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Abstract: A graph G is said to be degree preservable if for any spanning
tree T of G, there exists a vertex v whose degree in T is equal to its degree
in G. In this paper, we introduce the notion of vertex degree preservability
of a graph G as the least number of edges that should be removed from G in
order to get a graph G′ which is degree preservable. We compute the vertex
degree preservability for some of the most common families of graphs such as:
bipartite and complete graphs.
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1. Introduction

All graphs considered in this paper are connected and simple. Let G be a
graph with vertex set V (G) and edge set E(G). A spanning tree T of G is a
connected acyclic subgraph of G such that V (G) = V (T ). Spanning trees play
a central role in communication networks. Many problems arising from this
field translate mathematically to the study of spanning trees satisfying some
conditions. In this context, the notion of degree preservable graphs has been
introduced in [2]. A graph G is said to be degree preservable if for any spanning
tree of G there exists a vertex v of G such that degG(v) = degT (v). It was shown
that the cycle graph Cn is degree preservable, so is the complete bipartite graph
K2,m. However, the complete bipartite graph Kn,m is not degree preservable
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G G′

for n,m ≥ 3. The complete graph Kn for n ≥ 4 is not degree preservable, so is
the wheel graph Wn, for n ≥ 3.

Our purpose in the present paper is to study how far is a given graph from
being degree preservable. In order to achieve this goal, we introduce the notion
of vertex degree preservability of graphs (see Section 2). Then, we determine
the vertex degree preservability of the complete graph, the complete bipartite
graph and the wheel graphs.

2. Vertex Degree Preservability of Graphs

Due to their many applications in telecommunication and network related re-
search fields, spanning trees have been subject to extensive literature. Given a
simple connected graph G, it is sometimes important to determine whether this
graph admits a spanning tree which satisfies some conditions. Mathematicians
and computer scientists have considered many kinds of spanning trees, such as
diameter constrained spanning trees, multi-source spanning trees, degree con-
strained spanning trees, see [5], [6]. This paper is concerned with spanning trees
which are degree preservable. In other words, we study spanning trees which
preserve the degree (valency) of at least one vertex of G. A graph G is said
to be degree preservable if every spanning tree of G is degree preservable for
some vertex v. If a graph is non degree preservable, then a natural problem is
to measure how far is the graph from being degree preservable. We define the
vertex degree preservability of G as the least integer k such that one can remove
k edges from G to get a degree preservable graph. This integer which is denoted
hereafter by ǫ(G), is well defined since a path Pn in G is degree preservable.
For instance in the picture below the graph G is degree preservable, however
G′ is not. Actually, one can easily see that ǫ(G′) = 1.

Theorem 2.1. ǫ(Kn,m) = inf{n,m} − 1, for n,m ≥ 3.
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Proof. Assume that n ≤ m and that the vertices of Kn,m are partitioned
into two independent sets A = {u1, . . . , un} and B = {v1, . . . , vm}. It is clear
that if we remove n − 1 edges incident with v1, then the degree of v1 in the
new graph G becomes 1. Since G is degree preservable, then we conclude that
ǫ(Kn,m) is less than or equal to n−1. To prove that it is equal to n−1, we shall
prove that if we remove any set of k edges where k ≤ n − 2, then the obtained
graph is not vertex degree preservable. This means that we should construct a
spanning tree of G which does not preserve the degree of any vertex.

Since we only removed n − 2 or less edges from Kn,m, then there exists an
edge in A, say u1, and an edge from B, say v1, with the same degrees in G and
in Kn,m. Moreover, there is at most one edge from A or from B with degree
in G equal to 2. All other edges have degrees in G at least equal to three. Let
ux be a vertex different from u1 such that degG(ux) ≥ 3 and let vy 6= v1 be a
vertex adjacent to ux and such that degG(vy) ≥ 3.

Now let us consider the tree T = v1u2v1u3 . . . v1unu1v2u1v3 . . . u1vmuxvy.
It is clear that T is a spanning tree of G which does not preserve the degree of
any vertex as illustrated by the following table.

degT (v1) = n − 1, degG(v1) = n,

degT (u1) = m − 1, degG(u1) = m,

degT (ui) = 1, degG(ui) ≥ 2, ∀i 6= 1, x,

degT (vi) = 1, degG(vi) ≥ 2, ∀i 6= 1, y,

degT (ux) = 2, degG(ux) ≥ 3,
degT (vy) = 2, degG(vy) ≥ 3.

This completes the proof of Theorem 2.1.

Theorem 2.2. If a graph G can be decomposed into s Hamiltonian cycles

with s ≥ 2. Then, ǫ(G) = 2s − 1.

Proof. Let v1, . . . , vn be the vertices of G. Since G decomposes into s

Hamiltonian cycles, then for all i, we have degG(vi) = 2s. Obviously, if we
remove 2s−1 edges incident with vertex v1, then we obtain a degree preservable
graph. Assume that we remove a number of edges less than or equal to 2s−2 to
obtain a graph G′. We shall prove that G′ is not degree preservable. In the new
graph G′ there exists at least a cycle say H1 from which at most one edge, say
v1vn, has been removed. Take a Hamiltonian path, say T = v1v2 . . . vn in H1.
We can easily see that T is a spanning tree such that degT (v1) = degT (vn) = 1
and degT (vi) = 2, ∀ 2 ≤ i ≤ n − 1.

Since other than edge v1vn we removed at most 2s−3 edges, then degG′(v1) ≥
2 and degG′(vn) ≥ 2. Thus T does not preserve the degrees of v1 and vn. For
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vertex vi, 2 ≤ i ≤ n − 1, we know that at most 2s − 3 edges incident with
vi has been removed. Consequently, degG′(vi) ≥ 3 which is different from
degT (vi) = 2. We conclude then that the spanning tree T does not preserve the
degree of any vertex of G′. Finally, ǫ(G) = 2s − 1.

Theorem 2.3. ǫ(Kn) = n − 2, for all n ≥ 3.

Proof. If n is odd, then we know that Kn decomposes into n−1

2
Hamiltonian

cycles. According to Theorem 2.2, ǫ(Kn) = 2n−1

2
− 1 = n − 2. Now assume

that n ≥ 4 is even. It is clear that ǫ(Kn) ≤ n − 2. Assume that G is obtained
from Kn by removing k edges, where k ≤ n − 3. As in the previous cases, we
shall now construct a spanning tree of G which is non degree preserving for all
vertices. There are two cases to consider.

Case 1. If all the removed edges are incident with the same vertex, say vn.
Since k ≤ n − 3, then vn is adjacent to a vertex in G, say vn−1. Consider the
tree v1v2 . . . vn−2vn−1vn−1vn. The degrees of the vertices in G and in T are as
follows: degT (v1) = degT (vn) = 1 and degT (v2) = . . . degT (vn−1) = 2. However:
degG(vn) = n − 1 − k ≥ 2, degG(vn−1) = n − 1 and for all 2 ≤ i ≤ n − 2, we
have degG(vi) ≥ n− 2. This proves that T does not preserve the degree of any
vertex in G.

Case 2. If the removed edges are not all incident with the same vertex.
Obviously, vn is adjacent to at least two vertices in G. Moreover, from the
subgraph Kn−1 whose vertices are v1, . . . , vn−1 we removed less than n−4 edges
to obtain a graph G′. Since ǫ(Kn−1) = n− 3, then there exists a spanning tree
of G′ which is non degree preserving for any vertex of G′. We connect this
tree to vn by an edge of G to obtain a spanning tree of G which is non degree
preserving. This completes the proof.

Theorem 2.4. If Wn is the wheel with n spokes, then ǫ(Wn) = 2, for all

n ≥ 3.

Proof. Let v0, v1, . . . , vn be the vertices of Wn, where the degree of v0 is
n and the other vertices are of degree 3. It has been shown in [2] that Wn is
not a degree preservable graph. It is clear that if we remove two edges incident
with the vertex v1, then the graph becomes degree preservable. To prove that
ǫ(Kn) = 2, we should prove that any graph G obtained from Wn by removing
only one edge is not degree preservable. Consider the two following cases:

Case 1. If the removed edge is not incident with v0, say v1v2. Then, consider
the tree T = v0v1v0vn . . . v0v3v3v2. It is easy to see that T is a spanning tree
which does not preserve the degree of any vertex.
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Case 2. If the removed edge is incident with v0, say v0v1, then consider the
tree T = v1v2v2v3 . . . vn−1vnvnv0. Here also, T is a spanning tree of G which
does not preserve the degree of any vertex.

3. Further Discussions

It is worth mentioning here, that we can use vertices deletion instead of edge
deletion to measure how far is a given graph from being degree preservable.
For a given connected simple graph G, we define υ(G) to be the least number
of vertices one should delete from G to obtain a degree preservable graph G′.
Obviously, if G is degree preservable then υ(G) = 0. Using the techniques
developed in Section 2, we prove the following

Theorem 3.1.

υ(Kn) = n − 3, ∀n ≥ 3,
υ(Kn,m) = inf(n − 2,m − 2), ∀n,m ≥ 2,
υ(Wn) = 1 ∀n ≥ 3.

Proof. The proofs of the three identities are straightforward.
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