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Abstract: We use Stein’s method and w-functions to determine a result in
approximating the distribution of a non-negative integer-valued random vari-
able X by negative binomial distribution with parameters r € [1,00) and
p=1—¢q € (0,1) in terms of the point metric between two such distribu-
tions together with its non uniform upper bound. In addition, when r = 1, we
also give a non-uniform upper bound on pointwise geometric approximation to
the distribution of X. For applications, we use these results to approximate
some discrete distributions such as Pélya, negative Pdlya, hypergeometric and
negative hypergeometric distributions.
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1. Introduction

The negative binomial distribution with parameters » > 0 and p € (0,1) is a
discrete distribution with a long history as same as the binomial distribution. It
has many applications in fields such as automobile insurance, inventory analysis,
telecommunications networks analysis and population genetics. For r € N, it
is called the Pascal distribution, which can be thought of as the distribution of
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the number of failures before the number of successes reaches a fixed integer
r in a sequence of independent Bernoulli trials, where success occurs on each
trial with a probability of p and failure occurs on each trial with a probability
of ¢ = 1—p. A special case, r = 1, it is referred to as the geometric distribution
with parameter p, which models the number of failures before the first success.
Let Y be the negative binomial random variable with parameters r and p, then
its probability function can be written as
T(r+k) 4,

py (k) = Tow 1P k=0,1,..., (1.1)

and its mean and variance are E(Y') = “1 and variance Var(Y) = ;—g, respec-

tively. It is noted that Y is a non-negative integer-valued random variable.

Let X be a non-negative integer-valued random variable with probability
function px(z) > 0 for every x in the support of X, S(z). It is well known
that the distribution of X can be approximated by some discrete distributions,
such as Poisson, binomial and compound Poisson distributions, provided that
certain conditions on their parameters are satisfied. Similarly, if parameters of
the distribution of X and the negative binomial distribution are given under
appropriate conditions, then the negative binomial distribution can be used
as an approximation of the distribution of X. Furthermore, if we expect the
distribution of X to be closer to the negative binomial distribution than other
distributions, then it is reasonable to approximate the distribution of X by the
negative binomial distribution.

The first work of the negative binomial approximation was introduced and
applied to random indicators by Brown and Phillips [2]. They used Stein’s
method to give a uniform upper bound for approximating the distribution of a
sum of m random indicators, X = Y ", X;, by a negative binomial distribution,
and they applied this result to approximate the Pélya distribution. Vellaisamy
and Upadhye [12] used Kerstan’s method to give a uniform upper bound on
negative binomial approximation to the distribution of a sum of n independent
geometric random variables, X = Y " | X;. The recent article of negative
binomial approximation, Teerapabolarn and Boondirek [11] used Stein’s method
and Stein’s identity to give a uniform upper bound on this approximation to the
distribution of a non-negative integer-valued random variable X as the following
result.

17}{)})1}3 !(r + X)q/p — 02w(X)‘

P(X € A)— P(Y € A)| < & .
+ (L =px(0)[rg/p—ul, (1.2)
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where A € NU {0}, p and 02 € (0,00) are mean and variance of X and
w(z) = W Yreolp —k)px(k), z € S(z).

For geometric approximation, » = 1, the most results are obtained by Stein’s
method and the first work in this direction was presented by Barbour and
Griibel [1]. They gave a uniform upper bound on this approximation for the
problem of finding the first sum of a random positive integer sequence with
given divider. Pekoz [6] gave two uniform upper bounds for measuring the error
in the geometric approximation of a random variable counting the number of
failures before the first success in a sequence of dependent Bernoulli trials. He
applied the results to Markov hitting time and sequence pattern applications.
Brown and Phillips [2] considered this approximation in connection with a sum
of indicator random variables, and they gave a uniform upper bound on the
rate of convergence of the Pélya distribution. Phillips and Weinberg [7] gave
a non-uniform upper bound for approximating the distribution of a sum of
indicator random variables by improving the bound in Brown and Phillips [2],
Teerapabolarn [9] gave a better uniform upper bound on the rate of convergence
of the Pdlya distribution by a different manner and Teerapabolarn [10] used
this method and w-functions to give uniform and non-uniform upper bounds
on this approximation to the distribution and the distribution function of a
non-negative integer-valued random variable X as the following results.

PXecA)-Byea< Y EFDampru®ipk)
keSEN(0) g

+1lg/p — pl[1 —px(0)q],  (1.3)

for A ={0,...,z} and xg € NU {0},

o?w(k
IP(X <zp) —P(Y <zg)| < Z - #‘p(lﬂ)
+1
keS(x)
k
tla/p—pl > ]% (1.4)
keS(z)\{0}
and, for 0 < ¢ < 1/2,
P(X < 20) ~ B(Y < a)| € —— 3" |k +1)g — o%uw(k)p| p(k)
- - T xp+1 hes (o)

—pX(O)‘

1
— 1.5
+la/p — pl P (1.5)
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Let us consider the results in (1.2) and (1.3), for A = {z(} as zy € S(z), then
the two point metrics and corresponding upper bounds satisfied this condition
are as the following.

xa0) = Nrya0)] < S |4 X)a/p - 0% (x)

+ (1 =px(0)) [rq/p — pl (1.6)

and

3 |(k + 1)g — po*w(k)|p(k)

lpx (z0) — Gp(20)| < -

keS(z)\{0}
+lq/p — p|[1 —px(0)q], (1.7)

where NB,.,(z9) = I;(Z:)r:fg!) g*°p” and Gp(x) = pg™® at . It is observed that the

upper bounds in (1.6) and (1.7) can be seen to be uniform with respect to zg, or
they do not depend on zy. Hence, the uniform upper bounds in (1.6) and (1.7)
may not be sufficiently good for measuring the accuracy of these approxima-
tions. In this case, a non-uniform upper bound for each result, which depends
on xg, is required. In this study, we determine two non-uniform upper bounds
for the point metrics |px(x0) — NB, p(z0)| and |px(zo) — Gp(z0)| as z¢ € S(z).
The tools for giving our results consist of the so-called w-functions and Steins
method for the negative binomial distribution, which are in Section 2. In Sec-
tion 3, we use Stein’s method and w-functions to give each result in terms of
the point metric together with its non-uniform upper bound. For applications,
we use the obtained results to approximate some discrete distributions such as
Pélya, negative Pélya, hypergeometric and negative hypergeometric distribu-
tions, these are presented in the last section.

2. Method

In order to give main results of negative binomial and geometric approxima-
tions, we use the same methodology as in Teerapabolarn [10], which consists of
Stein’s method and w-functions as the following.

For w-functions, Cacoullos and Papathanasiou [3] defined a function w as-
sociated with non-negative integer-valued random variable X in the relation

w@px () = —5 (0~ px (i), = € S(@) (2.1)
=0
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and, afterwards, Majsnerowska [5] expressed the relation (2.1) as the form

2

w(0) = = w(l‘)Z%{;H—U wlz = Upx(z ~1) —x}, € S(x)\ {0}

ek px ()

(2.2)
and

w(x) >0, z € S(x), (2.3)

where px(z) > 0 for every x € S(z). The following relation is an important
property for proving the result, which was stated by Cacoullos and Papathana-
siou [3].

If a non-negative integer-valued random variable X is defined as in Section
1, then

E[(X — p)f(X)] = o*E[w(X)Af(X)], (2.4)

for any function f : NU {0} — R for which Ejw(X)Af(X)| < oo, where
Af(z) = f(x+1) — f(z). For f(x) =z, we have that E[w(X)] = 1.

For Stein’s method, Stein [8] introduced a powerful and general method
for bounding the error in the normal approximation. This method was first
developed and applied in the setting of the Poisson approximation by Chen [4].
Brown and Phillips [2] applied Stein’s method to the negative binomial case.
Stein’s equation for the negative binomial distribution with parameters r > 0
and p = (1 —¢q) € (0,1) is, for given h, of the form

h(z) = NB,p(h) = q(r +z)f(x+ 1) —zf(x), (2.5)
r

where N'B, ,(h) = > 72 h(k) 1“((7:;:!) p"¢" and f and h are bounded real-valued
functions defined on N U {0}.
For ACNU{0}, let hg : NU{0} — R be defined by

R oo

By following Brown and Phillips [2] and Teerapabolarn and Boondirek [11], for
A ={z0}, o € NU {0}, the solution f,, = f{z,} of (2.5) can be written as

—NBrp(hag)NBrp(ho, )

NB, 1 Brpthe) - if x < o,
Br.p(ha Brp(1—h .
fLL‘() (x) - 1p( CE?/\)/BT,PF;L(Z) Cz*l) lf T = o, (27)

0 if x=0,
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where C = {0, ...,x} and hyy = hyyy-
The following lemma presents some properties of function f, in (2.7), which
are also need for proving the related results.

Lemma 2.1. Forzp € NU{0} and z € N, let Afy () = fo,(x+1)— fo, (2),
then we have the following.
1. If r > 1, then

1;5 if zg =0,
| fao (@)] < {min{%’ (rf;ffi)q} PO (2.8)
and
- if 2o =0,
A fan()] < {mm (L oo (2.9)
2. If r =1, then
fao@)] < T and |A foy(@)] < . (2:10)

Proof. 1. For z¢g = 0, it follows from Brown and Phillips [2] that fj is posi-
tive and decreasing in « € N. Therefore, by (2.7), |Afo(z)| < |fo(z)] < fo(1) =
% for every z € N. For zy > 0, by following Brown and Phillips [2], f;, is pos-
itive and decreasing in x € {zg+ 1,29+ 2, ...} and is negative and decreasing in
xz € {1,...,xz0}. Thus, we have |f, (z)| < Afzo (o) and |Afy,(2)| < Afry(20),

and we then have to show that Af, (zg) < min{%, % . Since, by
(2.7),
Afw (:Eo) g NBr7p(th )NBrvp(l - hC”CO) NBﬁp(hSEO)NBT’,p(hCinl)
0 ($O + 1)./\/'Br7p(hx0+1) xONBnp(th)
__ 1 Tk L 1Ttk
= (r 4+ x0)q k=§o:+1 L(r)k! P q + 70 kZ:O T (r)&! pyq (2.11)

1 f: vo(r+k—DTFr+k-1) . , 4

p
2o | k(r+xz9) T(r)(k—1)!

xo—1

L(r+k) ,
> F((r)k!)p qk}

k=0
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LSO+ o SR DO+R)
< N i S
~ xo Z L(r)k! Pa Z L(r)k! P }
k=xg k=0
)
and, by (2.11),
1 =~ T(r+k) ,
Af, < - UL
Jao@0) < ey 2. Tk © Y

k=x0+1

+Z (r+zo—D(k+1)IT(r+k+1) , k—i-l}

r+Ekz Dk + P

1 o~ L +k) 0 =L +k)
S — — g P4t w7 a P4
(r+x0—1)q k:%;rl I'(r)k! kZ::l L(r)k! }
__ 1=y
~ (r4x0-1)q’

we obtain | fo,(2)] < min { L, 2 and [Afy (2)] < min { £, 2250

which implies the inequalities (2.8) and (2.9).
2. It follows the fact that |f.,(z)| < Afz(z) and |Afy, ()] < Afz(x) and,
by the proof of 1, Af,(z) < 1. O

3. Results

The following theorem shows a result of negative binomial approximation to the
distribution of a non-negative integer-valued random variable X in terms of the
point metric together with its non-uniform upper bound, which is determined
by Stein’s method and w-functions.

Theorem 3.1. Let a non-negative integer-valued random variable X to-
gether with corresponding w-function w(X) be defined as above. Then, for
r > 1, the following inequalities hold:

1. For x¢ = 0,

px(0) = 58,0 < EEL (B [+ X)a/p - ()
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+(1 = px(0))[ra/p — nl} (3.1)
and, if rq/p = p, then

BV PR 4 X)gfp— w(X)].  (32)

0) = NB,,(0)] <
px(0) = NByp (0)] < 2

2. For zg € §(z) \ {0},

}p (E|(r + X)q/p — o*w(X)|

+(1 = px(0)) [rq/p — pl} (3.3)

1 1—
|pX(:L‘0) NBTp($0)| < Hlln{ - -
(T + 20 — 1)

and, if rq/p = u, then

|pX (xO) — NBy p(x0)|

1 1-p
< mln{ m}plﬁl |(r + X)q/p — 02w(X)‘ . (34)

Proof. Substituting h by hg,, * by X and taking expectation in (2.5), it
becomes

px (o) = NBpp(z0) = Elg(r + X) f(X +1) = X f(X)), (3.5)
where f = f;, is defined in (2.7) and

Elg(r + X)f(X +1) = Xf(X)] = E[rqf(X +1) + ¢XAf(X) — pX f(X)]

= rqB[f (X +1)] + ¢E[XAf(X)]
— pE[X f(X)]
= rqB[f(X +1)

|+ qE[XAf(X)]
— PAE[(X — ) f(X)] + pE[f(X)]}
= rqE[Af(X)] + ¢E[XAf(X)]
+ (rq — pr)E[f(X)] = pE[(X — ) f(X)].
Since E[w(X)] = 1 and Elw(X)Af(X)| = E[w(X)|Af(X)|]] < oco. Thus, by
(2.4), it follows that
Elq(r + X)f(X +1) = Xf(X)] = rqE[Af(X)] + ¢E[X A (X)]
+ (rq — pw)E[f(X)] — pE[0*w(X)Af(X)]
=E{[(r + X)q — o*w(X ) JAf(X)}
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+ (rq — pr)E[f(X)],
which, by (3.5), gives

Ipx(z0) — NByp(z0)| = [E{[(r + X)q — c*w(X)p]Af(X)} + (rq — pp)E[f(X)]]
< E{|(r + X)q — o>w(X)pl|Af(X)|} + lrq — pulE|f (X))
< sup|Af(2)[E|(r + X)q - o?w(X)p| + |rq — pulE|f(X)]

and

rq — pulBlf (X)| =lrg—pul Y |f(@)lpx(z)
2€8(x)\{0}
<|rq—pulsupl|f(k) > px(@)
k21 2€8(2)\{0}
= |rq — pp|(1 — px(0)) sup | f(k)|.
k>1

Hence, by using Lemma 2.1 (1), the theorem is proved. O
Immediately from the Theorem 3.1, we have the following corollary.

Corollary 3.1. For r > 1, if (n + x)q/p — z(x) > / < 0 for every z € S(z),
then

1. For x¢ =0,

Ipx (0) — NB;., (0)]
< % {[r+wa/p = o*| + (1 =px(0)) Ira/p — ul} (3.6)

and, if rq/p = u, then

x(0) = 83y O] < L2 g — o). (3.7

2. For xop € S(x) \ {0},
o e0) = 88yt < min { L LI G4 g - o)

+(1 = px(0)) [rq/p—pl} (3.8)
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and, if rq/p = u, then

1—p"

o ) = o) < min { boltr+wafp—*|. 39

xo (r+zo—1)g

In case of r = 1, by using Lemma 2.1 (1 and 2) and the same arguments

detailed as in the proof of Theorem 3.1, a result of geometric approximation for

a non-negative integer-valued random variable X, in terms of the point metric

together with its non-uniform upper bound, can be obtained as the following
corollary.

Corollary 3.2. For geometric approximation, we have the following.
1. For ¢ = 0 (Theorem 2.2 in Teerapabolarn [10]),

2

INCREAUIEND SN e IG
keS(2)\{0}
+ lg — ppl § p(0) + @} (3.10)
keS(x)\{0}
and, if q/p = p, then
_ ¢ _ o*w(k)p
px(0) —Gp(0)) < > E R L) p(k). (3.11)

2. For zg € S(z) \ {0},

pxan) - Gpenl = ¥ min{ L LAyl 2)afp - o*uto)
z€S(x)\{0}

+la/p — pl} px (x) + pla/p — plpx (0)  (3.12)
and, if q/p = p, then

Ipx (z0) — Gp(z0)]

< Z min{%,x—lo}p‘(l+x)q/p—a2w(x)|px(x). (3.13)
zeS(2)\{0}

Remark. By comparing the results in (1.6) and (1.7) (uniform upper
bounds) with the the results in Theorem 3.1 and Corollary 3.2 (non-uniform
upper bounds), it is found that the results in Theorem 3.1 and Corollary 3.2
are better than the results in (1.6) and (1.7).
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4. Applications

For applications of this study, we use the results in Theorem 3.1 and Corollary
3.2 to approximate some distributions such as Pdlya, negative Pdlya, hyperge-
ometric and negative hypergeometric distributions.

4.1. An Approximation to Pélya Distribution

Suppose that a single urn contain r black balls and N —r white balls, and draw
a ball at random with extra replacement, that is, if a black ball is drawn replace
it together with another black ball, and similarly for a white ball. Do this way
for m draws and let X be the number of black balls drawn in the m drawings,
then the distribution of X is a Pdlya distribution with parameters N, m and r.
The probability function of X is given by

(r—i—z— 1) (N—r+m—z— 1)

px(z) = ——jmt— ¢ =0,1,..,m
)
and the mean and variance of X are p = = and o? = %, respec-
tively.
By relation (2.2), we have w(z) = Wﬁef# Setting p = = in Theorem

, it follows that (T+‘r) — c?w(z) = % >0 for all 0 S T § m and, by
Corollarles 3.1 and 3. 2 we have the following results.

Corollary 4.1. Ifp = N T, then we have the following.

o) if @0 =0,

1 1 r(r+41)m .
mm{x , (r_mop l)q} NOVET) if 1 <xzg<m.

Ipx (20) — NBp(20)| <

Corollary 4.2. Forr =1,

(GETT=s Vg ey if o =0,
Ipx(ao) = Gpleo)l < 4 N s Ve o
N ML\ NEm—)(N+m)* (N+1)xo} L= %o = m.

It is noted that, the result in Corollary 4.1 gives a good approximation if
N is large and m and r are small.
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4.2. An Approximation to Negative Pélya Distribution

Let an urn contain n red and m black balls. Draw a ball at random, note the
color, and return it into the urn together with another ball of the same color.
Repeat this way until the number of red balls reaches a fixed number r. Let
X be the number of black balls before r*" red ball, then the distribution of X
is a negative Pélya distribution with parameters m,n and r. The probability
function of X is given by

(2) = <T+:1:— 1>m(m+1)---(m+x—1)n(n+1)---(n+r— 1)
Px%) = T (m+n)(m+n+1)---(m+n+r+z—1)
where z € NU {0} and g = % and ¢? = Tm(?:ﬁ;)l(zl(fﬁ?_l) are mean and
variance of X, respectively.

Following the relation (2.2), we have w(z) = % Let p = M”i;f_l,
then % —c?w(z) = —% <O0forall n > 2 and x > 0. Applying the

Corollaries 3.1 and 3.2, we can get two required results.

Corollary 4.3. Forn > 2, if p= —2=1_ then

n+m—1’

T if 0 =0,

— NB, < r
lpx (o) »(@0)| min{i i } ams if @ € N,

zo’ (r+xzo—1)q [ (n—2)(n—1)

Corollary 4.4. Forr =1 and n > 2,

_m_______ if £o =0

n+m—1)(n+m 1 Zo ’

Ipx(ao) = Gplao) < ¢ T L v
n—1 M (n+m—1)(n+m)’ (n—2)xo I zo € N

Similarly, the result in Corollary 4.3 gives a good approximation if n is large
and m and 7 are small.

4.3. An Approximation to Hypergeometric Distribution

Suppose a random sample of size m is taken from a finite population containing
r elements of type Z and N —r (> 0) elements of type ZZ. Let X be the number
of type Z elements in the sample. Then X has the hypergeometric distribution
with parameters N, m and r, and has probabilities

() ()
(m)

px(z) = x=0,1,...,min{m, r},
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and its mean and variance are p = 2% and o* = %, respectively.

It is well-known that a hypergeometric distribution can be approximated by
Poisson and binomial distributions. However, in this application, we give a
result of negative binomial approximation to hypergeometric distribution as
follows.

Using the relation (2.2), we then obtain w(z) = (m ﬁ¥§ 2) = mr_‘r%w_m).
Let p = 54, then (TJ“T) —c?w(z) = W >0 forall 0 <z < min{m,r}.

By applying the Corollary 3.1, a result of this approximation can be expressed
as the following.

Corollary 4.5. Ifp = then, for zo < min{m,r},

N+m’
(A=p")@2m+tr=1) if 9=0
‘pX (xO) ) NBr7p(xO)| ) { Nl 1 1 rm(2m+r—1 . ’
min {m_ (r-i-xop Dgq } (Nﬁl)(N—i-m)) if 1 < zp.

It is observed that the negative binomial distribution with parameters r and
p= M_Lm can be used as an approximation of the hypergeometric distribution

with parameters N, m and r whenever 5 and 7 are sufficiently small.
4.4. An Approximation to Negative Hypergeometric Distribution

Suppose a finite population contain m elements of type Z and N — m elements
of type ZZ. If elements in a random sample are drawn without replacement
from this population until the number of types Z7Z elements reaches a fixed
positive integer r. Let X be the number of types Z elements in the sample.
Then X has a negative hypergeometric distribution with parameters N, m and
r, and its probability function can be expressed as

r+x—1\ (N—r—zx
px(z) = (7 )]5 U ), z=0,1,....,m,

(m)

where 7 € {1,..., N —m} and p = 5o Q"Z@(fvn;fl)_!(}llgﬁ))

mean and variance of X, respectively.

i and o2 = are the

By following the relation (2.2), we have w(z) = % Setting p =

NNTfl in Theorem 3.1, then (Hx) —oc?w(z) = % >Q0forall 0 <z <m.

By applying the Corollarles 3.1 and 3.2, the two results are obtained as follows:
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Corollary 4.6. If p = Y=mFL then we have the following.

N+1
(-p")(r41) £ o
N o if xg =0,
Ipx (.Z'()) - NBT,P(xO)‘ < ( —: g 1—p" r(r+1)m if 1< <
min 20’ (rtzo—1)q [ (N—m+1)(N—m+2) 1 > To > M.

Corollary 4.7. Forr =1,

_m_ £ =0
N(N+1) if 29 =0,
Ipx (w0) — Gp(0)] < [ oN—m+1 2 .
{ N(N+J1r) ’ (N—m+2)m0} if 1<x9<m.

For this application, a negative hypergeometric distribution can be approx-
imated well by a negative binomial distribution if we set their parameters to
be satisfied (p = N ;,C’:i” 1) under appropriate conditions (N is large and m and
r are small).
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