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1. Introduction

The Ceséro operator C acts formally on the power series f(z) = > 7 a,(f)z"
as

cifE) = 3 (s S aln) ",
n=0 k=0
which can be written L)
Clfl(z) = > . 1—_§ (1)

Recently, many authors focused on the boundedness and compactness of ex-
tended Cesaro operator between several spaces of holomorphic functions. It
is well known that the operator C is bounded on the usual Hardy spaces HP
for 0 < p < oo and Bergman space, we recommend the interested readers re-
fer to [1-4]. The Cesdro operator is unbounded on H* (see [5]), so that it is
reasonable to work in larger spaces of analytic functions. Moreover, the clas-
sical Cesaro means play an important role in geometric function theory (see
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[6,7,8,9]).

Let H be the class of functions analytic in U := {z € C : |z] < 1} and
H[a,n] be the subclass of H consisting of functions of the form f(z) = a +
an2" +an112" ™+ ... Let A be the subclass of normalized functions by f(0) =
0, f/(0) = 1.

A function f € A is said to be starlike with respect to the origin in U if it
satisfies

feS@éR{zf/(Z)}>0, (» € U).

f(z)
Also, a function f € A is called as convex in U if it satisfies
21"(2)
e < R{1+ >0, (z€U).

It follows that
fekKezf €8.

Let f be analytic and locally univalent in U. The pre-Schwarzian derivative
Ty of fis defined by
f"(z)
f'(z)

Ty(z) =

with the norm
1£1l = sup |TF|(1 = [2]?).
zeU

It is known that ||Tf|| < oo if and only if f is uniformly locally univalent.
It is also known that [|T%| < 6 for f € S and that ||T¢]| < 4 for f € K.
Moreover, it showed that when |T¢| < 3.05 then f is univalent in U. And when
|Tr| < 2.2,8329.. then f is starlike in U (see [10,11]).

Consider the general integral operator defined by the formula:

s Flonon @) = £ [ (P (), evvop. @

where o; € R, Vi = 1,...,m. It is clear that when oy = 1 and a; = 0, j =
2,...,m the integral operator (2) reduces to Cesdro integral operator (1).
Now a function f is called in the class X, if and only if it has the norm

151, = sup(t ~ EBIEE <y p e RA\O),
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2. Main Results

In this section we study some general properties for function

Sl o) = [ (21" (1219

— )"dg, (2 e U\{0}),

Theorem 2.1. Let the functions f;(z), j = 1,...,m be starlike of order
s 0§,LLj<11'HU.If

1 1
0§§R{z}<§ and —§§aj<0,

then zC[f1, ..., fmlai.....am(2) Is convex in U and of order

m
W= Zaj(,uj +1) + 1.
j=1

Proof. From the definition of the operator (2) we have

(Zc[fla~-vfm]o¢1,...,o¢m(z))” f{(z)
(2CLf1s s fmlar,sam (2)) fi1(2)

1 fm(z) 1
+ 1—z]+m+am[fm(z) +1—z

I,

=]

that is equivalent with,

(ZC[fl, ) fm]a1,...,am (Z))H
S o Ty S

:%{Oél[Zf{(Z) —|—L]++Oém[z 7,71(2) +1 z ]_|_1}

filz)  1—=z Im(2) -z
(Y e R{ 2 Y
RN IR
> iaj(ﬂj +1)+1
j=1
= [

Hence 2C[f1, ..., fm]as,....am(2) is convex in U and of order 0 < p < 1.
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Corollary 2.2. Let the functions fj(z), j = 1,..,m be starlike of or-

der p, 1 #il < > iLiaj <0, then
2C1f1, s fmlan,....am (%) Is convex in U order 0 < o < 1 where
m
=+ aj+ 1L
j=1

Theorem 2.3. Let the functions fj(z), j = 1,...,m be in the class Y
Then 2C[f1, ..., fm]an,....am (%) is uniformly locally univalent in U.

Proof. Since f; € Yo then they satisfy

Il = sup(1 ~ >\j;§ 3\ P
and we have
GOty fderan () 2 1 fe 1
Gl fodor o @y~ “Upe) TT2 T Tl oy T T
Then by making a computation
N 2 (Zc[fla"'vfm]al,.., (Z))”
i 2 DL v oy e oo
_ L2 fi(z) 1
= 51618(1 |2|%) |1 [fl(Z) +t1o —]+..
ta [jﬁ E; F )
/ 1— 2
< onlzap = IR+ ol S+
s (1 |2)
M A e L
< Jousup(1 - |z|2>|j?§ §| + ol sup(1 + 2] +
zeU 1
+lan|sup(t — |2 2 E §| +fan sup(1-+[2),
zeU m

we pose

7j=1

< Q0.
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Thus 2C[f1, ..., fm]ai,....am (2) is uniformly locally univalent in U.

Theorem 2.4. Let the functions f;j(z), j = 1,...,m be in the class %,,.
Then for

> lajllo; +21 <6
j=1

the function zC[f1, ..., fmlai,....am (%) Is starlike in U.

Proof. Since f; € 3, then they satisfy

fi(2)
fi(z)

£l = sup(1 = |2 Z= | < pjs G =1,.
zeU

From above conclusion we have

7j=1
m

Z laj|[pj + 2]

Jj=
< 6.

Thus 2C[f1, ..., fm]ai,....am (2) is starlike in U.

Corollary 2.5. Let the functions fj(z), j = 1,...,m be in the class ¥,,.
Then for

m
Z’aj’< P )
= 5+1

the function zC[f1, ..., fm]ai,....am (%) Is starlike in U.

Theorem 2.6. Let the functions f;j(z), j = 1,...,m be in the class %,,.
Then for z — 0 and

> lagllp; +1] < 3.05,
j=1

the function zC[f1, ..., fm]a1,....am (%) Is univalent in U.
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Proof. By the assumption of the theorem we have

IO f(z) | 1
ol = R G T3+ a2 4 =

fi(z) m(2)
< |a1|[|f1(2)|+ 1+..+ |Oém|[|fm(z)
<laallpr + 1] + ... + | |[om + 1]
< 3.05,

I

[+ 1]

then the function 2C[fi, ..., fm]ai,....am (#) 1S univalent in U.

Corollary 2.7. Let the functions f;j(z), j = 1,...,m be in the class ¥,,.
Then for z — 0 and
- 3 05
> layl < 22

Jj=

1
the function zC[f1, ..., fmlay,....am(2) is univalent in U.
Note that other work related to Ceséro can also be found in [12]-[15].
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