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Abstract: By making use of a linear operator that is defined by means of the
Hadamard product (or convolution), we investigate the properties of a certain
family of meromorphically multivalent functions. Some subordination relations
are established and some known results are extended.
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1. Introduction

Let ¥, o denote the class of functions of the form

o0

1
f(Z):zp+a+ZanZ”_p_o‘ (ogagl,peN, n>p+a>, (1)
n=1

which are analytic in the punctured unit disk U := {z € C,0 < |z| < 1}.
The convolution of two power series f(z), given by (1) and g(z) = == +
Y on bp2" P~ is defined as the following power series:
1 [e.9]
£ 9(2) = Sog D by

n=1

Recalling the principle of subordination between analytic functions, let the
functions f and g be analytic in A := {z € C, |z| < 1} Then we say that the
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function f is subordinate to g if there exists a Schwarz function w(z), analytic
in A such that f(z) = g(w(z)), z € A. We denote this subordination by
f<gor f(z) <g(z), z € A.If the function g is univalent in A the above
subordination is equivalent to f(0) = ¢g(0) and f(A) C g(A).

A function f(z) € ¥, o belongs to the class Sy () the class of meromor-
phically p + a-valent starlike functions of order p where 0 < p < p + «, if and
only if if f # 0, and §R{ Zf (Z }>p, (z€U). A function f(z) € ¥, , belongs
to the class Cp o () the class of meromorphically p + a-valent convex functions
of order p where 0 < pu < p+a, if and only if if f/ £ 0, and —R{1+ 2f (Z b > .
Define the function ¢, 4(a,c; 2) by

o
(a
dpala,cz): prw Z cnnpa (ze€U),
where a € R,c¢ € R\{0,—1,-2,...} and (a), is the Pochhammer symbol. Note
that ¢pa(a,c;z) = 27P~* 9Fi(1,a,¢ 2) where o F1(1,a,¢;,2) = 00 %Z—T
Corresponding to the function ¢, 4(a, c; z), we define an operator £, o on 3,

(a)n

Lpala,0)f(z) = ¢pala,cz)*f(z) = Zpia —i—Z
n=1

(©)n

(zeU). (2)

Operator (2) reduces to one defined by Liu and Srivastava [1] when o = 0
for meromorphic function in U. Moreover, it was studied by many authors see
([2,3,4]). It is clear that £, 4(a,a)f(z) = f(z). The next result is an extension
of results can be find in [5,6]

Lemma 1. If f € 3, , then

(Lpal0,f(2) = alpala+1,0f(2) ~ (a+p+a)Lpala)f(z) (=€ V).

Now we define new classes containing the operator (2).

Definition 1. Let f € ¥, ,. Then f is said to be belong to MS, o(1t) if
and only if

_%{z(ﬁna(a, C)f(z))/} >u (zeU).
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Definition 2. Let f € ¥,,. Then f is said to be belong to MCy, o (1) if
and only if

(+(£palac)f())
(Lpala, /()

In the present paper, we establish some sufficient conditions for f € X, to
satisfy

—%{1%— }>,u (z€U).

. 2(Lpala,c)f(2))
p+a Lyaac)f(z)

where ¢(z) is a given univalent function in U. Moreover, we give applications
for these results in fractional calculus. Note that in [7], Ravichandran et al.
studied sufficient conditions for subordination for class (X1 ), of meromorphic
functions. We need the following results in the sequel.

I <4q(2) (z€0), (3)

Lemma 2. (see [8]) Let a and b be complex constants, and let h(z) be
convex (univalent) in A with h(0) = 1 and %[ﬂh( )+9] > 0. Ifg(z) =1+
@12 + q22° + ... be analytic in /\, then q(z) + 5;‘(1 )3_7 < h(z) (z € A), implies
q(z) < h(z) (z € A).

Lemma 3. (see [9]) Let ,0 be any complex numbers, § # 0. Let q(z) =
1+ q12 + q22% + ... be univalent in A\, q(z) # 0. Let Q(z) = 02q' ()Z) be starlike
and R{q(z) + ZSES)} >0, (z€ Q). If(2) =1+ c1z + a2 + ... is analytic
in A and satisfies yi(z) + 523525) < vq(z) + 6zq(£)), (z € A), then ¢¥(z) < q(z)
and q(z) is the best dominant.

Lemma 4. (see [10]) Let ¢(z) be univalent in A\, and let ¢(z) be analytic
in a domain containing q(A). If z¢'(z)¢(q(z)) is starlike and 21/ (z)p(1)(2)) <
2q' (2)p(q(2)) (z € A), then ¢ (z) < q(z) and q(z) is the best dominant.

2. Differential Subordination Theorems

In this section, we pose some sufficient conditions for subordination of analytic
functions belong to the class ¥, ,.

Theorem 1. Let h(z) be convex univalent in U with h(0) = 1 and R{h(z)}
z (EPva(a—l-l,c)f(z))

PLp,a(a+1,c)f(2) =

is bounded in U. If f(z) € ¥, satisfies the conditions —
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z(,cp,a(a,c)ﬂz))
h(z) (z € U), then —— s

provided L, o(a,c)f(z) # 0inU.

< h(z) (= € U), for R{h(2)} < ==

| (o)
Proof. Define the function ¢(z) by ¢(z) := S i o ey R By applying

Lemma 1, we receive

Lpala+1,0)f(2)
pq(z) —(a+p+a)=—a— . 4
(=) - ( )= e @
Taking logarithmic derivatives in both sides of (4) and multiplying by z, we
have

2q/(2) R R RRCLC) ;
(2) + —pq(2) +(a+p+a) - PLyalat1,0f(2) < h(z) (z€U)

in virtue of Lemma 2, it follows that ¢(z) < h(z) for 0 < R{—ph(z) + (a +p+
a)} < oco.

Remark 1. Theorem 1, reduces to [11 Theorem 2.1] when « = 0.

Theorem 2. Let ¢(z) satisfies the conditions of Lemma 3. If f € ¥, ,

. zf"(z zf'(z 2q'(z Pra—ngl(y
satisfies J{,(i)) — i }c(i)) =< :;1(,(2)) —(p+a—p). Then —ﬁ){%() < q(z) and q
is the best dominant.

Proof. Define the function ¢(z) by ¥(z) = —w, (z €U). Then a

plf(2)]P

computation gives

) e
O O R

Thus we receive the relation Z:Z)ES) =< zgé’;) . By an application of Lemma 3, with

v =0 and ¢ = 1, it follows that, ¥(z) < ¢(z) and ¢(z) is the best dominant.

Remark 2. Theorem 2, reduces to [12 Theorem 2.1] when o = 1.

Corollary 1. Let -1 < B< AL 1. If f € &, , satisfies

2f"(2)  z2f'(2) (A—B)z
P MR TP A A )
Then —zp;;:){/%(z) = iiﬁi and iiéj is the best dominant.
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Proof. Define the function ¢(z) by ¢(z) := }igj, (z € U). Then a compu-
tation shows that Q(z) := ZggS) = (1+(le;£f3z)' Since —1 < B < A <1 yields
that R{Q(z)} > 0. Hence Q(z) is starlike in U. The result now follows from

Theorem 1.

The next result can be found in [7]. Assume p = pu=a = 1.

Corollary 2. Let the hypothesis of Theorem 1 be hold. Then —[%j))y] =<
q(z), (z €U), and q(z) is the best dominant.

The next results show sufficient conditions of subordinations involving the
differential operator (2).

Theorem 3. Let q satisfies the conditions of Lemma 4. If f € ¥, , satisfies
H(Lpal0,f () ALpala S ()
(Lp.ala,c)f(z)) (Lpala,c)f(2) q(2)

Then —[-4 %] =< q(z) and q is the best dominant.

Proof. Define 1(z) as follows 9(z) := — [pﬁa%] A computation
gives

)f(2)" _ 2(Lpala, 0)f(2)) _ 2¢/(2)
(ﬁp,a( Af(z)  (Lpala,0)f(2) P(2)
z)

which implies %S) =< q(i) By an application of Lemma 4, with p(w) = %,

it follows that, 1(z) < ¢(z) and ¢(z) is the best dominant.
Corollary 3. Let -1 < B<AL1. If f € ¥, , satisfies

2(Lpala,0)f(2)"  2(Lpala,c)f(z)) < pA-B)z
(Lpala,c)f(z)) (Lpala,c)f(z) (1+ Az2)(1+ Bz)

2(Lp.ala,c)f(2)) 2 21 . .
Then —[-4 (ﬁja((a C))j:(( ))) | < p[%igz] and p[iig | is the best dominant.

Remark 3. Corollary 3 reduces to result in [11] when 4= =1.

/—\
[
3
Q
—
e
2}

—1,

Corollary 4. If f € X, , satisfies
2(Lpala,0)f(2)"  2(Lpala;c)f(z)) 2z

=< -1
(Lpala,0)f(2))  (Lpala,c)f(z)  (1+2)(1-2)
Then —[1 %m] < 12 and 12 is the best dominant.

In general we have the following result
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Corollary 5. Let w be analytic in U, such that 0 < |w(z)| < 1. If f € £,
satisfies

Z(ﬁp,a(%c)f(z))// . Z(Eppz(a; C)f(z))/ < 2z 1
(Lpala,0)f(2))  (Lpala,0)f(z)  (I+w(z)d—-w(z))
Then —[-£— Z(ﬁp,a(aﬁ)f(z))'] 1+w(z) li-w(z)

Pt Lpa(@af(z) 1 = Tow(z) 2d 1

w(z) is the best dominant.
Corollary 6. Let the hypothesis of Theorem 3 be hold. Then —[%ZZ)))I] <
q(z) and q is the best dominant.

The next result can be found in [11]. Assume p =1 and a = 0.

Corollary 7. Let the hypothesis of Theorem 3 be hold. Then — [% Z(ﬁﬁzi}c((j)))/]

=< ¢(z) and q is the best dominant.

Recently, fractional power are defined and studied for meromorphic func-
tions and normalized functions in the unit disk (see [13,14]) respectively. Fur-
ther, a different studies regarding fractional and other operators can also be
found in [15]-[17].
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