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Abstract: The article proposes a new standpoint to the cluster validation
problem based on a fractal dimension cluster quality model. The suggested
method uses the fractal property to describe cluster geometrical configuration.
This notion is applied for further exploration of cluster validity, assuming that
its low variability, calculated via different samples, can indicate stable parti-
tions. In the framework of this model, the goodness of a partition is char-
acterized by the quality of mixing two random samples within the partition’s
clusters. It is implicitly assumed that the quality of a cluster is reflected by
its fractal dimensionality estimated via different samples. Valid results are ob-
tained by repeating these calculations on sufficiently large amount of samples
drawn. Hence, empirical distributions of the absolute values of the fractal di-
mension differences are constructed. The distribution most concentrated at the
origin is proposed to indicate the true number of clusters. Numerical experi-
ments are presented for various datasets.
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1. Introduction

Cluster analysis is an important tool in machine learning, typically employed in
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order to identify meaningful groups, i.e., clusters amid the data. It is implicitly
assumed that there is an internal similarity between elements of the data and
each group of appropriate similar elements defines a cluster. An attribute of
each partition, often formulated mathematically as the expected value of the
partition distortion, is frequently used as a criterion aimed to be minimized.
Partitioning clustering methods are roughly divided into two categories:

The first type focuses on partitioning data elements into a given number
of clusters. No additional external information in the clustering process is
available. The second group of methods, called validation methods, determines
the optimal (“true”) number of clusters for a given data. Here, the clustering
solutions, obtained for several numbers of clusters are compared according to
the chosen criteria. The sought number yields the optimal quality in accordance
with the chosen rule. This essential cluster analysis problem arising in many
applications may have more than one solution and is known as an “ill posed”,
see [21] and [16]. For instance, an answer here can be depended on the scale
in which the data is measured. Many approaches were proposed to solve this
problem, thus far none has been accepted as superior.

From a geometrical point of view, cluster validation has been studied in
the following papers: Dunn [12], Hubert and Schultz [20], Calinski-Harabasz
[4], Hartigan [19], Krzanowski -Lai [24], Sugar- James [37], Gordon [15], Milli-
gan and Cooper [31] and Tibshirani, Walter and Hastie [42] (the Gap Statistic
method). Here, the so-called “elbow” criterion plays a central role in the in-
dication of the “true” number of clusters. This occurs on the graph of the
within-cluster dispersion, as a function of the number of clusters, such that
it generally diminishes if the clusters quantity grows. The decrease becomes
sharper whenever the correct number of clusters is obtained.

Another methodology is based on stability concepts where pairs of clustered
samples from the same data source are compared. Rerunning the clustering al-
gorithm for those pairs yields a measure of cluster solutions variability. The
number of clusters minimizing partitions’ changeability is used to evaluate the
“true” number of clusters. In papers by Levine and Domany [28], Ben-Hur,
Elisseeff and Guyon [2] and Ben-Hur and Guyon [3], stability criteria are un-
derstood to be the proportion of times that pairs of elements maintain the same
membership under a rerun of the clustering algorithm. Mufti, Bertrand, and El
Moubarki [32] exploit Loevinger’s measure of isolation to determine a stability
function.

An alternative perspective employs an external partition correlation index
as a stability enormity. For example, such a method has been implemented in
the known Clest method of Dudoit and Fridlyand [11].
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A general prediction based resampling approach has been proposed in Roth,
Lange, Braun, Buhmann [35], [26] and [27]. Tibshirani and Walther [41], employ
a related prediction strength on a procedure. Jain and Moreau [22] offered the
dispersions of empirical distortion distributions as a stability measure.

Another methodology is based on nonparametric density estimation by
means of matching the clusters to the density peaks. Thus, the clustering
appoints each item to one “domain of attraction” of density modes. Evidently,
Wishart [46] firstly offered to search for modes in order to discover a cluster
structure. This idea was suggested by Hartigan [17] to establish the concept
of high-density clusters. The amount of clusters is proposed to be the number
of areas where the underlined density is greater than a given threshold. From
this standpoint, clusters are imaged as isolated islands of “high” density in the
ocean of “low” densities. This concept has been implemented later in numerous
papers. (see, for example [8], [9] and [36])

Goodness of fit test procedures allows an additional approach. In particular,
Pelleg and Moore [33] provided the so-called, X-means algorithm. Here, the
best score of the Bayesian information criterion represents the true number of
clusters. Hamerly and Elkan [7] applied other scoring criteria in the G-means
algorithm. In the spirit of the G-means algorithm, Feng and Hamerly [14]
presented an algorithm called PG-means (PG stands for projected Gaussian)
which also applies projections to the clustering model. In the papers Volkovich,
Barzily and Morozensky [44], Barzily, Volkovich, Akteke-Ozturk and Weber [1],
Volkovich and Barzily [43], other methods using the goodness of fit concepts are
suggested. As opposed to the previous methods described, the etalon cluster
distributions are constructed here based on a model designed to represent well-
mixed samples within the clusters.

The proposed method in this paper suggests a new approach for the cluster
validation problem which provides a natural way not restricted to any particular
cluster shape. This method is based on the fractal dimension perception.

Fractals sets are characterized by their fractal dimensions which can be
interpreted as a cluster “complexity” within the context of our interest. We
use this notion to explore the cluster validity, assuming that its low variability,
calculated via different samples, can indicate stable partitions.

In the framework of our model, the goodness of a partition is characterized
by the quality of mixing two random samples within the partition’s clusters.
This approach to the cluster stability problem has been offered in papers [43],
[44], [45]. This approach is consistent with our considerations, basing upon the
fractal dimension notion. According to our knowledge, such a methodology has
not been considered yet within this context.
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If fractal dimensions of samples within the partition’s clusters are similar,
then we conclude that the cluster structure is stable. It is indirectly assumed
that the quality of a cluster is reflected by its fractal dimensionality estimated
via different samples. In order to obtain valid results, we perform the calcula-
tions on sufficiently large amount of samples drawn. So, empirical distributions
of the absolute values of the fractal dimension differences are constructed. The
distribution most centered at the origin is proposed to indicate the true number
of clusters. Numerical experiments imply high ability of the developed concept.

The remainder of the paper is organized in the following form. Section
2 presents several facts according to the fractal dimensionality property used
in future considerations. In Section 3 we introduce a new methodology to be
suggested to handle the cluster validation problem based on a fractal dimension
cluster quality model. Section 4 is dedicated to the discussion of a practical
implementation of the method and numerical experiments provided on artificial
and real word databases.

2. Fractal Ddimensionality

In this section we state several facts according to the fractal dimensionality
property used in the future considerations.

We are witnessing natural phenomena characterized by erratic behavior
and objects of high geometric complexity which the classical geometry cannot
describe. In most cases, it can be found in every erratic phenomenon self-
similarity, i.e. it is invariable with respect to the scale used. The objects that
are defined by groups of elements with self-similarity are known as fractals (see,
for example, [10]).

Apparently, Mandelbrot [30] firstly proposed to deal with the need to ex-
plain chaotic phenomena by means of the concept of fractals. Since real data
have a high degree of self-similarity, it is natural to expect that fractals can be
an efficient tool in various areas where clustering techniques are used.

A fractal dimension is a statistical indicator representing the amount of
space filled by a fractal (see, for example, [34]). Actually, there are many
definitions of the fractal dimension notion. For example, it can be done by the
following way:

Let us map the data in a d-dimensional grid which cells have sides of size r
and denoted by pi the frequency with which data points fall into the i-th cell.
The generalized fractal dimension is given by:
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dq =











∂ log
∑

i pi log pi
∂ log r

, q = 1,

1

1 − q
·
∂ log

∑

i pi

∂ log r
, otherwise.

(1)

Among this construction we have:

• The Hausdorff dimension (q = 0);

• The Information dimension (lim
q→1

dq), Shannon’s entropy;

• The correlation dimension (q = 2) which measures the probability that
two points randomly chosen, are separated by a certain distance.

A notable method (the box-counting method) to compute the fractal dimen-
sion of a data set consisting of N points in the space R

d, has been proposed by
Liebovitch and Toth [29]. The basic idea of this approach is to use the afore-
mentioned mapping in order to count the number of boxes N(r) containing at
least one element of the set, see [13].

The fractal dimension then can be computed by the formula

d = lim
r→0

logN (r)

log
(

1/r

) .

This process is repeated for a sequence of decreasing box sizes.
Clustering algorithms based on the fractal dimension property have been

proposed by Prasad, Dube and Sridharan [34] and Daniel and Ping in [10].
Another approach has been presented by Tasoulis and Vrahatis [39], [38] and
[40].

The main idea of the methods presented in [34] and [10] is to group data
points according to the fractal dimension values calculated for an appropriate
box griding. FC algorithm proposed in [10], divides data such that none of the
points in the clusters radically affect the cluster’s fractal dimension.

3. The Model

The object of our study is a finite subset X = {x1, x2, ..., xn} defined on the
d-dimensional Euclidean space R

d. A partition ΠC (Y ) of Y ⊂ X is a collection
of nonempty subsets of Y :

ΠC (Y ) = {π1 (Y ) , π2 (Y ) , · · · , πC (Y )} ,

fulfilling the conditions
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•
C
⋃

j=1
πj (Y ) = Y .

• πi (Y ) ∩ πj (Y ) = ∅, i 6= j.

The elements of ΠC (Y ) are called clusters. Each partition provides an
assignment rule

αΠC(Y ) (x) = c if and only if x ∈ πc (Y ) .

In order to characterize the mixing of two independent equal sized samples
S1 and S2 drawn from X, we consider the sets

Si,c = Si ∩ πc(X) (i = 1, 2; c = 1, 2, ..., C) (2)

for a given partition ΠC (X). These sets represent the samples occurrences
in the partition’s clusters. However, the desired stable partition of the set X
is hidden. Therefore, we cannot directly calculate subsamples Si,c in (2), but
we can simulate them as “independently drawn” from the partition’s clusters
aiming a clustering algorithm ∆. The algorithm includes within its input pa-
rameters a clustered dataset Y and a suggested number of clusters C. The
output is a data partition of Y into C clusters:

ΠC (Y ) = ∆ (Y,C) .

Let us consider the partitions of the samples S1 and S2, namely

ΠC (S1) = ∆ (S1, C)

ΠC (S2) = ∆ (S2, C)

and the partition of the union S = S1 ∪ S2, namely

ΠC (S) = ∆ (S,C) .

Each data element is found in the partition ΠC (S) and in one of the parti-
tions ΠC (Si) ; i = 1, 2. One of the problems, that arise here, is the prob-
lem of different tagging of the clusters in the partition ΠC (S) in relation to
ΠC (Si) , i = 1, 2.

The aim is to change the labeling of the clusters in the partitions ΠC (Si) ,
i = 1, 2 to receive the best match with the clusters labeling in the partition of
the union ΠC (S). For this matter, we search, among all C! permutations of
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the set {1, 2,. . . ,C}, for the permutation ψ⋆ which yields the minimal difference
between the assignments of the clusters within the partition of S and each one
of the partitions of S1 and S2, i.e.

ψ⋆ = arg min
ψ

|Si|
∑

x∈X

I
(

ψ (αC,i (x)) 6= α
(i)
C (x)

)

(i = 1, 2) ,

where I(z) is the indicator function of the event z:

I(z) =

{

1, if z is true,
0, otherwise,

and αC,i and α
(i)
C are the items assignments defined by ΠC,1 and Π

(i)
C , corre-

spondingly. The well-known Hungarian method, see [25] solves this task with
the computational complexity of O(C3).

After changing the cluster’s labels in the partitions ΠC (S1) and ΠC (S2) ac-
cording to the optimal permutations ψ∗

i (i = 1, 2) found, we can assume that the
cluster’s labels are now coordinated and the partitions ΠC (S1) and ΠC (S2) are
consistently designated. As a result, the subsamples in (2) can now be correctly
determined and values of fractal dimension Fd i, i=1, 2 can be calculated for
a pair of samples S1,C and S2,C for each cluster c = 1, 2, ..., C. The cluster
quality can be estimated by the absolute differences between these values.

One of the natural indices exhibiting partition quality can be taken by
means of the “worst” cluster:

FDC = max
1≤c≤C

∣

∣

∣
Fd

(c)
1 − Fd

(c)
2

∣

∣

∣
. (3)

Empirical distributions of FDC found for different values of C are compared
and the one having the lightest right tail, meaning distribution most concen-
trated at the origin, is intended to indicate the “true” number of clusters.

The suggested algorithm:

1. Choose the parameters:

a. Ĉ: maximal number of clusters to be tested,

b. J : number of the drawn sample pairs,

c. t : the samples size,

d. X : the data to be clustered,

e. ∆ : a clustering algorithm,

f. m : the scaling parameter of the box counting algorithm,
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2. For C = 2 : Ĉ do

3. For j = 1 : J do

4. S
(j)
1 = sample (X, t) , S

(j)
2 = sample

(

X\S
(j)
1 , t

)

;

5. Simulate sample’s occurrences in the clusters by means of the algorithm
∆;

6. Calculate the sample’s fractal dimensions within the clusters

Fd
(c)
1,j , Fd

(c)
2,j , c = 1,..,C ;

7. Calculate the partition quality according to

FD
(j)
C = max

1≤c≤C

∣

∣

∣
Fd

(c)
1,j − Fd

(c)
2,j

∣

∣

∣

8. end for j;

9. Construct the distribution of FD
(j)
C , j = 1, · · · ,J

10. End for C.

11. The “true” C⋆ is selected as the one which yields the maximal value of

FD
(j)
C

Sample (S, t) is a procedure which selects a random sample of size t from
the set S, without replacement.

Fractals dimensions are calculated depending on the number of clusters.

The well known statistical property

VC =
Me

x̄

was chosen as an asymmetry indicator intended to yield the empirical index
distribution having the shortest right tail. Here, Me is the empirical median

and x̄ is the empirical mean value, calculated for the distribution of FD
(j)
C .
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4. Numerical Experiments

Various numerical experiments were applied on synthetic and on real datasets.
In all tests we choose Ĉ = 8, J = 200 and t = 100 and perform 10 trials for each
experiment. The results are presented via the error-bar plots of VC within the
trials. The sizes of the error bars equal two standard deviations, found inside
the trials. The standard k-means algorithm has been used for clustering. In
order to estimate fractal dimensionality of samples, we use the box-counting
algorithm mentioned above with the scaling parameter m equal to four.

4.1. Synthetic Data

The first synthetic dataset, containing 4, 000 items, is simulated as a mix of
four components two-dimensional Gaussian distributions with independent co-
ordinate owning the same standard deviation σ = 0.2. The scatter plot of this
simulated collection is shown in Figure 1.
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Figure 1: Scatter-plot of the four components simulated data with σ =
0.2

The results presented in Figure 2 demonstrate that a four clusters structure
is clearly indicated in this case.

If we consider the a similar dataset with σ = 0.3, then we get overlapping
clusters overlaps (see Figure 3).
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Figure 2: Error-bar plot of VC for the four components simulated data
with σ = 0.2
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Figure 3: Scatter-plot of the four components simulated data with σ =
0.3

However, the results shown in Figure 4 indicate that the algorithm deter-
mines the correct number of clusters in this case. Amount of clusters which
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equals to two can be considered as another possible answer. Such a common
situation frequently appears in the “ill posed” cluster validation problem and
it is caused here by the inherent symmetry of the data.
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Figure 4: Error-bar plot of VC for the four components simulated data
with σ = 0.3

In a similar manner, we simulate a mix of five components dataset contain-
ing 4, 000 items with σ = 0.2. The scatter plot of this simulated dataset is
shown in Figure 5. Here, in the asymmetry situation, the preferred number of
clusters is clearly determined as can be seen in Figure 6.

If we consider the same dataset with independent coordinate owning the
same standard deviation σ = 0.3, the clusters overlaps as can be seen in Figure
7.

However, the results presented in Figure 8 indicate that the algorithm de-
termines the correct number of clusters in this case.
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Figure 5: Scatter-plot of the five components simulated data with σ =
0.2
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Figure 6: Error-bar plot of VC for the five components simulated data
with σ = 0.2
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Figure 7: Scatter-plot of the five components simulated data with σ =
0.3
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Figure 8: Error-bar plot of VC for the five components simulated data
with σ = 0.3
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The last synthetic dataset is simulated as a mix of six components two-
dimensional Gaussian distributions with independent coordinate owning the
same standard deviation σ = 0.3. The dataset contains 4, 000 items. The
scatter plot of this simulated dataset is shown in Figure 9.
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Figure 9: Scatter-plot of the six components simulated data with σ =
0.3

The results presented in Figure 10 demonstrate that a six clusters structure
is clearly indicated in this case.

4.2. Real-World Data

The first real dataset analyzed was chosen from the text collection http://ftp.cs.
cornell.edu/pub/smart/.

This set consists of 3 sub-collections, 1,033 medical abstracts, 1,460 informa-
tion science abstracts and 1,400 aerodynamics abstracts, correspondingly. The
600 “best” terms, following the common “bag of words”method were selected.
The data was presented by means of the two leading principle components
commonly used for analyzing of this dataset (see, for example [44]) The ob-
tained results shown in Figure 11 show that the number of clusters is properly
determined in this case.
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Figure 10: Error-bar plot of VC for the six components simulated data
with σ = 0.3

In the second example we consider the same real dataset but selected the
300 “best”terms. The results presented in Figure 12 show that the number of
clusters is also properly detected.

5. Conclusions

We offer a new approach for detecting the true number of clusters based on
the fractal dimension notion. The method suggests the characterization of
the partition quality by a geometrical magnitude of samples mixing within
the clusters. Pairs of samples are drawn in order to construct an empirical
distribution, of the fractal dimensionality absolute difference defined by the
worst partition’s clusters. All experiments analyzed consist of two dimensional
datasets due to the fact that the version of the box counting algorithm used is
intended to operate with two-dimensional sources [34]. Outcomes demonstrate
high ability of the proposed methodology.
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Figure 11: Error-bar plot of VC for the three text collection with 600
“best”terms
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