite interpolation via {Φi}

N
i=0 does not imply good approxima-

tion properties of the Hermite interpolant, because supp Φ0 is not well localized.
Namely, supp Φ0 is not simply connected and its diameter diam(supp Φ0) may
remain large for any choice of N. In fact, it is easy to construct examples where
diam(supp Φ0) = diam(Ω).

2.4. Cm-Smooth, Convex, Compactly Supported Resolution of
Unity with Hermite Interpolation Property

After the preparations listed so far, in [10, Section 5] we proceeded to define
the new multivariate B-spline family {Bi}

N
i=1, as follows.

Definition 7. (See [10, Definition 7].)

Bi(x) := Φi(x) + Ψi(x)Φ0(x), x ∈ Ω, i = 1, . . . , N. (32)

Definition 7, together with the following Theorem 1, constituted the main
new result of [10].

Theorem 1. (See [10, Theorem 1].) Let the B-spline functional family be
defined via formula (32) in Definition 7. Then:
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1. {Bi}
N
i=1 provides Cm-smooth convex resolution of unity on Ω.

2. All Bi, i = 1, . . . , N , have compact support.

3. If the functional coefficients li, i = 1, . . . , N , are all chosen to be Taylor
expansions, then, the functional system {Bi}

N
i=1 exhibits the Hermite in-

terpolation property. (See the properties of the families {ϕi}
N
i=1, {Φi}

N
i=0

and Remark 5.)

4. {Bi}
N
i=1 is an N -dimensional basis.

Corollary 1. (See [10, Corollary 1].)

1. The (G)ERBS family {Bi}
N
i=1 for the scattered set {xi}

N
i=0 and the re-

spective domain partition Ω =
N
⋃

i=o
Ωi, given by formula (32) in Definition

7, admits the following equivalent representation:

Bi(x) =

i−1
∏

j=1

(1 − ϕj(x))











ϕi(x) +
ψi(x)
N
∑

k=1

ψk(x)

N
∏

j=i

(1 − ϕj(x))











, (33)

where x ∈ Ω and i = 2, . . . , N − 1, with respective modifications in (33)
for i = 1 and i = N .

2. If, additionally, the radii ρi, i = 1, . . . , N , are small enough, so that

Int(supp ϕi)∩Int(supp ϕj) = ∅, i 6= j, i = 1, . . . , N, j = 1, . . . , N, (34)

holds, then (33) can be simplified to the following equivalent representa-
tions:

Bi(x) = ϕi(x) +
ψi(x)
N
∑

l=1

ψl(x)



1 −
N
∑

j=1

ϕj(x)



 , (35)

Bi(x) = 1
N
P

l=1
ψl(x)

[

(

i−1
∑

j=1
ψj(x) +

N
∑

j=i+1
ψj(x)

)

ϕi(x)+

+

(

1 −
i−1
∑

j=1
ϕj(x) −

N
∑

j=i+1
ϕj(x)

)

ψi(x)],

(36)

where x ∈ Ω and i = 2, . . . , N − 1, with respective modifications in (35,
36) for i = 1 and i = N .
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Remark 6. It is always possible to select ρi, i = 1, . . . , N , in (14–16) so,
that (34) holds true. For this purpose, it suffices to decrease the value of the
upper bound in the right-hand sides of (14–16) to 1/2 of its value as given in
(14–16).

Corollary 2. (See [10, Corollary 2].) Definition 7 is independent (modulo
permutation of the indices i = 1, . . . , N) of the ordering of the scattered-point
set {xi}

N
i=1 and the respective ordering of the elements of the domain parti-

tion/cover {Ωi}
N
i=1, at least, when condition (34) is fulfilled.

2.5. Modelling {ϕi}, {ψi} with Cm-smooth GERBS

In [10, section 6] we showed that the Cm-smooth univariate GERBS b(t), t ∈
(−∞,+∞), with supp b = [−1, 1] and ’peaking’ at 0 (whether an ERBS defined
in Definition 1, or a Cm-smooth BFBS defined in Definition 4, or a Cm-smooth
GERBS defined in Definition 2 which is not a BFBS) can be used as underlying
for the design of the present construction, for any choice of the metric d on Rn.

2.5.1. Special Selection of the Metric d

In [10, Section 6.1] we considered a variable-depth dichotomous hierarchy of
practically and/or theoretically important cases, when it is easy to model all
defining properties of the elements of the non-degeneracy function family {ϕi}
in Definition 5 using a Cm-smooth GERBS with support scaled to [−1, 1]. Since
the set of properties defining the elements of the size function family {ψi} in
Definition 6 is an essential subset of the one for {ϕi} in Definition 5, Cm-
smooth GERBS with support scaled to [−1, 1] can be used also for modelling
the elements of {ψi}.

0. The metric d on Rn is induced by a norm || • || on Rn;

0.0. Smooth norm on Rn;

0.0.0. The norm on Rn is induced by an inner product;

0.0.0.0. Standard (un-weighted) Euclidean norm || • ||l2 on Rn;

0.0.0.1. Weighted Euclidean norm || • ||l2(w) on Rn;

0.0.1. The norm on Rn is not induced by an inner product;

0.0.1.0. Standard (un-weighted) lp-norm || • ||lp on Rn, p ∈ (1, 2) ∪
(2,+∞);

0.0.1.1. Weighted lp-norm || • ||lp(w) on Rn, p ∈ (1, 2) ∪ (2,+∞);
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0.1. Non-smooth norm on Rn;

0.1.0. Case p = ∞ of the lp-norm;

0.1.0.0. Standard (un-weighted) l∞-norm || • ||l∞ on Rn;

0.1.0.1. Weighted l∞-norm || • ||l∞(w) on Rn;

0.1.1. Case p = 1 of the lp-norm;

0.1.1.0. Standard (un-weighted) l1-norm || • ||l1 on Rn;

0.1.1.1. Weighted l1-norm || • ||l1(w) on Rn;

1. Instances where the metric d is not induced by a norm on Rn;

1.0. Instances of a metric, induced by a 1-quasi-norm ||| • ||| on Rn:

||| • ||| = || • ||pp, 0 < p < 1, (37)

where || • ||p is defined in one of the two following subcases:

1.0.0. Un-weighted lp-quasi-norm || • ||p = || • ||lp ;

1.0.1. Weighted lp-quasi-norm || • ||p = || • ||lp(w);

1.1. Instances of a metric on Rn not induced by a 1-quasi-norm on Rn:

d(x, y) =
|x− y|

1 + |x− y|
, x, y ∈ Rn, (38)

where | • | is defined in one of the two following subcases:

1.1.0. | • | = || • || on Rn, where || • || is defined in Case 0;

1.1.1. | • | = ||| • ||| on Rn, where ||| • ||| is defined in Case 1.0;

In all of the above cases involving a smooth norm (Case 0.0), in the defini-
tions of the {ϕi} and {ψi} function families, one can use a radial GERBS, as
follows:

ϕi(x) = b(
|x− xi|

ρi
), ψi(x) = b(

|x− xi|

Ri
), x ∈ Rn, i = 1, . . . , N, (39)

where | • | is the norm in consideration.
One can still use a radial-GERBS based construction also in Case 1.1.0:

ϕi(x) = b(

|x−xi|
ρi

1 + |x−xi|
ρi

), ψi(x) = b(

|x−xi|
Ri

1 + |x−xi|
Ri

), x ∈ Rn, i = 1, . . . , N,

(40)
where | • | is the norm in consideration.

In case 0.1 one cannot use a radial GERBS construction of the type in (39),
however:
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• in case 0.1.0 (l∞-norm) we can use, thanks to the geometry of the unit
ball in l∞(Rn) a tensor-product GERBS

B(x) =
n
∏

k=1

b(x[k]), (41)

where x = (x[1], · · · , x[n]) ∈ Rn, and b(t), t ∈ R, is the standard GERBS
with support scaled to [−1, 1], as defined in the beginning of Section 2.5.

• The case 0.1.1 (l1-norm) can also be reduced to a tensor-product GERBS
construction, but a preliminary affine transformation (which can be split
into a homothetic shrinking and an orthogonal transformation, in any
order (they commute)) is needed to transform the unit ball in l1(Rn) to
the unit ball in l∞(Rn). (Both of these ’unit balls’ are hyper-squares in Rn

(hyper-rectangles, in the weighted cases) and it is this specific geometry
of these non-smooth unit balls that allows the introduction of the specific
tensor-product smooth construction.)

As noted in [10, Section 6.1], from practical, as well as theoretical, point of
view, the tensor-product construction corresponding to the non-smooth norm
|| • ||l∞(Rn) seems to be the simplest and the most convenient one to implement
and use.

In case 1.0 (lp-quasi-norm for p ∈ (0, 1)), one cannot use any of the above
GERBS-based constructions. However, for 0 < p < 1 the unit ball in lp(Rn)
is no longer convex but it is still star-shaped (e.g., when n = 2 it is an astroid
(a, still star-shaped, anisotropic astroid, in the weighted case). For this case
we shall be able to use star-shape supported GERBS construction which is in-
troduced below in this paper – for the particular case 1.0, see Remark 15 in
Section 6.

2.5.2. General Selection of the Metric d

For most practical and theoretical applications, the list of metrics given in
Section 2.5.1 is more than sufficient. For a discussion on more general choices
of the metric d, we refer to [10, Section 6.2].

2.6. Functional Coefficients

There is a rich diversity of versions of the new construction introduced in [10],
depending on the type of functional coefficients used in a linear combination of



430 L.T. Dechevsky

the Bi’s, i = 1, . . . , N , of Definition 7. In [10, Section 7] a short list of important
types of function coefficients was provided, as follows.

1. Taylor polynomials of total degree m which correspond to the default
meaning of m as positive integer (cf. Remark 1). This corresponds to
Hermite interpolation data for general directional derivatives.

2. Rectangular tensor-product Taylor polynomials of degree up to m when
m is a multi-index (the non-default case described in Remark 1). This
corresponds to Hermite interpolation data for partial derivatives, and a
different number of partial derivatives may be interpolated in each prin-
cipal direction, independently of the other principal directions.

3. Bezier-type tensor-product functional coefficients corresponding to item
1. Here the univariate basis functions used in the tensor-product bases
are appropriately scaled and shifted Bernstein polynomials.

4. Bezier-type tensor-product functional coefficients corresponding to item
2. The univariate basis functions are the same as in item 3 but of, possibly,
different degree for each principal direction.

5. Simplicial patches in Taylor form, in barycentric coordinates, for the
GERBS simplicial construction on polygonal domains, to be introduced
in a separate subsequent paper in this sequence.

6. Simplicial patches in Bezier form, in barycentric coordinates, for the same
purposes as in the previous item.

7. Entire smooth parametric manifolds (orientable or unorientable): hyper-
spheres, hyper-ellipsoids, hyper-paraboloids, hyper-hyperboloids, hyper-
saddles, parametrized Klein’s bottles, etc.

8. Cm-smooth diffeomorphisms acting on the supports of the Bi’s, i =
1, . . . , N , of Definition 7, i.e., the supports of the elements of the size
function family {ψi}. This choice of the functional coefficients can be
used for parametrization of general Cm-smooth manifolds whose atlas
consists of maps defined on the supports of the Bi’s, i = 1, . . . , N . For a
parametrization of the individual diffeomorphic coefficients / maps in the
manifold atlas, see [3].
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3. Modelling Singularities via Smooth GERBS: An Introduction

This section contains some ideas which, to the best of the author’s knowledge,
are described here for the first time. The purpose of the section is, however,
just auxiliary: it serves as part of the preparation for the introduction of the
star-shape supported GERBS later in this exposition.

In [12], in the text relevant to [12, Figure 3], see also [15, Figure 4], we made
an important observation about ERBS-based convex resolutions of unity which
was later found to be true also in the much more general context of arbitrary
GERBS-based convex resolutions of unity, see [11, Property 9 of GERBS in
Section 3]. Here we shall formulate this observation in a slightly upgraded form
as an auxiliary result which introduces the readers in a natural way to modelling
singularities using smooth GERBS.

Lemma 3. (Cf. [11, Property 9 of GERBS in Section 3].) Assume that:

1. {Gk}
N
k=1, N ∈ N, is any GERBS function family defined via Definition 2

2. Pi, i = 1, 2, ..., N , are points in Rν , ν = 2, 3, . . . , where Rν is being
considered as an affine space (by defining barycentric coordinates with
respect to the ν + 1 simplex vertices Q0 (coinciding with the origin) and
Qj, j = 1, . . . , ν (coinciding with the endpoints of the unit orts with
common initial point at Q0)).

Consider the following curve with parametrization

P (t) =

N
∑

i=1

PiGi(t), t ∈ R. (42)

Then,

(i) Gk, k = 1, 2, ..., N , form a convex partition of unity for t ∈ [t1, tN ];

(ii) the right-hand side of (42) defines a GERBS-based interpolation operator
which Lagrange–interpolates at the knots tl, l = 1, . . . , N ;

(iii) the function family {Gk} is biorthogonal to the knots {tl}, in the sense,
that Gk(tl) = δkl, k, l = 1, . . . , N , where δkl is the Kronecker delta;

(iv) the graph of the curve is the closed piecewise affine polygon beginning and
ending at the origin Q0, and having as consecutive vertices the coefficient
points Pi, i = 1, 2, ..., N , of the convex barycentric combination in (42);
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(v) the graph of this curve is independent of the concrete choice of the GERBS
convex partition of unity for t ∈ [t1, tN ] in (42);

(vi) the parametrization of this curve depends on the concrete choice of the
GERBS convex partition of unity for t ∈ [t1, tN ] in (42) and has the same
regularity as all functions in the N -dimensional vector space span{G1, . . . ,
GN}, of which {Gk} is a basis.

This lemma tells us that when the dimension of the coefficients of a GERBS-
based linear combination is, at least, 2, or more, it is possible to represent the
graph of a G0-regular Lipshitz map with a parametrization which can be arbi-
trarily smooth (e.g., the parametrization P (t) in (42) can be even C∞-smooth, if
the GERBS family in Lemma 3 is chosen to consist of ERBS. In [12, 11] we noted
that this reversal of the generality of the concepts of geometric G-regularity and
parametric C-regularity is due to the fact that the parametrization in (42) is
not regular at the knots tl, l = 1, . . . , N , i.e.,

Ṗ (tl) = 0, l = 1, . . . , N, (43)

which means that the length of the tangent vector to the curve becomes 0 at the
knots l = 1, . . . , N . Thus, by using constant coefficients in the linear combi-
nation of a smooth GERBS family in (42), it is possible to represent ’corners’
(cone-type singularities, possible for Lipschitz manifolds), but only when the
graph of the parametrized curve is piecewise affine. We can, therefore, ask
more questions concerning eventual representation of singularities via GERBS,
for example,

Question 1: Is it possible to represent cone-type singularities at the knots
of a smooth GERBS parametrization also for other Lipschitz graphs, not nec-
essarily piecewise affine?

Question 2: What about representing other types of singularities at the
knots of a smooth GERBS parametrization, for example,

A. discontinuities,

a. of first kind,

b. of second kind,

B. cusps,

C. self-intersection points?
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Question 3: What about representing the much greater diversity of sin-
gularities in the multivariate/multidimensional case?

To begin with, the question about discontinuities was addressed and, essen-
tially, solved as early as in [17], where it was established that discontinuities in
ERBS-based parametric curves can be modelled by joining two adjacent knots
together, i.e. by removing the constraint about strict increase of the knot vector
{tl}. Later, it was shown in [11] that, in the GERBS setting (including ERBS),
joining of two adjacent knots into one is equivalent to multiplying the GERBS
’peaking’ at the new ’coalesced’ knot with functional coefficient which has at
the knot the type of discontinuity in consideration. Unlike the early approach
in [17] of ’joining adjacent knots’, which assumed that the discontinuity is of the
first kind and never addressed discontinuities of the second kind, the approach
of [11] solves the problem simultaneously for discontinuities of both the first
and the second kind, with the following ’rule of thumb’: the local functional co-
efficient factoring the GERBS which ’peaks’ at the knot in consideration must
have discontinuity of the kind in consideration at this knot. For example: if the
functional coefficient of a univariate GERBS ’peaking’ at 0 is f(t) = sgn(t), the
well-known ’sign function’, then the GERBS-based curve involving this GERBS
will have a discontinuity of first kind at 0; if, instead, this functional coefficient
is g(t) = sin(1/t), then, the GERBS-based curve will have a discontinuity of
second kind at 0.

Henceforward, for the purposes of this paper, we shall be interested only
by singularities which are not discontinuities and the parametrization of the
curve is at least C1-smooth. For these parametrizations, the only possibility
to have a singularity is to have the tangential vector of the parametric curve
equal to zero. To obtain singularities of cone type, cusp and self-intersection
singularities, for curves whose graphs are not piecewise affine, it is necessary to
model the singularity and the non-linearity with derivatives of order higher than
1. Due to the fact that all derivatives of the smooth GERBS (eventually up to
a certain constraining order, or without limitations for the case of ERBS) are
being interpolated, the range of validity of the ’rule of thumb’ extends beyond
discontinuity singularities, and includes also all of the above-said corner, cusp-
idal and self-intersection singularities: the local functional coefficient factoring
the GERBS which ’peaks’ at the knot in consideration must have the type of
singularity in consideration, and the global GERBS-based parametric curve will
interpolate this singularity together with the entire differential structure of the
local functional coefficient at the interpolation knot.

The rule formulated above remains valid also in the multivariate / multidi-
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mensional case, and it is, in fact, in this case that this rule proves to be most
useful.

It remains to note that all singularities of piecewise smooth manifolds can
be modelled, exactly or approximately, by polynomials of sufficiently high degree,
in one and several dimensions / variables. Since the first derivative(s) is (are)
zero, the modelling of such singularities has to be done via derivatives of order
higher than 1.

We intend to elaborate the rigorous details of this study in later research. In
the present paper we limit ourselves only to this first consideration of the topic
because it will be sufficient for the introduction of the star-shape supported
GERBS in Section 3.

4. Thick Star-Shaped Covers

In this section we describe the upgrades of the general problem setting in Section
2.2. In correspondence with these upgrades, we also introduce some upgrades
in the variety of meaningful classes of functional coefficients in Section 2.6, by
introducing regularized Taylor expansions.

4.1. Star-Shaped and Convex Sets in Rn and the Regularized Taylor
Formula

We begin with the well known definition of star–shapedness.

Definition 8. (See [2].)

1. Ω ⊂ Rn is called star–shaped with respect to x0 ∈ Ω if

∀s ∈ (0, 1)∀x ∈ Ω : (1 − s)x+ sx0 ∈ Ω

or, equivalently, if the following property holds:

if to ξ ∈ Rn there is some η ∈ Ω and s ∈ (0, 1) such that ξ = (1−s)η+sx0,
then ξ ∈ Ω.

2. Ω is called star–shaped with respect to a subset D ⊂ Ω if and only if it is
star–shaped with respect to every x ∈ D.

Clearly, a set is convex if and only if it is star-shaped with respect to itself,
i.e., in the notation of Definition 8, D = Ω.

It is also easy to see that if Ω is star–shaped with respect to a subset D ⊂ Ω,
then
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• conv(D) ⊂ Ω, where conv(D) is the convex hull of D, and

• Ω is star–shaped with respect to conv(D).

In the sequel, we shall use the notation |D| := meas(D) for the Lebesgue
measure of D for a Lebesgue-measurable set D ⊂ Ω; the case D = B(rd) with
d = diam(Ω) > 0 and 0 < r < 1 will be of particular interest.

Let F = Rν or Cν , ν ∈ N.

Definition 9. (Cf. [2].) (Polynomial vector space associated with the
directional Taylor error remainder in Lemma 4 below.) The space of all F-valued
algebraic polynomials of n variables and of total degree m will be denoted by

Πm
n (Ω) := {P : Ω → F |P (x) =

∑

|α|≤m

cαx
α, cα ∈ F, x ∈ Ω}

where α is a multiindex: |α| =
n
∑

k=1

αk, αk = 0, 1, . . . , k = 1, . . . , n, xα =

∏n
k=1(x

[k])αk , and α! :=
∏n
k=1(αk!).

The (unweighted) scalar product in Rn, corresponding to the Euclidean
norm in Rn (see Case 0.0.0.0 in Section 2.5.1) will be written as

〈ξ, η〉 =
n
∑

k=1

ξkηk. (44)

∇ is the nabla operator in Rn, and for ξ ∈ Rn we write 〈ξ,∇〉 =
∑n

k=1 ξk
∂
∂xk

for the directional derivative.

Denote, as customary, L1,loc(Ω,F) = L1,loc(Ω) to be the space of all F-valued
regular distributions on Ω, and denote

Ẇm
p (Ω,F) = Ẇm

p (Ω) = {f ∈ L1,loc(Ω,F) : Dαf ∈ L1,loc(Ω,F),∀α : |α| = m}.
(45)

Lemma 4. (See [2].) (Directional Taylor expansion, see also Definition
9.) Let Ω be star–shaped with respect to x0 ∈ Ω. Then, for f ∈ Ẇm

1,loc(Ω),
there holds Taylor’s formula with respect to x0 and with integral remainder,

f(x) =
∑

|α|<m

(x− x0)
α

α!
(Dαf)(x0) (46)
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+m
∑

|α|=m

(x− x0)
α

α!

1
∫

0

sm−1 (Dαf(x+ s(x0 − x))) ds

=

m−1
∑

µ=0

(〈x− x0,∇〉µ f) (x0)

+m

1
∫

0

sm−1 (〈x− x0,∇〉m f) (x+ s(x0 − x))ds

for any x ∈ Ω.

Remark 7. The directional Taylor expansion in Lemma 4 corresponds
to case 1 (and the resulting case 3) in Section 2.6, and to the default value of
m as a non-negative integer, see Remark 1. It is the natural one to use for
star-shaped domain covers / partitions and, in particular, it is the one to use
in case 1.0 (both the un-weighted case 1.0.0 and the weighted case 1.0.1) in
Section 2.5.1. It is also the most appropriate one to use for the radial variant
of the general construction in cases 0.0 and 1.1.0 in Section 2.5.1.

On the other hand, in case 2 (and the resulting case 4) in Section 2.6, and
for the tensor-product variant of the general construction in cases 0.1.0, 0.1.1
(the un-weighted cases 0.1.0.0 and 0.1.1.0 and, especially, the weighted cases
0.1.0.1 and 0.1.1.1) in Section 2.5.1, it is natural to use a, possibly anisotropic,
principal-direction Taylor expansion, corresponding to the alternative interpre-
tation of m in Remark 1 as a multiindex m = (m1, . . . ,mn), the anisotropic
case corresponding to the case when not all mk = 0, 1, . . . , k = 1, . . . , n, are
equal to each other. The detailed definition of this type of Taylor expansion,
as well as the respective polynomial vector space and integral error remainder
corresponding to Definition 9 and Lemma 4 for this type of Taylor expansion,
will not be given explicitly here; they are expected to be discussed in detail
later on, in relevance to some other, currently on-going, related research.

Let χ be the characteristic function of D and let g = 1
|D|χ. Then, g ≥ 0 on

Ω and
∫

D
g(y) dy =

∫

Rn

g(y)dy = 1.

We shall use the following regularization of Taylor’s expansion.

Lemma 5. (See [2].) (Regularized directional Taylor expansion, see also
Definition 9 and Lemma 4.) Let Ω ⊂ Rn be star-shaped domain with respect to
a measurable subset D ⊂ Ω with |D| > 0. Then, every function f ∈ Ẇm

1,loc(Ω)
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admits a representation:

f(x) = (Qmf)(x) + (Rmf)(x) for x ∈ Ω , (47)

where Qm = Qm,D, Rm = Rm,D depend on D, with

(Qmf)(x) =
∑

|α|<m

∫

D

g(y)(Dαf(y)) (x−y)α

α! dy (48)

=

m−1
∑

µ=0

∫

D

g(y) (〈x− y,∇〉µ f) (y) dy

and

(Rmf)(x) = m
∑

|α|=m

1
∫

0

sm−1

∫

D

g(y)(Dαf)(x+ s(y − x)) (x−y)α

α! dy ds(49)

= m

1
∫

0

sm−1

∫

D

g(y) (〈x− y,∇〉m f) (x+ s(y − x)) dy ds .

Furthermore, the following holds:

1. Qmf ∈
∏m−1
n (Ω),

2. Rmf ∈ Ck−m(Ω) for f ∈ Ck(Ω),

3. Dβ(Rmf) = Rm(Dβf) for any |β| ≤ k.

Remark 8. Similar to the non-regularized directional Taylor expansion in
Lemma 4 (see Remark 7), its upgrade in Lemma 5, the regularized directional
Taylor expansion,

• corresponds to case 1 (and the resulting case 3) in Section 2.6, and to the
default value of m as a non-negative integer, see Remark 1;

• it is the natural one to use for star-shaped domain covers / partitions
and, in particular, it is the one to use in case 1.0 (both the un-weighted
case 1.0.0 and the weighted case 1.0.1) in Section 2.5.1;

• it is also the most appropriate one to use for the radial variant of the
general construction in cases 0.0 and 1.1.0 in Section 2.5.1.
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On the other hand, the, generally anisotropic, principal-direction Taylor
expansion, corresponding to the alternative interpretation of m in Remark 1
as a multiindex m = (m1, . . . ,mn), as discussed in Remark 7, also admits
a regularization, which is an analogue to the regularization in Lemma 5 for
the directional case. Unlike the latter, however, in the anisotropic principal-
direction case the regularization is via a vector of univariate regularization
kernels (g1(x

[1]), . . . , gn(x
[n])), x = (x[1], . . . , x[n]) ∈ Rn, one univariate kernel

per principal direction. In this anisotropic construction, both mk and mk can
vary with k = 1, . . . , n. Similar to the non-regularized anisotropic principal-
direction Taylor expansion in Remark 7, its regularized upgrade, considered
here,

• corresponds to case 2 (and the resulting case 4) in Section 2.6, and to the
alternative value of m as a multiindex, see Remark 1;

• it is the natural one to use for the tensor-product variant of the general
construction in cases 0.1.0, 0.1.1 (the un-weighted cases 0.1.0.0 and 0.1.1.0
and, especially, the weighted cases 0.1.0.1 and 0.1.1.1) in Section 2.5.1.

The detailed definition of this type of regularization of a Taylor expansion,
together with its non-regularized version in Remark 7, will not be discussed
explicitly here; they are expected to be introduced and considered in detail
later on, in relevance to some additional, currently on-going, related research.

4.2. General Thick Star-Shaped Covers

As will be seen in Section 5 the upgrade of the general construction in Section
2.4 to the case of the new star-shape supported GERBS is based, in the first
place, to a more specialized localization of the supports of the size function
family in formula (24) in Definition 6. Namely, under the present upgrade,
∆ = Ωi, i = 1, . . . , N , defined in Section 2.2, are compact star-shaped sets,
and the support of the element ψi of the size function family coincides exactly
with the so-defined Ωi, for every i = 1, . . . , N . Because of this star-shaped
specialization in the selection of ∆, if Ωi are non-overlapping (have mutually
disjoint interior, the general construction in Section 2.4 is not well-defined,
because ψi, as introduced in Section 2.3 will be zero on ∂Ωi, i = 1, . . . , N , and
the auxiliary family {Ψi} defined in Section 2.3.1 will form a resolution of unity
only on Ω\

⋃N
i=1 ∂Ωi. In other words, in this case ∆ can be a cover satisfying

(11) but, in general, it cannot be a partition satisfying (12). We, therefore,
introduce the following several new definitions.

The first one of these definitions is fairly general.
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Definition 10. (Thick cover.) Assume that:

1. Rn is endowed with an arbitrary topology separating closed sets;

2. Ω ⊂ Rn;

3. N ∈ N;

4. ∆ = {Ωi}
N
i=1 is a cover of Ω, i.e.,

N
⋃

i=1

Ωi ⊇ Ω (50)

holds. Then, the cover ∆ is said to be thick, if (50) can be strengthened to

N
⋃

i=1

Int(Ωi) ⊇ Ω, (51)

where the open and closed sets are taken with respect to the topology in item
1.

The generality of Definition 10 is demonstrated by the following typical
example.

Example 5. Let Ω be any compact in Rn, and consider any open cover
of Ω in Rn. By definition of a compact set, for the considered open cover of
Ω there exists a finite open sub-cover of Ω. By Definition 10, this sub-cover is
thick.

The new star-shape supported GERBS-based resolution of unity will be
defined in Section 5 under the assumption about the star-shaped cover ∆ being
thick, in the sense of Definition 10. However, from the point of view of well-
conditioned computability of the new star-shape supported GERBS (which will
involve the evaluation of a rational form), it is necessary to ensure that thickness
of the cover holds in a stronger sense, as follows.

Definition 11. (ε0-thick cover, ε0 > 0, in (11).) Consider ε0 > 0, and
assume that in Definition 10, ∆ = ∆N = {Ωi}

N
i=1, where

Ωi = supp σi, i = 1, . . . , N, (52)

where Σ = ΣN = {σi}
N
i=1 is a functional family consisting of real-valued con-

tinuous functions defined on Ω. Then,
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(i) the cover ∆ is said to be (Σ, ε0)-thick, if the closed subsets Ω
[ε0]
i of Ωi,

defined by

Ω
[ε0]
i = {x ∈ Ω : |σi(x)| ≥ ε0}, (53)

i = 1, . . . , N , still form a cover of Ω, i.e.,

N
⋃

i=1

Ω
[ε0]
i ⊇ Ω (54)

holds true;

(ii) the function family Σ = ΣN is said to provide an ε0-thick cover of Ω.

Definition 12. (Strongly thick cover in (11).)

1. The cover ∆ of Ω is said to be strongly thick with respect to the function
family Σ = ΣN , if there exists ε0 > 0, such that ∆ is a (Σ, ε0)-thick cover
of Ω, see Definition 12.

2. More generally, the cover ∆ of Ω is said to be strongly thick, if for ∆ there
exists a function family Σ = ΣN , such that item 1 is fulfilled.

4.3. Parametrizing the Boundaries of Elements of Star-Shaped
Covers

A compact simply connected domain Ω ⊂ Rn, with non-void interior Int(Ω),
and star-shaped with respect to y ∈ Int(Ω), together with its boundary ∂Ω,
can be described in hyper-spherical coordinate system centered at y. The n −
1 angular parameters in the hyperspherical parametrization of the (n − 1)-
dimensional hypersurface ∂Ωi in Rn can be represented by one vector parameter,
depending on x ∈ Rn,

θ(x− y) =
x− y

||x− y||
, x ∈ Rn, x 6= y, (55)

the correctness of the inequality x 6= y being guaranteed by the assumption
that y ∈ Int(Ω) 6= ∅. For the boundary ∂Ω, the following is assumed.

1. ∂Ω is a piecewise Cm-smooth (n− 1)-dimensional oriented manifold (hy-
persurface), where m has the default non-negative integer value m =
0, 1, . . . , including also as possibility the case m = +∞, see Section 2.2
and Remark 1. For simplicity of presentation, in (55) and in the remaining
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part of this exposition we are assuming about the distance d in Section
2.2 that d(x, y) = ||x − y||, where || • || is the standard (un-weighted)
Euclidean norm, induced by the (un-weighted) inner product, defined in
(44); other cases of selection of the metric d in the present star-shape
upgrade of the general construction will be addressed in Section 6.

2. ∂Ω may have singularities (e.g., of cone and of cusp type) which may be
situated on submanifolds (henceforward called singularity submanifolds)
of dimension at most n− 2.

Under these assumptions on ∂Ω, it can be shown, taking in consideration also
that Ω ⊂ Rn is star-shaped with respect to y ∈ Int(Ω), that ∂Ω can be
parametrized, as follows:

A. The parametrization is via a single parametrization map (i.e., ∂Ω is globally
parametrizable).

B. The parametrization parameter can always be θ, as defined in (55).

C. The parametrization map, henceforward denoted by

Γ(x) = Γ(θ(x− y)) = Γ(Ω; θ(x− y)), x ∈ Rn : x 6= y, (56)

is Cm-smooth, ∀x ∈ Rn : x 6= y, and is not regular for those x ∈ Rn : x 6= y,
for which the point Γ(Ω; θ(x− y)) is a singularity point of ∂Ω.

D. Denote ∇Γ to be the Frechet derivative (n × (n − 1)-matrix) of the n-
dimensional (n − 1)-variate vector field Γ(θ(x − y)). Then, ∇Γ(θ(x − y))
has non-maximal rank, i.e.,

0 ≤ rank(∇Γ(θ(x− y))) < n− 1 at x ∈ Rn : x 6= y (57)

if, and only if, x lies on a ray through y such that the intersection point of
this ray and ∂Ω is a singularity point of ∂Ω.

Example 6. Consider Case 1 of Example 2: Delaunay simplectification
in Rn (triangulation in R2) of a polygonal domain Ω ⊂ Rn, n = 2, 3, . . . .

1. Let xi ∈ Ω, i = 1, . . . , N , be the vertices of the simplectification of Ω.

2. Define the star-1 neighbourhood Ωi of xi to be the union of all n-dimensional
simplices in the simplectification which have xi as a vertex (i.e., Ωi con-
sists of all simplices in the simplectification which are adjacent to xi),
i = 1, . . . , N .
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Then,

(I) ∆ = {Ωi}
N
i=1 is a thick star-shaped cover of Ω.

(II) In this case, ∂Ωi is the union of all (n − 1)-dimensional simplices such
that all of their n vertices are adjacent to xi (i.e., the simplectification
contains a 1-dimensional edge connecting the vertex with xi).
Then,

(i) ∂Ωi has a C0-continuous piecewise affine parametrization of its
graph.

(ii) However, in accordance with the discussion in Section 3, in this
case the graph of ∂Ωi admits also a Cm-smooth reparametrization

Γ
[m]
i (θ(x − xi)) for every m = 1, 2, . . . , including m = +∞, which

is not regular for x ∈ Rn : x 6= xi such that x lies on a ray through
xi which intersects the graph of ∂Ω at a singularity point of ∂Ω.

(iii) Since for this example the graph of ∂Ω is piecewise affine, in this
case ∂Ω has only singularity points of cone type (e.g., there are no
cuspidal singularities).

(iv) According to item D above, ∇Γ
[m]
i (θ(x−xi)) has non-maximal rank

if, and only if, x lies on a ray through xi which intersects the graph
of ∂Ω at a singularity point of ∂Ω. Due to the piecewise affinity
of the graph of ∂Ω, in this case the statement about non-maximal

rank of ∇Γ
[m]
i can be made more precise, as follows.

rank(∇Γ
[m]
i (θ(x− xi))) = k (58)

if, and only if, x lies on a ray through xi which intersects the graph of
∂Ω within a k-dimensional ’edge simplex’ on ∂Ω, k = 0, 1, . . . , n−2,
i = 1, . . . , N . Here:

• the case k = 0 corresponds to a vertex in the simplectification
(this vertex is adjacent to xi);

• the case k = 1 corresponds to a 1-dimensional edge in the
simplectification;

• the case k = 2 corresponds to a 2-dimensional triangular ’face’
in the simplectification,

• the case k = 3 corresponds to a 3-dimensional tetrahedral ’vol-
ume facet’ in the simplectification,

• and so on,
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• up to (n− 2)-dimensional ’edge simplex’ within the singularity
submanifold of ∂Ω.

(v) Note that here both ∂Ω and its singularity submanifold are piece-
wise affine, but, while ∂Ω is (n − 1)-dimensional, its singularity
submanifold is (n − 2)-dimensional; all points on the singularity
submanifold are singularities of cone type.

Example 7. Consider Case 2 of Example 2: Dirichlet tesselation in Rn

(Voronoi diagram in R2) forming a polygonal domain Ω ⊂ Rn, n = 2, 3, . . . .

1. Let xi ∈ Ω, i = 1, . . . , N , be the vertices of the Dirichlet tesselation of Ω.

2. Define the star-1 neighbourhood Ωi of xi to be the union of all n-dimensional
(convex) Voronoi tiles in the Dirichlet tesselation which have xi as a ver-
tex (i.e., Ωi consists of all n-dimensional Voronoi tiles in the Dirichlet
tesselation which are adjacent to xi), i = 1, . . . , N .

Then,

(I) ∆ = {Ωi}
N
i=1 is a thick star-shaped cover of Ω.

(II) In this case, ∂Ωi is the union of all (n− 1)-dimensional (convex) Voronoi
tiles such that these tiles are part of the boundary of one, and only one,
of the n-dimensional Voronoi tiles contained in the star-1 neighbourhood
of xi.
Then,

(i) ∂Ωi has a C0-continuous piecewise affine parametrization of its
graph.

(ii) However, in accordance with the discussion in Section 3, in this
case the graph of ∂Ωi admits also a Cm-smooth reparametrization

Γ
[m]
i (θ(x − xi)) for every m = 1, 2, . . . , including m = +∞, which

is not regular for x ∈ Rn : x 6= xi such that x lies on a ray through
xi which intersects the graph of ∂Ω at a singularity point of ∂Ω.

(iii) Since for this example the graph of ∂Ω is piecewise affine, in this
case ∂Ω has only singularity points of cone type (e.g., there are no
cuspidal singularities).

(iv) According to item D above, ∇Γ
[m]
i (θ(x−xi)) has non-maximal rank

if, and only if, x lies on a ray through xi which intersects the graph
of ∂Ω at a singularity point of ∂Ω. Due to the piecewise affinity
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of the graph of ∂Ω, in this case the statement about non-maximal

rank of ∇Γ
[m]
i can be made more precise, as follows.

rank(∇Γ
[m]
i (θ(x− xi))) = k (59)

if, and only if, x lies on a ray through xi which intersects the graph
of ∂Ω within a k-dimensional (convex) ’edge Voronoi tile’ on ∂Ω,
k = 0, 1, . . . , n− 2, i = 1, . . . , N . Here:

• the case k = 0 corresponds to a vertex in the Dirichlet tessela-
tion;

• the case k = 1 corresponds to a 1-dimensional edge in the
Dirichlet tesselation;

• the case k = 2 corresponds to a 2-dimensional convex polygonal
’face’ in the Dirichlet tesselation,

• the case k = 3 corresponds to a 3-dimensional convex polyhe-
dral ’volume facet’ in the Dirichlet tesselation,

• and so on,

• up to (n − 2)-dimensional (convex) ’edge Voronoi tile’ within
the singularity submanifold of ∂Ω.

(v) Note that here both ∂Ω and its singularity submanifold are piece-
wise affine, but, while ∂Ω is (n − 1)-dimensional, its singularity
submanifold is (n − 2)-dimensional; all points on the singularity
submanifold are singularities of cone type.

Remark 9. A comparison of the respective items for Examples 6, 7
reveals the close analogy between them, whereby to a k-dimensional simplex in
the Delaunay simplectification in Example 6 there corresponds a k-dimensional
(convex) Voronoi tile in the Dirichlet tesselation in Example 7. This analogy is,
of course, closely related with the deeper connection between the graphs of the
Delaunay simplectification and the Dirichlet tesselation: namely, the mutual
duality of these graphs, according to which,

1. a vertex (0-dimensional (convex) Voronoi tile) in the Dirichlet tesselation
corresponds to an n-dimensional simplex in the Delaunay simplectifica-
tion;

2. an n-dimensional (convex) Voronoi tile in the Dirichlet tesselation corre-
sponds to a vertex (0-dimensional simplex) in the Delaunay simplectifi-
cation;
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3. more generally, a k-dimensional (convex) Voronoi tile in the Dirichlet
tesselation corresponds to an (n−k)-dimensional simplex in the Delaunay
simplectification;

4. certain submanifolds in the Dirichlet tesselation are orthogonal to respec-
tive submanifolds in the Delaunay simplectification;

5. there are respective correspondences between the algebraic structures of
the matrices of the Frechet derivatives of respective Cm-smooth parametriza-
tions of the boundaries of the Dirichlet tesselation and the Delaunay sim-
plectification.

The cases of Delaunay simplectification and Dirichlet tesselation partitions,
and the respective covers of star-1 neighbourhoods, will be studied in detail in
the next two papers of the current sequence.

4.4. Minimally-Supported Star-Shaped Covers

From practical point of view (see Section 5), of great importance is the special
case of star-shaped covers ∆ = {Ωi}

N
i=1 of Ω ⊂ Rn for which the reduction

described in Case (A) in Section 2.2.2 takes place: every Int(Ωi), contains only
’its point’ xi (although some other elements of the scattered point set may
be situated on ∂Ωi, see, e.g., Example 2), i = 1, . . . , N . (This includes the
particular case of non-overlapping tiles, see, e.g., Example 1.) In this case, (14)
simplifies to

0 < ρi ≦ min
x∈∂Ωi

||x− xi||, (60)

for i = 1, · · · , N .
In the specialized context of star-shaped covers, this reduction will bring

about additional reductions, as well as some upgrades, of the general construc-
tion. They will be studied in detail in Section 5.3.

There follow two important examples of minimally supported star-shaped
covers which, in addition, are thick.

Example 8. Case 1 of Example 2, and Example 6: Delaunay simplectifi-
cation in Rn (triangulation in R2) of a polygonal domain Ω ⊂ Rn, n = 2, 3, . . . .
The star-1 neighbourhoods of the vertices in the Delaunay simplectification
form a minimally supported thick star-shaped cover of the polygonal domain
Ω ⊂ Rn.

Example 9. Case 2 of Example 2, and Example 7: Dirichlet tesselation in
Rn (Voronoi diagram in R2) forming a polygonal domain Ω ⊂ Rn, n = 2, 3, . . . .
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The star-1 neighbourhoods of the vertices in the Dirichlet tesselation constitute
a minimally supported thick star-shaped cover of the polygonal domain Ω ⊂ Rn.

5. Main Results: Upgrades and Reductions of the General
Construction

In this section we shall discuss the main new results in the present paper. These
are some upgrades and reductions of the general construction developed in [10],
see Section 2.4, valid in the special case of star-shaped covers.

• The upgrades are in the sense that the newly introduced GERBS on star-
shaped covers enjoy all the useful properties of the GERBS defined within
the general construction, and, in addition, exhibit some new or improved
useful properties.

• The reductions are in the sense that, thanks to the ’star-shaped special-
ization’ of the covers in consideration, the general construction can be
simplified without loss of useful properties (and, in fact, with some up-
grades resulting from the reductions).

The general construction in [10] was entirely ’GERBS-self-sufficient’, in the
sense that all parts of the construction were possible to model via (smooth)
GERBS. In Section 5.1 we shall discuss the modelling of boundaries of star-
shaped sets via smooth GERBS which, ultimately, will result in ’GERBS-self-
sufficiency’ also of the upgrades and reductions of the general construction in
the case of star-shaped covers.

Next, in Section 5.2 we consider the new results in the case of general thick
star-shaped covers.

Finally, in Section 5.3 we discuss the additional improvements and simpli-
fications in the important partial case of minimally-supported thick star-shaped
covers.

5.1. Modelling Boundaries of Star-Shaped Sets via Smooth GERBS

In Section 3 we explained that piecewise Cm-smooth manifolds can be mod-
elled via sufficiently smooth GERBS. This possibility is available, for example,
for piecewise smooth boundaries of star-shaped sets in Rn. For example, the
boundaries of star-1 neighbourhoods in a Delaunay triangulation (or in fact,



SMOOTH CONVEX RESOLUTION OF UNITY AND/OR... 447

any non-degenerate triangulation!), considered in Example 8, and the bound-
aries of star-1 neighbourhoods in a Dirichlet tesselation (or in fact, any non-
degenerate piecewise affine convex tesselation!), considered in Example 9, can
both be parametrized (i.e., modelled exactly) using smooth GERBS. As far
as star-shaped sets with less regular boundary are concerned (for example,
Lipschitz-α-regular boundary, 0 < α < 1, which may have both cone-type and
cuspidal singularities):

• in some cases (e.g., piecewise Lipschitz-α-regular, 0 < α < 1, these bound-
aries may still be parametrizes (modelled exactly) via smooth GERBS;

• in less regular cases (e.g., continuous selfsimilar on non-selfsimilar star-
shaped fractals) smooth GERBS can be used to generate an approximate
parametrization with any, a priori given, precision, since Cm-smooth func-
tions (and even C∞-smooth functions) are well-known to be dense on
spaces of regular distributions like L1,loc or even large spaces of possibly
singular distributions like, say, D′, which contain all possible boundaries
of star-shaped sets.

In the remaining part of the present Section 5 we shall be implicitly assum-
ing, by default, that the parametrization of the boundary ∂Ω of any star-shaped
set Ω ⊂ Rn encountered in the exposition is Cm-smooth, possibly non-regular,
and based on a linear combination of sufficiently smooth GERBS, as discussed
in Section 3.

5.2. General Thick Star-Shaped Covers Revisited

In Section 5.2.1 we shall consider the new results for the most general case of
star-shapedness: star-shapedness with respect to a single point in the interior
of the star-shaped set, see item 1 of Definition 8 and [1].

In Section 5.2.2 we shall assume more: namely, that the star-shapedness is
with respect to any point in a whole ball with positive radius, contained in the
interior of the star-shaped set, see item 2 of Definition 8 and [2].

5.2.1. Star-Shapedness with Respect to a Point

Theorem 2. Under the conditions of [10, Theorem 1] (see Theorem 1 in
Section 2.4 here), assume, in addition, the following.

1. Ωi ∈ ∆ is star-shaped with respect to xi ∈ Λ, ∀i = 1, . . . , N .
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2. In formula (24) the support of ψi is being reduced to

suppψi = Ωi, i = 1, . . . , N, (61)

by defining the elements of the size function family {ψi}
N
i=1, as follows:

ψi(•) = b

(

|| • −xi||

||Γi(
•−xi

||•−xi||
) − xi||

)

, i = 1, . . . , N, (62)

where:

(a) the even function b : b(−t) = b(t), t ∈ (−∞,+∞), with supp b =
[−1,+1], ’peaking’ at 0, is a Cm-smooth GERBS defined in [10,
Section 6] (see the beginning of Section 2.5 here);

(b) Γi(
•−xi

||•−xi||
) = Γ

[m]
i (θ(•−xi)) is the smooth-GERBS-based parametriza-

tion of ∂Ωi, see also Section 5.1 (Γi and θ were defined in Section
4.3 via formulae (56) and (55), respectively).

Then,

(i) in Definition 7, the support of Bi is being reduced to

suppBi = suppψi = Ωi, (63)

i = 1, . . . , N ;

(ii) for Bi, i = 1, . . . , N , defined as in item (i), the conclusions of Theorem 1
continue to hold true.

Corollary 3. Under the conditions of Theorem 2, the conclusions of
Corollary 1 continue to hold true, together with the conclusions of Theorem 2.

Corollary 4. Under the conditions of Theorem 2, the conclusions of
Corollary 2 continue to hold true, together with the conclusions of Theorem 2.

Remark 10. What has been gained so far with the specialization of ∆ to
star-shaped with respect to a (single) point?

1. The reduction of the supports of Bi, i = 1, . . . , N , in (63) is an essential
upgrade, because:

(a) The general construction in [10] exhibits some wiggling in the rings
{x ∈ Rn : ρi ≤ ||x − xi|| ≤ Ri}, i = 1, . . . , N , which is gradually
overcome with the increase of N towards +∞ (and the respective
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decrease of Ri and ρi, i = 1, . . . , N , towards zero), as well as with the
increase of m and the local orders of Hermite interpolation towards
+∞. Nevertheless, for small values of N , m and the local orders of
Hermite interpolation, and for large values of Ri and ρi, i = 1, . . . , N ,
the wiggling is noticeable and results in considerable errors when
computing quantities depending on higher-order derivatives, such
as: area and curvature of surfaces, length, curvature and torsion of
curves on surfaces, etc.

(b) With the reductions of the supports Bi, i = 1, . . . , N , in (63), the
above-said wiggling considerably decreases or completely disappears.

2. On the other hand, for star-shaped ∆, Hermite interpolation is achieved
through multiplication with functional coefficients defined in Lemma 4
via (46), which corresponds to item 1 on the list of types of functional
coefficients for the general construction in Section 2.6; therefore, the spe-
cialization to star-shaped covers has so far not brought any progress in
this aspect. However, this is about to change in the next Section 5.2.2.

5.2.2. Star-Shapedness with Respect to a Ball

Theorem 3. Under the conditions of Theorem 2 in Section 5.2.1, assume,
in addition, the following.

1. ∀i : i = 1, . . . , N ∃ri : 0 < ri ≤ Ri: Ωi ∈ ∆ is star-shaped with respect to
∀y : y ∈ B(xi, ri) ⊂ Int(Ωi), where xi ∈ Λ.

2. In formula (20) the support of ϕi is being reduced, by decreasing the
maximal possible value of ρi from the one in (14) (with d(y, z) = ||y −
z||, y, z ∈ Rn), to its new, generally smaller, positive value

0 < ρi ≦ min

{

ri, min
x∈∂Ωi

||x− xi||,min
j 6=i

{||xi − xj ||, j = 1, . . . , N}

}

, (64)

i = 1, · · · , N .

Then,

(i) the conclusions of Theorem 2 continue to hold true;

(ii) in addition to achieving Hermite interpolation through multiplication with
Taylor-polynomial functional coefficients defined in Lemma 4 via (46),
as in Theorem 2, here also Hermite quasi-interpolation can be achieved
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through multiplication with regularized Taylor-polynomial functional co-
efficients defined in Lemma 5 via (48);

(iii) in the previous item (ii), the regularization kernels gi in (48, 49) of Lemma
5 have definition domains coinciding with suppϕi = B(xi; ρi), as defined
in (20) within Definition 5, where the value of ρi obeys the new, more
stringent, constraint (64).

Corollary 5. Under the conditions of Theorem 3, the conclusions of
Corollary 1 continue to hold true, together with the conclusions of Theorem 3.

Corollary 6. Under the conditions of Theorem 3, the conclusions of
Corollary 2 continue to hold true, together with the conclusions of Theorem 3.

Remark 11. Compared to the results in Section 5.2.1 for ∆ being star-
shaped with respect to a (single) point (see Remark 10), what has been addi-
tionally gained with the additional specialization of ∆ to be star-shaped with
respect to a ball?

1. The additional specialization to star-shapedness with respect to a ball has
brought about an essential upgrade of the list of types of functional coeffi-
cients for the general construction in Section 2.6 (compare with item 2 in
Remark 10), by adding to item 1 of this list regularized Taylor polynomial
functional coefficients and, thereby, also adding the resulting regularized
Bezier polynomial functional coefficients to item 3 of the list.

2. If the additional constraint (64) on ρi = 0, i = 1, . . . , N , be revoked,
so that the upper bound on ρi = 0, i = 1, . . . , N , remains as in (14)
in Theorems 1 and 2, then: Theorem 3 and its corollaries are a proper
generalization of Theorem 2 and its respective corollaries, because the
latter are partial cases of the former when ri = 0, i = 1, . . . , N .

5.3. Minimally-Supported Thick Star-Shaped Covers

In this section we shall study the upgrades and reductions of the results in Sec-
tion 5.2 for the important special case when the star-shaped cover is minimally
supported.

In Section 5.3.1 we shall consider the first one of the two approaches for
upgrading the results in Section 5.2: by maximally expanding the supports of
the elements of the non-degeneracy function family.

In Section 5.3.2 we shall consider the second one of these approaches: by
maximally narrowing the supports of the elements of the non-degeneracy func-
tion family; in fact, we shall arrive at an important reduction of the construction
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by being able to completely eliminate the non-degeneracy function family; this
reduction will prove to be an important technical tool in the next two papers
of the present sequence.

5.3.1. Maximally-Supported Non-Degeneracy

The assumption of minimal supportedness of the star-shaped cover allows greater
freedom of selection of the non-degeneracy function family {ϕi}. This freedom
allows essential simplifications in the construction for thick star-shaped covers
in Section 5.2 in the two limiting cases of ϕi, i = 1, . . . , N , being A. maximally
supported or B. minimally supported. In this section we shall study the first one
of these two alternatives.

I. Star-shapedness with respect to a (single) point.

Under the additional assumption of ∆ being minimally supported, the
constraint on ρi, i = 1, . . . , N , in Theorem 2 and its corollaries is relaxed,
as follows.

Corollary 7. Under the conditions of Theorem 2 in Section 5.2.1, assume
that the following modifications hold.

1. ∆ is a minimally supported thick star-shaped cover of Ω, in the sense
of Section 4.4.

2. The constraint (14) on ρi, i = 1, . . . , N , relaxes to (60).

Then,

the conclusions of Theorem 2, Corollary 3 and Corollary 4 continue to
hold true.

However, the case of minimally supported ∆ allows a more considerable
upgrade of the results of Section 5.2.1, as follows.

Theorem 4. Assume that:

1. the conditions of Corollary 7 hold.

2. the non-degeneracy function family {ϕi}
N
i=1 is maximally supported, i.e.,

suppϕi = suppψi, (65)

with

ϕi(•) = b

(

|| • −xi||

||Γi(
•−xi

||•−xi||
) − xi||

)

= ψi(•), (66)
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i = 1, . . . , N , where b and Γi, i = 1, . . . , N , were defined in Theorem 2
(item 2, subitems (a) and (b), respectively).

Then,

the conclusions of Theorem 2 continue to hold, with the non-degeneracy
function family {ϕi} and the size function family {ψi} coinciding.

Corollary 8. Under the assumptions of Theorem 4,

(i) item 1 of Corollary 3 continues to hold true, with (33) simplifying to

Bi(x) =

i−1
∏

j=1

(1 − ϕj(x))











1 +

N
∏

j=i
(1 − ϕj(x))

N
∑

k=1

ϕk(x)











ϕi(x), (67)

i = 1, · · · , N .

(ii) item 2 of Corollary 3 does not hold true, because

• suppϕi = Ωi, i = 1, . . . , N ,

• ∆ = {Ωi}
N
i=1 is a thick cover of Ω,

which means that (34) is not fulfilled.

II. Star-shapedness with respect to a ball.

Under the additional assumption of ∆ being minimally supported, the
constraint on ρi, i = 1, . . . , N , in Theorem 3 and its corollaries is relaxed,
as follows.

Corollary 9. Under the conditions of Theorem 3 in Section 5.2.2, assume
that the following modifications hold.

1. ∆ is a minimally supported thick star-shaped cover of Ω, in the sense
of Section 4.4.

2. The constraint (60) on ρi, i = 1, . . . , N , is strengthened to

0 < ρi ≦ min{ri, min
x∈∂Ωi

||x− xi||}, (68)

for i = 1, · · · , N , where (68) is at the same time a relaxation of the
constraint in (64).
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Then,

the conclusions of Theorem 3, Corollary 5 and Corollary 6 continue to
hold true.

However, the case of minimally supported ∆ allows a more considerable
upgrade of the results of Section 5.2.2, as follows.

Theorem 5. Assume that:

1. The conditions of Theorem 4 are fulfilled.

2. The additional assumptions 1 and 2 of Theorem 3 are also fulfilled.

3. The additional assumption 1 of Corollary 9 holds true.

4. Condition (64) in assumption 2 of Theorem 3 is relaxed to condition
(68) in assumption 2 of Corollary 9.

Then,

(i) The conclusions of Theorem 4 hold true.

(ii) Conclusion (ii) of Theorem 3 holds true.

(iii) Conclusion (iii) of Theorem 3 holds true, where the definition do-
mains of the regularization kernels gi in (48, 49) of Lemma 5 coincide
with B(xi; ri) ⊂ Ωi = suppϕi = suppψi, i = 1, . . . , N .

Corollary 10. Under the conditions of Theorem 5, the conclusions
of Corollary 10 continue to hold true, together with the conclusions of
Theorem 5.

5.3.2. Minimally-Supported Non-Degeneracy

In this section we shall study the second limiting case of the construction for
thick star-shaped covers in Section 5.2 under the assumption of minimal sup-
portedness of the cover ∆: the alternative when the non-degeneracy function
family {ϕi} is minimally supported. As we shall see, in this case a much more
radical simplification occurs, compared to the case of maximally supported {ϕi},
see Section 5.3.1. Namely, within the reduction achieved in the present case,
it will be shown to be possible to completely eliminate {ϕi} from the construc-
tion, and to attain all useful properties possessed by the general construction in
Section 5.2 only based on the size function family {ψi}.

I. Star-shapedness with respect to a (single) point.
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Theorem 6. Assume that the conditions of Corollary 7 in Section 5.3.1
hold, with the following modifications.

1. The non-degeneracy function family {ϕi}
N
i=1 is minimally supported,

i.e.,

suppϕi = ∅ (69)

with

ϕi(•) ≡ 0 on Rn, (70)

i = 1, . . . , N .

2. In the set of non-degeneracy constraints lN (∆,Λ),

ρi = 0, i = 1, . . . , N. (71)

3. In the definition of Ψk, k = 1, . . . , N , in (27), ψi, i = 1, . . . , N , are
computed via (62) in Theorem 2.

Then,

the conclusions of Theorem 2 continue to hold, where in (32) in Definition
7

Φi ≡ 0, Φ0 ≡ 1, Bi ≡ Ψi, i = 1, . . . , N, (72)

holds.

Corollary 11. Under the assumptions of Theorem 6,

(i) item 1 of Corollary 3 continues to hold true, with (33) simplifying to

Bi ≡ Ψi ≡
ψi
N
∑

k=1

ψk

, (73)

i = 1, · · · , N ;

(ii) each one of formulae (35) and (36), relevant to item 2 of Corollary
3, reduces to (73).

Corollary 12. Under the conditions of Theorem 6, the conclusions
of Corollary 4 continue to hold true, together with the conclusions of
Theorem 6.
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II. Star-shapedness with respect to a ball.

In view of the minimal-support strategy considered in this section for the
function family {ϕi}, see item 1 of Theorem 6, the relaxed constraint
on ρi, i = 1, . . . , N , in Corollary 9 plays no longer any role. Therefore,
the following results hold for minimally supported thick covers such that
each element of the cover is star-shaped with respect to a ball with positive
radius.

Theorem 7. Assume that:

1. The conditions of Theorem 6 are fulfilled.

2. The additional assumption 1 of Theorem 3 is also fulfilled.

Then,

(i) The conclusions of Theorem 6 hold true.

(ii) Conclusion (ii) of Theorem 3 holds true.

(iii) Conclusion (iii) of Theorem 3 holds true, where the definition do-
mains of the regularization kernels gi in (48, 49) of Lemma 5 coincide
with B(xi; ri) ⊂ Ωi = suppψi, i = 1, . . . , N .

Corollary 13. Under the conditions of Theorem 7, the conclusions
of Corollary 11 continue to hold true, together with the conclusions of
Theorem 7.

Corollary 14. Under the conditions of Theorem 7, the conclusions
of Corollary 12 continue to hold true, together with the conclusions of
Theorem 7.

6. Concluding Remarks

Remark 12. In the general construction in Theorem 1 and all of its corol-
laries, as well as in the subsequent Theorems 2–7 and all of their corollaries,
summations

∑N
1 and products ΠN

1 can be reduced to only the closest neigh-
bours, since all other summands will be zero, resp. all other products will be
1. This is closely related with the small supports of GERBS. The respective
formulae are, thus, computationally efficient even for very large values of N .

Remark 13. Corollaries 12 and 14 tell us that in the case of minimally
supported thick star-shaped covers, such as, e.g., the covers generated by the
star-1 neighbourhoods of the vertices of
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• a Delaunay simplectification in Rn (triangulation in R2) of a polygonal
domain Ω ⊂ Rn, n = 2, 3, . . . , in Example 8, or

• a Dirichlet tesselation in Rn (Voronoi diagram in R2) forming a polygonal
domain Ω ⊂ Rn, n = 2, 3, . . . , in Example 9,

Definition 7 is always independent (modulo permutation of the indices i =
1, . . . , N) of the ordering of the scattered-point set Λ = {xi}

N
i=1 and the respec-

tive ordering of the elements of the cover ∆ = {Ωi}
N
i=1.

Remark 14. In this study we considered in detail the most obvious
choice of the metric d in the general setting of the problem in Section 2.2: the
case when this metric is defined by the standard (un-weighted) inner-product-
induced Euclidean norm in Rn, corresponding to case 0.0.0.0 in Section 2.5.1.
It can be shown that virtually all results in the present paper remain valid,
mutatis mutandis, e.g., in the following cases considered in Section 2.5.1:

• still by using a radial GERBS:

– for the case 0.0 in Section 2.5.1 (smooth norms),

– for cases where the metrics are derived from smooth norms, even
though they may not be norms themselves, such as case 1.1.0 for
smooth norms in (38),

• by using a tensor-product GERBS:

– for case 0.1.0 in Section 2.5.1 (un-weighted or weighted l∞-norms),

– for case 0.1.1 in Section 2.5.1 (un-weighted or weighted l1-norms),

– for case 1.0.0 in Section 2.5.1 when the norm used is in case 0.1.0 or
case 0.1.1.

• Finally, the unit ball in case 1.0 (lp-quasi-norm for p ∈ (0, 1), for any
dimension n = 2, 3, . . . ) provides an example of a neighbourhood with
quite remarkable properties.

– it is not convex;

– it has interior points (if used as one of the elements Ωi of a cover ∆,
it would be possible to select ρi > 0);

– it is star-shaped with respect to its centre (in the unit ball, this would
be the origin) but not with respect to a ball with positive radius, i.e.,
in this case ri = 0, that is, it is impossible to use regularized Taylor
expansions as functional coefficients, but it is still possible to use
proper Taylor expansions as functional coefficients;



SMOOTH CONVEX RESOLUTION OF UNITY AND/OR... 457

– appropriately blown up or dilated with respect to its centre, it can
be used to design thick covers;

– the graph of ∂Ωi would be continuous but non-smooth, non-Lipshitz
(namely, it would be in Lip-p, p ∈ (0, 1)), with cuspidal singularities;

– for any m = 1, 2, . . . , including the possibility m = +∞, it is pos-
sible to design a Cm-smooth GERBS-based parametrization Γi, as
discussed earlier in the present paper.

Summarizing, case 1.0 can be addressed via the theory developed in Sec-
tion 5.2.1 of the present paper.

Remark 15. A first comparison between the upgraded construction for
minimally-supported thick star-shaped covers in Rn for the case of maximally-
supported and minimally-supported non-degeneracy function family {ϕi}, in Sec-
tions 5.3.1 and 5.3.2, respectively, shows the following.

• The minimally-supported version is much simpler, and should be the pre-
ferred one to use in applications, in most, if not all, cases.

• In continuation of Remark 13, we showed in Section 5.3.2 that the minimally-
supported version is independent (modulo permutation of the indices i =
1, . . . , N) of the ordering of the scattered-point set Λ = {xi}

N
i=1 and the

respective ordering of the elements of the cover ∆ = {Ωi}
N
i=1; this is not

known for the maximally-supported version in Section 5.3.1 (just as well
as it is not known for the general version in item 1 of Corollary 1).

• The role of the underlying univariate smooth GERBS (radial or tensor-
product, see also Remark 15) in the minimally-supported version is much
more versatile and multi-functional: in the absence of a specific non-trivial
non-degeneracy function family,

– the non-negativity and strict monotonicity of the GERBS between
two adjacent knots in its support guarantees non-degeneracy and
thickness of the cover,

– the properties of smooth GERBS-based, possibly non-regular, parametriza-
tions of ∂Ωi ensures the smoothness of the newly constructed B-
splines on star-shaped covers,

– the properties of univariate smooth GERBS at the knots provide the
needed Hermite interpolation properties at the prescribed scattered-
point set.
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Remark 16. The next two papers in the present sequence will be ded-
icated to the considerable additional upgrades and reductions of the present
construction (for minimally supported thick star-shaped covers) in the cases of

• Delaunay simplectification in Rn of a polygonal domain Ω ⊂ Rn, n =
2, 3, . . . ,

• Dirichlet tesselation in Rn forming a polygonal domain Ω ⊂ Rn, n =
2, 3, . . . .

Remark 17. In [5] it was shown how to develop alternative variants
of the of the general construction of GERBS on general covers and partitions,
depending on the envisaged applications. Two model alternatives were proposed
as important examples.

• The first of these alternative was maximally oriented towards approxima-
tion via local Hermite interpolation. This is the alternative developed in
detail in the present sequence, starting with [10] and the present, and
continuing with the papers mentioned in Remark 16 and beyond.

• The second of the exemplary alternatives proposed in [5] was maximally
oriented towards approximation via local fitting (specifically, the least-
squares method for local fitting was singled out in [5]). We intend to
return on this, fitting, alternative after the theory related to the first,
interpolation, alternative is sufficiently developed – which is the purpose
of the present sequence of papers.
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