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Abstract: Let R = ®,>0R, be a graded Noetherian ring with local base
ring Ro and let Ry = @ngan. Let M and N be finitely generated graded
R-modules. In this paper we extend some of the known results about ordinary
local cohomology modules Hj%+(M ) to generalized local cohomology modules
H }ﬂr (M, N). Indeed, among other things, we prove that certain submodules and
factor modules of Hp, (M, N) are Artinian for some 7. Also we obtain some re-
sults on the asymptotic behaviour of the n-th graded components H }ﬂr (M,N),
of Hp, (M, N) for n — —oo.
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1. Introduction

There is a lot of current interest in the theory of graded local cohomology
modules and, in recent years, there have appeared many papers in this area of
research. The main purpose of this paper is to extend some of the known results
about ordinary graded local cohomology to the generalized local cohomology.

Received: December 20, 2010 (© 2011 Academic Publications

§Correspondence author



400 F. Dehghanizadeh, H. Zakeri

For an ideal a of a commutative Noetherian ring R and R-modules M and
N, the i-th generalized local cohomology module

i : i M
Hy(M,N) = %EXtR(M—M7N)

was introduced by Herzog in [8] and studied further in [1,2,17,18]. It is clear
that if M = R,then H.(M, N) is converted to H:(N), the i-th ordinary local
cohomology module of N with respect to a.

Throughout the paper we assume that R = €, Ry is a positive graded
commutative Noetherian ring and that R, = @, . R, is the irrelevant graded
ideal of R. Also we use M = @©peczM,, and N = &,z N, to denote non-zero
finitely generated graded R-modules. (Here Z denotes the set of all integers.)

It is well known, see for example [9], that Hf%+ (M, N) carry a natural grad-
ing and that the grading of it have some similar properties as the ordinary
graded local cohomology module H%h(N ). Let us recall briefly some of those.

(i) If0 — N — N — N” — 0 is an exact sequence of finitely
generated graded R-modules and homogeneous homomorphisms, then there is
a long exact sequence

0 — Hp, (M,N') — Hp, (M,N) — Hp, (M,N") — ...
— H}%JAM,N’) — HIT;LH(M,N) — H;;L(M,N”) — ...

of graded R-modules and homogeneous homomorphisms.

(ii) If N is an R4-torsion module, then there is a homogeneous isomorphism
Hp (M,N) — Extp(M, N) for all n > 0.

(iii) For all n > 0, the i-th graded component of Hy, (M, N), which is
denoted by H;@(M ,N);, is a finitely generated Rp-module and it is zero for
sufficiently large values of i.

As we mentioned above, our aim in this paper is to extend some of the
known results of ordinary graded local cohomology modules to generalized one.
Let us describe our purposes precisely.

Throughout the paper,we assume that the base ring Ry is local with maxi-
mal ideal mg. In [5], a certain number g = g(M) is defined and it is proved that if
R = Ry[R;], then Assg, (Hj’%+ (M),,) is stable and the R-module meug(fﬂé+ (M)
is Artinian for all ¢ < g. In this paper, we introduce an invariant g(M, N) and
then we prove a similar result about the R-modules HE+ (M,N). In [16], it is
proved that if R = Ry[R;], then H}é+ (M)/monlg+(M) is Artinian. We prove
(without the assumption R = Rp[R;1]) that if qo is an mp-primary ideal, then
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Hg:d(M,N)/qOHg:d(M,N) is Artinian and R, -cofinite, where | = pd(M),
the projective dimension of M, and d = dim % Also, it is shown that
Hgid(M,N) is tame.

In the second section of the paper we study the asymptotic behaviour
of Rp-modules H§3+(M’ N), as n tends to —oo. It is proved, in [6], that

Assp, Hp (M) is stable if H§2+ (M) is a Noetherian R-module for all i < r. We
prove that if either H%+(M’ N) is Noetherian for all i < r or H}'Lr (M, %)
is Artinian for all ¢ <, then Assp, H (M, N)y is stable.

Finally, it is shown that if g(M,N) < oo, then ASSRO(H%JF(M, N)y) is
asymptotically stable.

2. Artinian Properties of Graded (eneralized
Local Cohomology Modules

Following [5], we define the generalized homological finite length dimension of
N with respect to M as

g(M,N) =inf{j € N0]1R0H£+(M,N)n = oo for infinitely many n € Z}.

The following Lemma, which is needed in the proof of the next theorem, de-
scribes some of the properties of g(M, N).

Theorem 1. (i) g(M,N) > 0.

(ii) Ifi < g(M,N), then there exists r € Z such that ZROH}'LF(M, N)p, < oo
for allm <r.

(iii) Let x € Ry be a homogeneous element such that T'r, (0 :x ) = (0 :y z).
Then g(M, 2;) > g(M, N) — 1.

(iv) Let x be an indeterminate.Let Ry = Ro[x]|m,ry2], Mo = moRy, R =
R ®pr, R, M = R, ®p, M and N’ = R @, N. Then g(M,N) =
g(M',N') and, for an Artinian R-module Y, the R'-module R, ®p, Y is
Artinian.

(v) 9(M, N) = g(M, 1=r7)-

Proof. The proof of the theorem.(i), (ii) and (v) are clear. (iii) Since, in
view of the hypothesis, H§+(M,O N x) = Ext®h(M,0 :y z) for all i >0,
it is straightforward to see that there exists r € Z such the exact sequences
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O—»(O:Na:)—>Ni>xN—>0and0—>:EN—>N—>%—>0

in conjunction with the functorial property of H§+(M ,—), we obtain an exact
sequence:

)
xN
HRJr(M?N)n HR+ (M7 N)n-i—t HR+ (M7 ZL‘N)n+t7

nt+t — 7

Hy {(M,N), == Hp (M, N)pyy — Hp '(M,

and we deduce from this, in view of (ii), that g(M, £) > g(M, N) — 1.

(iv) Let n € Z. Then, in view of [14,1.9 and 1.6], Hf%+ (M, N),, is mg-cofinite
if and only if H}i%+ (M,N), is an Artinian Ro-module. Since Hy, (M',N'), =
Hp (M,N),®g, Ry, it follows that H}%,+ (M',N'"),, is m{- cofinite if and only if
HE+ (M, N),, is mg-cofinite. Therefore H§+(M ,N); is an Artinian Rp-module,
if and only if H%, (M’, N),, is an Artinian Rj-module. Hence lg,(H% (M, N),) <

+ ’ +
oo if and only if Ig (H}Q,+ (M',N"),) < oo. It now follows from this that
g(M,N) = g(M',N"). The last part of the lemma follows from [5, Remark
2.1.c].

In the following theorem, which is an improvement of [5, 4.2], we use the
concept of the Hilbert-Kirby polynomial. Let X = @,2X, be a graded Ar-
tinian R-module such that, for n < 0, [r,(X;) < co. Then there is a (uniquely
determined) polynomial Px € Q[z] such that (g, (X,) = Px(n) for all n < 0.
Px is called the Hilbert-Kirby polynomial of X (cf [10]). By convention the
zero polynomial has degree -1. O

Theorem 2. Let i < g(M,N). Then FmOR(H§2+(M, N)) is Artinian.
Moreover, if R = Rg|R1], then the Hilbert-Kirby polynomial of

PmoR(H}i%+ (M7 N))?
denoted by P, is of degree less than i.

Proof. We prove the theorem by induction on ¢ (i > 0). It is straightforward
to see that the result is true when ¢ = 0. Suppose, inductively, that 0 < ¢ <
g(M, N) and that the result has been proved for i — 1. By (1.v), we have g :=

g(M,N) = g(M, %) Also, it is easy to see that if FmOR(HEJM, %))

is Artinian for all ¢ < g, then FmOR(H};%+ (M,N)) is Artinian for all ¢ < g.
Therefore we may assume that N is Ry-torsion free. Using prime avoidance
theorem, we can get a homogeneous N-regular element x of positive degree.
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Now, we may consider the exact sequence 0 — N —— N — L — 0 to

N

obtain the exact sequence
 HRLN)
zHp '(M,N)

N

’:n—N) — (0 :pi

R

— Hp (M LNy ) —0

This sequence, in turn, yields the exact sequence

Hp (M, N)
wHp '(M,N)

. N
0 — F’rn()R ( ) — FmoR(HR+1(M7 W))
Hy (M, N) >

— o r(0 IH;’%Jr(M,N) x) — H,%wR (m
R+ ?

Therefore, in order to complete the inductive step, it is enough, in view of
[13,1.3], to show that I‘mOR(H;;rl(M, £5)) and H}nOR(T) are Artinian, where
Hi Y(M,N)
T=—"——.
eHp ' (M,N)
Therefore, by the inductive hypothesis, I',,, R(HET(M , %)) is Artinian. Next,
we have, by [4, 13.1.10], H}nOR(T) = @nezH}),, (Tn). Since i < g, the set
A= {n]lRO(Hfil(M, N)p) = oo} is finite. It therefore follows that H (T
is a direct sum of finitely many Ro-modules H,\, (T5,); so that it is an Artinian
R-module. For the last part of the theorem, assume that R = Ry[R;]. We
use induction on n = dim N to prove that P is of degree less than i. If n =
0, then H%+(M’ N) = Extl(M,N). Hence FmOR(HfLr(M, N)) is a finitely
generated R-module. Therefore Fmo(Hja+ (M, N)); =0 for all t < 0; and hence
degp = —1 < 7. Now, suppose, inductively, that n > 0 and that the result has
been proved for any finitely generated graded R-module N of dimension less
than n. In order to prove the inductive step, we may assume that I'r, (N) =
0 and that ﬁ—g is an infinite field. Now, there is an element x € Ry which

Since i < g, we see, by (L.ii), that i — 1 < g —1 < g(M, 2).

is a non-zero divisor on N. Using the exact sequence 0 — N —— N —
L= — 0, we obtain the exact sequence H;il (M, L) 041 ¥, H§2+ (M,N),, -

H§2+ (M, N)p+1, which in turn yields the exact sequence

H}{_Jrl (M7 %)n-ﬁ-l
ker v

00—

— Hp (M,N)p, = Hp (M, N)nt1.

Since ¢ < g, it follows that ZRO(HE__&JF(M, N))p < oo for all n < 0. Hence

Him (v, 20, T (Hpp (M, 50))n
[y (kerip) = kerep. Therefore, Ty, ( 4 (kcer) +1> ~ Imol RJE(C(W“”N)) i
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One can use the above exact sequence to deduce lg, (l“mo(H}j;£+ (M,N)),) <

IR, (I“mO(H}j;£+ (M,N))pt1)+lg, (FmO(H;il (M, %))nﬂ) . Now, we can use this
inequality to complete the inductive step.

The concept of tameness, which we will use in the next theorem, is the
most fundamental concept related to the asymptotic behaviour of cohomology.
A graded R-module T' = @,,c7T,, is said to be tame (or asymptotically gap-free)
if the set {n € Z|T,, # 0,T,+1 = 0} is finite. Note that, all graded Artinian
R-modules are tame. O

Theorem 3. Assume that d = dim %, Il = pdM and that qo is an
mg-primary ideal of Ry. Then

i (M.N)

(i) The R-module is Artinian and R -cofinite. Moreover Hé%td(M,

H”d(M,N)
N) is tame.

(ii) Hg;d(M, N) is Artinian and R, -cofinite whenever Suppg, (N;) € {mo}
for all i € Z.

Proof. i) We prove this by induction on d. If d = 0, then ', (N) = N and
hence H H'd(M , N) = Extly (M, N). Therefore, since the radical of the annihila-
HL (M,N) HL (M,N)
m is equal to mp+ R, the R-module m
R+—coﬁn1te Suppose, inductively, that d > 0 and the result has been proved for
d—1. Now, we can use the exact sequence 0 — I'p, (N) — N —

tor of is Artinian and

N
_—
Pr (N)

0, in conjunction with the facts that H§+(M, Tg, (N)) & Exth(M,Tr, (N))

and pdy; = I, to see that Hg;d(M, N) = Hg:d(M, %) Therefore, since
N

N N . o :
dlmm = dim (FR+ o) /mo T, (N)), we may assume,in addition, that N is

R, -torsion free. As d > 0, we also have Ry < q for all q¢ € min Ass %
Hence there exists a homogeneous element z of positive degree which avoids
all members of Ass(N) and minAss( ngN) It is straightforward to see that
dim (%/moﬁ):d — 1.Hence, by [19, 3.2], Hg:d(M, %) = 0. Therefore, the
exact sequence

O—)NLN—)——)(L
T

induces the exact sequence

N x
Hé{td_l(Mﬂ W) I Hé{td(Ma N) - Hé{td(Ma N) - 07
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which in turn yields the exact sequence

R _ N R
CI_(E)@RO Hll;;d I(M,:L'—N) I 0 @Ry Hlthd(M7N)
= Ro I+d
—>q_®RoHR+(M7N)—>O'
0

o

Now, one can use the above exact sequence in conjunction with the inductive hy-

pothesis to see that the R-module O : HEH (N x is Artinian and R.-cofinite.
o,

quﬁf(M,N)
Therefore,in view of [15, 4.1], the inductive step is completed and the result fol-
Hi 4(M,N)

o H0IN) is Artinian; so that
mO R 2
"+

lows by induction. In particular,the R-module

it is tame. It therefore follows, in view of Nakayama’s Lemma, that H g:d(M ,N)
is tame.

(i) We argue by induction on d. If d = 0 then N =I'g, (IN). Hence in view
of the hypothesis, N is Artinian. Therefore, since H ll?+ (M,N) = Exté;{ N (M,N),
we see that H ll?+ (M, N) is Artinian and R -cofinite. Suppose, inductively, that
d > 0 and the result has been proved for smaller values of d. Since d > 0,

it follows that Hﬁ;zrd(M, N) = ngd(M7 FRL(N)) So we may assume that N
+

is Ry-torsion free. Now,as in the proof of (i), there exists a homogeneous N-
regular element x of positive degree which is not belong to any minimal element
N

N 3 N _
of Ass TN Therefore dim (X < d—1. Now, we may use the exact sequence

_ N
HE =M, —~) — Hi (M, N) = H (M, N) — 0,
in conjunction with the inductive hypothesis and [15,4.1] to see that H g:d(M ,N)
is Artinian and R4-cofinite. O

Theorem 4. H§2+(M, I'mor(N)) is Artinian for all i > 0. Moreover,
if R = Ry[R;], then the Hilbert-Kirby polynomial of H§2+ (M,Twyr(N)) is of
degree less than 1.

Proof. By [9,4.2], Hfﬁ (M,Twyr(N)) is Artinian. Now, we prove the last
part of the proposition by induction on ¢ = dim(I'm,r(N)). Let p; be the
Hilbert-Kirby polynomial of Hfﬁ (M, Twyr(N)). If t = 0, then it is immediate
to see that deg(p;) = —1 < i. Suppose that ¢ > 0 and that the result has been
proved for smaller values of t. Put Iy r(XN) = N’. We may assume that LI
an infinite field. Then there exists x € Ry such that I'r, (0 :xv ) = (0 ;57 ).
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Now, it is straightforward to see that Hj';i+ (M, (0 :n ), = 0 for all n < 0.
Therefore, we can use the exact sequences 0 — (0 :y7 ) — N’ — 2N’ — 0
and 0 — zN' — N’ — gv, — 0 to obtain an exact sequence

N/

i—1
i (M 2

Jns1 — Hig (M, N')y = Hp (M, N')p 1.

This exact sequence yields the inquality

. ) . N’
IRy Hp, (M,N")y <lpyHp, (M, N")pi1 + g, Hy, ' (M, —nt

As dimxlj\;, < t, we can use the above inquality to conclude the result by
induction. O

Corollary 5. Let N =
mg-primary. Then:
(a) H%ﬁ (M, N) is Artinian for all i > d + [.

(b) H*4(M,N)
a0 Hg ! (M,N)

(N), d= dlm——, pdM =1 and let ¢y be an

is Artinian and H}h (M, N) is tame for all i > d + .

Proof. (a) The exact sequence 0 — I'mp(N) — N — FLR(N) — 0
mo
induces an exact sequence

Hy (M, Twmor(N)) 2 Hip (M, N)

i N @ pritl
Hp, (M, m) — Hp' (M, Tmgr(N)).
Since H§+(M, %) =0 for all i > [+d+ 1, we can use the above exact

sequence and (4) to conclude (a).

(b) Again we can use the above exact sequence in conjunction with (3) and
(2.4) to see that, im\,ime and Tori® (imep, }q%o) are all Artinian. It therefore
H”d(M N)
moHl+d(M N)
Artinian; and therefore it is tame. Now, we can use Nakayama’s Lemma to see
that Hg;d(M, N) is tame. Since H%ﬁ (M, N) is Artinian for all i > [ + d, the

result follows.

In (3.ii),under certain conditions,we proved that the R-module H g;d(M ,N)
is Artinian and R, -cofinite. However,in non graded case,the following theorem
holds. O

follows that HE;‘{(M ,N) ®r, % is Artinian. In particular, is
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Theorem 6. Let (A,m)be a local Noetherian ring and let M and N be
finitely generated A-modules.Suppose that n = dim N, pdM = [ and that a
is an ideal of A. Then the A-module H?T'(M,N) is Artinian and a-cofinite.
Furthermore the set Assy H (M, N) is finite.

Proof. We prove by induction on n = dim N. If dim/N = 0. then N is
m-torsion, and hence a-torsion module. Therefore

HY(M,T(N)) = Ext!y (M, Ty(N))

is a finitely generated A-module. Hence H.(M, N) is an a-cofinite and Artinian
A-module.

Now suppose, inductively, that dimN = n > 0 and the result has been
proved for all finitely generated A-modules of dimension smaller than n. Con-

sider the exact sequence 0 — I'y(N) — N — % — 0 and note that

HY (M, To(N)) = Exti (M, T(N)) = 0forall i > 0. Therefore Ht"(M, N) =
HUF™(M, ). Thus we may assume that I'((N) = 0. Then there ex-

Ta(N)
ists x € a such that x is an an N-sequence. It is straight forward to see
that HL™(M, %) = 0. Therefore, we can use the exact sequence 0 —

N % N — % — 0 to obtain the exact sequence H.™~1(M, %) —
HAF™(M,N) % HA"(M,N) — 0. Using this exact sequence, one can de-
duce, by the inductive hypothesis and [13,1.3], that the A-module H."(M, N)
is Artinian and a-cofinite. Therefore Assa HLT™(M, N) is a finite set by [14,1.4].

O

3. Asymptotic Behaviour of Graded Components of Graded
Generalized Local Cohomology Modules

In this section, we study the asymptotic stability of the set of associated primes
of certain generalized local cohomology modules,that is the question whether,
for a fixed integer 4,the set of associated primes Assg, H}%+ (M, N),, of the Ry—

module H}é+ (M, N),, becomes ultimately constant if n tends to —o0.It is easy
to see that

Assp Hy, (M, N) =
{p € Spec(R)|pNRo+ Ry =p,pN Ry € Assg, ny‘ﬁ(]\f7 N),, for some n € Z}.
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Therefore Assgp H }i_-€+ (M, N) is a finite set whenever Assp, H }i_-€+ (M, N),, is asymp-
totically stable for n — —oco. The finiteness dimension of M and N relative
to Ry is defined by

f=f(M,N)=inf{j € 1\10|ng+ (M, N) is not finitely generated}

and it is proved,in [9,3.5],that if R = Rg[R;] then (Assg, H£+(M, N)p)nez is
asymptotically stable.Since f(M,N) < g(M, N),the next theorem provides a
generalization of the above mentioned result.At this stage the following remark
is needed.

Remark 7. Let f: Ry — R{, be a faithful flat ring homomorphism and
let R = R{®pg, R, M' = R{®p, M and N’ = R{,®p, N. Then H{§+(M’,N’)n =
HE(M,N), ®g, R). Note that Hﬁi (M, N) is Artinian (resp. Noetherian) if
and only if H {i (M’',N’) is Artinian (resp. Noetherian). Moreover

Asspy Hpp, (M, N)n = {py 0 Rolpy € Assgy Hyy (M',N')},

for all n € Z [12,23.2]. It follows that Assp, H}@(M, N)p)nez is asymptotically
stable if and only if (Assp, H ,+(M’, N")p)nez is asymptotically stable.

Theorem 8. Let R = Ro[Ri] and g(M,N) < co. Then (Assg, Hj, (M,
N)p)nez is asymptotically stable.

Proof. If f(M,N) = g(M, N), then the result is clear by [9,3.5]. So, let f <
g. Then Assg, H£+(M, N)y, = {mo} for all n < 0. Hence Assg, H%+(M,N)n—
{mo} # ¢ for all n < 0. Let (Ry, 1) denote the mo-adic completion of the
local ring (Rg, mp) and let M ®p, Ry = M and N®Rg, Ry = N. In view of 3.2 we
may assume that Rg is complete. Then the set A = J, o, Assg, H 1%+ (M,N),, —
{mo }is not empty. Hence, by [11,3.2], there exists x € mg such that z & [Jpe 4 b
Let S = {250 < K € Z}. Then SNmg # ¢. Hence f(S™'M,S7IN) <
g(M,N). If i < g(M,N) then lROH}iﬁ(M, N),, < oo for all n <« 0. Therefore
there exists t € Ny such that mng%+ (M,N),, = 0 for all n < 0. Hence
S‘le%+(M, N),, = 0for all n < 0. It follows that g(M, N) = f(S™'M,S™IN).
Therefore (Assg-1p, (Hg,”,%+ (S7IM,S7'N),))nez is stable. Hence there exists
ng € Z such that

Assg-1p, (H?

$ip, (STIM,STIN),) = Assgo1, (HY

S-1R, (S_lMa S_lN)no)a

for all n < ng. Thus Assg, Hj, (M, N), —{mo} = Assg, Hj, (M, N),, for all
n < ng. Note that, by (2),1“7,LOR(H1‘Z%+ (M, N)) is an Artinian R-module. Hence
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FmOR(H%+(M,N)) is tame and I'y,, (H%+(M,N)n) is an Artinian Rp- module
for all n. Thus Suppg, Ty (H, (M, N)n) € {mo} for all n € Z.
Now, using the exact sequence

0 — Ty (HY (M, N)n) — HY% (M, N),, — Hp, (M, N —0
o Hiey (M N)o) == Hig, N = 1 g vy
we get Asspg, H%JM,N)H = Assg, H]%+(M, N)p, for all n < ng. O

Now, we state a Lemma which will be used in the remaining part of the
paper.

Lemma 9. ([3, Lemma 3.2].) Let T = @,czT),, be a graded R-module such
that mLOT is Artinian and that T,, is a finitely generated Ry-module for all n € Z.

Then, there exists t € ZU{oc} such that, for each x € R — U, A p

and all n < t, the multiplication map T, — T,y Is surjective.
Theorem 10. Let R = Ry[R;] and suppose that H;ﬁ(M’rRL(N)) is
"+
Artinian for all i < r. Then (Assg, H;Lr(M’ N)p)nez is asymptotically stable.

Proof. As H%+(M,N)n = (Hom(M,T'r, (N)), = 0 for all n < 0, the case
where r = 0 is clear. So, let » > 0.
It is straightforward to see that (Assg, Hp, (M, N)n)nez is stable if and

only if (Assg, Hp, (M, FRL(]V))H)HGZ is stable. Therefore, we may assume that
+

I'r (N) = 0. Also, in the view of (8) and (1.iv), we may assume, in addition,

Ro - P Hp (M,N)
that 7 is an infinite field. Put A = Ass(N) U U, <, Att Ty GEN) V(R4).

Then, by [7,1.5.12], there exists a homogeneous N-regular element x € Ry —
UpeA b

Now, we consider the exact sequence 0 — N — N — % — 0 to
deduce the exact sequence Hf{rl(M, N) — H;il (M, ) — Hfﬁ (M,N) =
H§2+ (M, N). Using this exact sequence we see that H§2+ (M, %) is Artinian for
all © < r — 1. Therefore, by (7), the above exact sequence, yields the exact
sequence

i N i T i
0 — Hp '(M, W)nﬂ — Hp (M,N), — Hp (M, N)p41,

for all n < 0. Hence

. N ;
Assp, Hy (M, — )1 € Assgy Hp (M, N),
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- N .

C Assp, Hy ' (M, W)”“ U Asspy, Hi, (M, N)py1.
Now, one can deduce, by induction on 7, that (Assg, Hp, (M, N)y)nez is asymp-
totically stable for n — —oo. O
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