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SUBORDINATION FOR MEROMORPHIC FUNCTIONS

DEFINED BY AN OPERATOR
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Abstract: By making use of a linear operator that is defined by means of the
Hadamard product (or convolution), we investigate the properties of a certain
family of meromorphically multivalent functions. Some subordination relations
are established and some known results are extended.
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1. Introduction

Let Σp,α denote the class of functions of the form

f(z) =
1

zp+α
+

∞
∑

n=1

anz
n−p−α

(

0 ≤ α ≤ 1, p ∈ N, n > p+ α
)

, (1)

which are analytic in the punctured unit disk U := {z ∈ C, 0 < |z| < 1}.
The convolution of two power series f(z), given by (1) and g(z) = 1

zp+α +
∑∞

n=1 bnz
n−p−α is defined as the following power series:

f(z) ∗ g(z) =
1

zp+α
+

∞
∑

n=1

anbnz
n−p−α.

Recalling the principle of subordination between analytic functions, let the
functions f and g be analytic in △ := {z ∈ C, |z| < 1} Then we say that the
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function f is subordinate to g if there exists a Schwarz function w(z), analytic
in △ such that f(z) = g(w(z)), z ∈ △. We denote this subordination by
f ≺ g or f(z) ≺ g(z), z ∈ △. If the function g is univalent in △ the above
subordination is equivalent to f(0) = g(0) and f(△) ⊂ g(△).

A function f(z) ∈ Σp,α belongs to the class Sp,α(µ) the class of meromor-
phically p + α-valent starlike functions of order µ where 0 ≤ µ < p+ α, if and

only if if f 6= 0, and −ℜ{zf
′(z)

f(z) } > µ, (z ∈ U). A function f(z) ∈ Σp,α belongs

to the class Cp,α(µ) the class of meromorphically p+ α-valent convex functions

of order µ where 0 ≤ µ < p+α, if and only if if f ′ 6= 0, and −ℜ{1+ zf ′′(z)
f ′(z) } > µ.

Define the function φp,α(a, c; z) by

φp,α(a, c; z) :=
1

zp+α
+

∞
∑

n=1

(a)n
(c)n

zn−p−α (z ∈ U),

where a ∈ R, c ∈ R\{0,−1,−2, ...} and (a)n is the Pochhammer symbol. Note

that φp,α(a, c; z) = z−p−α 2F1(1, a, c; z) where 2F1(1, a, c; z) =
∑∞

n=0
(1)n(a)n

(c)n

zn

n! .

Corresponding to the function φp,α(a, c; z), we define an operator Lp,α on Σp,α

Lp,α(a, c)f(z) = φp,α(a, c; z) ∗ f(z) =
1

zp+α
+

∞
∑

n=1

(a)n
(c)n

anz
n−p−α

(z ∈ U). (2)

Operator (2) reduces to one defined by Liu and Srivastava [1] when α = 0
for meromorphic function in U. Moreover, it was studied by many authors see
([2,3,4]). It is clear that Lp,α(a, a)f(z) = f(z). The next result is an extension
of results can be find in [5,6]

Lemma 1. If f ∈ Σp,α then

z
(

Lp,α(a, c)f(z)
)′

= aLp,α(a+1, c)f(z)− (a+p+α)Lp,α(a, c)f(z) (z ∈ U).

Now we define new classes containing the operator (2).

Definition 1. Let f ∈ Σp,α. Then f is said to be belong to MSp,α(µ) if
and only if

−ℜ
{z(Lp,α(a, c)f(z))′

Lp,α(a, c)f(z)

}

> µ (z ∈ U).
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Definition 2. Let f ∈ Σp,α. Then f is said to be belong to MCp,α(µ) if
and only if

−ℜ
{

1 +

(

z(Lp,α(a, c)f(z))′
)′

(

Lp,α(a, c)f(z)
)′

}

> µ (z ∈ U).

In the present paper, we establish some sufficient conditions for f ∈ Σp,α to
satisfy

−[
µ

p+ α

z(Lp,α(a, c)f(z))′

Lp,α(a, c)f(z)
] ≺ q(z) (z ∈ U), (3)

where q(z) is a given univalent function in U. Moreover, we give applications
for these results in fractional calculus. Note that in [7], Ravichandran et al.
studied sufficient conditions for subordination for class (Σ1,0), of meromorphic
functions. We need the following results in the sequel.

Lemma 2. (see [8]) Let a and b be complex constants, and let h(z) be
convex (univalent) in △ with h(0) = 1 and ℜ[βh(z) + γ] > 0. If q(z) = 1 +

q1z + q2z
2 + ... be analytic in △, then q(z) + zq′(z)

βq(z)+γ ≺ h(z) (z ∈ △), implies

q(z) ≺ h(z) (z ∈ △).

Lemma 3. (see [9]) Let γ, δ be any complex numbers, δ 6= 0. Let q(z) =

1 + q1z + q2z
2 + ... be univalent in △, q(z) 6= 0. Let Q(z) = δzq′(z)

q(z) be starlike

and ℜ{γ
δ
q(z) + zQ′(z)

Q(z) } > 0, (z ∈ △). If ψ(z) = 1 + c1z + c2z
2 + ... is analytic

in △ and satisfies γψ(z) + δ
zψ′(z)
ψ(z) ≺ γq(z) + δ

zq′(z)
q(z) , (z ∈ △), then ψ(z) ≺ q(z)

and q(z) is the best dominant.

Lemma 4. (see [10]) Let q(z) be univalent in △, and let ϕ(z) be analytic
in a domain containing q(△). If zq′(z)ϕ(q(z)) is starlike and zψ′(z)ϕ(ψ(z)) ≺
zq′(z)ϕ(q(z)) (z ∈ △), then ψ(z) ≺ q(z) and q(z) is the best dominant.

2. Differential Subordination Theorems

In this section, we pose some sufficient conditions for subordination of analytic
functions belong to the class Σp,α.

Theorem 1. Let h(z) be convex univalent in U with h(0) = 1 and ℜ{h(z)}

is bounded in U. If f(z) ∈ Σp,α satisfies the conditions −
z

(

Lp,α(a+1,c)f(z)

)

′

pLp,α(a+1,c)f(z) ≺
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h(z) (z ∈ U), then −
z

(

Lp,α(a,c)f(z)

)

′

pLp,α(a,c)f(z) ≺ h(z) (z ∈ U), for ℜ{h(z)} < a+p+α
p

provided Lp,α(a, c)f(z) 6= 0 inU.

Proof. Define the function q(z) by q(z) := −
z

(

Lp,α(a,c)f(z)

)

′

pLp,α(a,c)f(z) . By applying
Lemma 1, we receive

pq(z) − (a+ p+ α) = −a
Lp,α(a+ 1, c)f(z)

Lp,α(a, c)f(z)
. (4)

Taking logarithmic derivatives in both sides of (4) and multiplying by z, we
have

q(z) +
zq′(z)

−pq(z) + (a+ p+ α)
= −

z
(

Lp,α(a+ 1, c)f(z)
)′

pLp,α(a+ 1, c)f(z)
≺ h(z) (z ∈ U)

in virtue of Lemma 2, it follows that q(z) ≺ h(z) for 0 < ℜ{−ph(z) + (a+ p+
α)} <∞.

Remark 1. Theorem 1, reduces to [11 Theorem 2.1] when α = 0.

Theorem 2. Let q(z) satisfies the conditions of Lemma 3. If f ∈ Σp,α

satisfies zf ′′(z)
f ′(z) − µ

zf ′(z)
f(z) ≺ zq′(z)

q(z) − (p+α− µ). Then − zp+α−µf ′(z)

p[f(z)]
µ

p

≺ q(z) and q

is the best dominant.

Proof. Define the function ψ(z) by ψ(z) := − zp+α−µf ′(z)

p[f(z)]
µ

p

, (z ∈ U). Then a

computation gives

zf ′′(z)

f ′(z)
− µ

zf ′(z)

f(z)
=
zψ′(z)

ψ(z)
− (p+ α− µ).

Thus we receive the relation zψ′(z)
ψ(z) ≺ zq′(z)

q(z) . By an application of Lemma 3, with

γ = 0 and δ = 1, it follows that, ψ(z) ≺ q(z) and q(z) is the best dominant.

Remark 2. Theorem 2, reduces to [12 Theorem 2.1] when α = 1.

Corollary 1. Let −1 ≤ B < A ≤ 1. If f ∈ Σp,α satisfies

zf ′′(z)

f ′(z)
− µ

zf ′(z)

f(z)
≺ −(p+ α− µ) +

(A−B)z

(1 +Az)(1 +Bz)
.

Then − zp+α−µf ′(z)

p[f(z)]
µ

p

≺ 1+Az
1+Bz and 1+Az

1+Bz is the best dominant.
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Proof. Define the function q(z) by q(z) := 1+Az
1+Bz , (z ∈ U). Then a compu-

tation shows that Q(z) := zq′(z)
q(z) = (A−B)z

(1+Az)(1+Bz) . Since −1 ≤ B < A ≤ 1 yields

that ℜ{Q(z)} > 0. Hence Q(z) is starlike in U. The result now follows from
Theorem 1.

The next result can be found in [7]. Assume p = µ = α = 1.

Corollary 2. Let the hypothesis of Theorem 1 be hold. Then −[z(f(z))′

f(z) ] ≺

q(z), (z ∈ U), and q(z) is the best dominant.

The next results show sufficient conditions of subordinations involving the
differential operator (2).

Theorem 3. Let q satisfies the conditions of Lemma 4. If f ∈ Σp,α satisfies

z(Lp,α(a, c)f(z))′′

(Lp,α(a, c)f(z))′
−
z(Lp,α(a, c)f(z))′

(Lp,α(a, c)f(z)
≺
zq′(z)

q(z)
− 1.

Then −[ µ
p+α

z(Lp,α(a,c)f(z))′

Lp,α(a,c)f(z) ] ≺ q(z) and q is the best dominant.

Proof. Define ψ(z) as follows ψ(z) := −[ µ
p+α

z(Lp,α(a,c)f(z))′

(Lp,α(a,c)f(z) ]. A computation
gives

z(Lp,α(a, c)f(z))′′

(Lp,α(a, c)f(z))′
−
z(Lp,α(a, c)f(z))′

(Lp,α(a, c)f(z)
=
zψ′(z)

ψ(z)
− 1,

which implies zψ′(z)
ψ(z) ≺ zq′(z)

q(z) . By an application of Lemma 4, with ϕ(w) = 1
w
,

it follows that, ψ(z) ≺ q(z) and q(z) is the best dominant.

Corollary 3. Let −1 ≤ B < A ≤ 1. If f ∈ Σp,α satisfies

z(Lp,α(a, c)f(z))′′

(Lp,α(a, c)f(z))′
−
z(Lp,α(a, c)f(z))′

(Lp,α(a, c)f(z)
≺

p(A−B)z

(1 +Az)(1 +Bz)
− 1.

Then −[ µ
p+α

z(Lp,α(a,c)f(z))′

Lp,α(a,c)f(z) ] ≺ p[ 1+Az
1+Bz ] and p[ 1+Az

1+Bz ] is the best dominant.

Remark 3. Corollary 3 reduces to result in [11] when µ
p+α = 1.

Corollary 4. If f ∈ Σp,α satisfies

z(Lp,α(a, c)f(z))′′

(Lp,α(a, c)f(z))′
−
z(Lp,α(a, c)f(z))′

(Lp,α(a, c)f(z)
≺

2z

(1 + z)(1 − z)
− 1.

Then −[ µ
p+α

z(Lp,α(a,c)f(z))′

Lp,α(a,c)f(z) ] ≺ 1+z
1−z and 1+z

1−z is the best dominant.

In general we have the following result
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Corollary 5. Let w be analytic in U, such that 0 < |w(z)| < 1. If f ∈ Σp,α

satisfies

z(Lp,α(a, c)f(z))′′

(Lp,α(a, c)f(z))′
−
z(Lp,α(a, c)f(z))′

(Lp,α(a, c)f(z)
≺

2z

(1 + w(z))(1 −w(z))
− 1.

Then −[ µ
p+α

z(Lp,α(a,c)f(z))′

Lp,α(a,c)f(z) ] ≺ 1+w(z)
1−w(z) and 1+w(z)

1−w(z) is the best dominant.

Corollary 6. Let the hypothesis of Theorem 3 be hold. Then −[z(f(z))′

f(z) ] ≺

q(z) and q is the best dominant.

The next result can be found in [11]. Assume µ = 1 and α = 0.

Corollary 7. Let the hypothesis of Theorem 3 be hold. Then −[1
p

z(Lp,αf(z))′

Lp,αf(z) ]

≺ q(z) and q is the best dominant.

Recently, fractional power are defined and studied for meromorphic func-
tions and normalized functions in the unit disk (see [13,14]) respectively. Fur-
ther, a different studies regarding fractional and other operators can also be
found in [15]-[17].

Acknowledgments

The work here was supported by UKM-ST-06-FRGS0244-2010, MOHE Malaysia.

References

[1] J. Liu, H.M. Srivastava, A linear operator and associated families of mero-
morphically multiualent functions, J. Math. Anal. Appl., 259 (2001), 56-
58.

[2] B.C. Carlson, D.B. Shaffer, Starlike and prestarlike hypergeometric func-
tions, SIAM J. Math. Anal., 15 (1984), 737-745.

[3] H. Saitoh, A linear operator and its applications of first order differential
subordinations, Math. Japon., 44 (1996), 31-38.

[4] H.M. Srivastava, S. Owa (Ed-s.), Current Topics in Analytic Function The-
ory, World Scientific, Singapore (1992).

[5] J. Liu, A linear operator and its applications on meromorphic p-valent
functions,Bull. Institute Math. Academia Sinica, 31, No. 1 (2003), 23-32.



SUBORDINATION FOR MEROMORPHIC FUNCTIONS... 419

[6] D. Yang, Certain convolution operators for meromorphic functions, South-
east Asian Bull. Math., 25 (2001), 175-186.

[7] V. Ravichandran, S. Sivaprasad Kumar, M. Darus, On a subordination
theorem for a class of meromorphic functions, J. Ineq. Pure and Appl.
Math., 5, No. 1 (2004), Article 8, 8 pages.

[8] P. Eenigenburg, S.S. Miller, P.T. Mocanu, M.O. Read, On Briot-Bouquent
differential subordination, General Inequalities, 3, International Series of
Numerical Mathematics, Birkhauser Verlag, Basel, 64 (1983), 339-348.

[9] V. Ravichandran, M. Jayamala, On sufficient conditions for caratheodory
functions, Far East J. Math. Sci. (FJMS), 12 (2004), 191-201.

[10] S.S. Miller, P.T. Mocanu, Differential Subordinations: Theory and Appli-
cations, Series on Monographs and Textbooks in Pure and Applied Math-
ematics, No. 225, Marcel Dekker, New York and Basel (2000).

[11] A.Y. Lashin, Argument estimates of certain meromorphically p-valent
functions, Soochow J. Math., 33, No. 4 (2007), 803-812.

[12] R.M. Ali, V. Ravichandran, Differential subordination for meromorphic
functions defined by a linear operator, Journal of Analysis and Applica-
tions, 2 (2004), 149-158.

[13] R.W. Ibrahim, M. Darus, Partial sums for certain classes of meromorphic
functions, Tamkang J. Math., 41, No. 1 (2010), 39-49.

[14] H.M. Srivastava, M. Darus, R.W. Ibrahim, Classes of analytic functions
with fractional powers defined by means of a certain linear operator, Integr.
Transf. Special Funct., 22, No. 1 (2011), 17-28.

[15] R.W. Ibrahim, M. Darus, O.A. Fadipe-Joseph, Different studies of uni-
valent functions of fractional power, Oriental J. Math, 3, No. 2 (2010),
75-85.

[16] M. Darus, R.W. Ibrahim, On generalisation of polynomials in complex
plane, Advances in Decision Sciences, 2010 (2010), Article ID 230184, 9
pages.

[17] R.W. Ibrahim, M. Darus, On certain classes of multivalent analytic func-
tions, Journal of Mathematics and Statistics, 6, No. 3 (2010), 271-275.



420


