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Abstract: We find the greatest value o and the least value 3 such that the
double inequality

aT'(a,b) + (1 — a)H(a,b) < P(a,b) < fT(a,b) + (1 — 3)H(a,b)
holds for all a,b > 0 with a # b. Here T'(a,b), H(a,b) and P(a,b) denote the

Centroidal, harmonic, and the Seiffert means of two positive numbers a and b,
respectively.
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1. Introduction

For a,b > 0 with a # b the Seiffert means P(a,b) was introduced by Seiffert
[1,2] as follows:
a—>b
= . (1.1)
4arctan(y/a/b) —

Recently, the inequalities for means have been the subject of intensive research
[3-20]. In particular, many remarkable inequalities for the Seiffert mean can be
found in the literature [4,15-20].

Let T(a,b) = 2(a®+ab+b*)/3(a+b),H(a,b) = 2ab/(a+b), A(a,b) =
(a+b)/2,G(a,b) = vab, I(a,b) = 1/e(b®/a®)"/®=®) and L(a,b) = (b—a)/(logh—
loga) be the centroidal, harmonic, arithmetic, geometric, identric and logarith-

P(a,b)
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mic means of two positive real numbers a and b with a # b. Then

min{a, b} < H(a,b) < G(a,b) < L(a,b) < I(a,b) < A(a,b)
< T(a,b) < max{a,b}. (1.2)

In [1], Seiffert proved
L(a,b) < P(a,b) < I(a,b)
for all a,b > 0 with a # b.
The following bounds for the Seiffert mean P(a,b) in terms of the power
mean M, (a,b) = ((a" +b")/2)"/"(r # 0) were presented by Jagers in [18]:

My 3 < P(a,b) < May3(a,b) (1.3)

for all a,b > 0 with a # b.
Histo [20] found the sharp lower bound for the Seiffert mean as follow:

Mlog2/log7r(aa b) < P(CL, b) (14)

for all a,b > 0 with a # b.
In [3], Seiffert proved

3A(a,b)G(a,b)

Pla,b) > A(a,b) +2G(a,b)

and P(a,b) > %A(a, b) (1.5)

for all a,b > 0 with a # b.

In [4], the authors found the greatest value a and the least value § such
that the double inequality aA(a,b)+ (1 —a)H(a,b) < P(a,b) < fA(a,b)+ (1—
B)H (a,b) holds for all a,b > 0 with a # b.

The purpose of the present paper is to find the greatest value o and the

least value § such that the double inequality
aT(a,b) + (1 —a)H(a,b) < P(a,b) < fT(a,b) + (1 — B)H(a,b)

holds for all a,b > 0 with a # b.
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2. Main Results

Theorem 2.1. The double inequality
aT(a,b) + (1 —a)H(a,b) < P(a,b) < T(a,b) + (1 — B)H(a,b)
holds for all a,b > 0 with a # b if and only if a < —W and 3 > g

Proof. Firstly, we prove that

Pla,b) < gT(a, b) + gH(a, b), (2.1)
Pla,b) > %T(a, b) + (1 _ %) H(a,b), (2.2)

for all a,b > 0 with a # b.
Without loss of generality, we assume a > b. Let t = y/a/b > 1 and
p € {2, &} Then (1.1) leads to

%[pT(a, b) + (1 - p)H(a,b) — P(a,b)]

= pT(t%1) + (1 —pH(* 1) - P(t*1) (2.3)
2p(tt + 12 +1) +6(1 — )t2

T 3+ 1)(darctant — ) f®),

where (" )

3(t*—1
t) =4arctant — 7w — 2.4
() =darctant =7 = & G ) 61— p) (2.4)

Simple computations lead to
li t)=0 2.5
Jim f() =0, (2.5)
lim f(t)—w—i (2.6)
t——+o0 B 2p’ ’
t

£t) = o) (2.7

(1+t2)[2p(t* + 2+ 1) + 6(1 — p)t?)?

where

g1(t) = 16p?t® — (36 — 24p)t™ + 32p(3 — 2p)t® — (36 + 24p)t°
+48(3 + 2p? — 4p)t* — (36 + 24p)t3 (2.8)
+32p(3 — 2p)t? — (36 — 24p)t + 16p°.
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Now we divide the proof into two cases:
Case 1. If p = 5. (2.8) leads to

t—1)4
gi(t) = %(25754 + 163 + 54t 4+ 16t + 25) > 0

(2.9)

for t > 1. (2.9) and (2.7) imply f/(t) > 0, thus f(¢) is strictly increasing for

t > 1. Then inequality (2.1) follows from (2.3)-(2.5).
Case 2. If p = 5, Then from (2.8) we get

o7

lim ¢;(¢t) =0,

t—1t

lim g¢;(t) = +o0.

t—+o00

gh(t) = 128p*t" — 84(3 — 2p)t® + 192p(3 — 2p)t® — 60(3 + 2p)t*
+192(3 + 2p* — 4p)t® — 36(3 + 2p)t% + 64p(3 — 2p)t — (36 — 24p),

lim g/ (t) =0,

t—1t

lim ¢j(t) = +oc.

t—+4o00

gl (t) = 896p?t® — 504(3 — 2p)t> + 960p(3 — 2p)t* — 240(3 + 2p)t3
+576(3 + 2p% — 4p)t? — 72(3 + 2p)t + 64p(3 — 2p),
1152 x 3

1 —1152p — 720 = —= "2 79
tir?gl() 52p — 720 - 720 <0,
tl}gloog() o0
()]s = 216[265 — 351~ L)t + (1 P —1001+ 1)
" 32 1
16(1+ —— — 2)t — -
FI6(1+ 5y = )= (1))
Let
ga(t) =285 —35(1 — Lytt + 21— 1)¢3 — 1001 + 2)¢?
3 2 1
16(1l + — ——)t—(1+—).
+16( +27T2 7T) ( +7T)
Then

72
lim go(t) = — — 30 < 0,
t—1+ ™

(2.10)

(2.11)

(3.12)
(2.13)

(2.14)
(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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lim go(t) = +o0.

t——+o0

gh(t) =22+ —140(1 — 2)t3 + 20(1 — L)¢2 — 20(1 + 2 )t
32
16(1+ — — =
+ (+27T2 7T),
64 328
lim gh(t) = = +— —144 <0
t—1>r{l+92() - '

lim g5(t) = +o0.

t—+00

g5(t) =20[28¢3 —21(1 — )2 + 2(1 — 1)t — (14 1)] = 20g;(¢),

where 56 1 24 1 1
gs(t) = St° —21(1 — =)t* + = (1 — =)t — (1 + =).
v T v T T
So,
32 44
li =224 _99
et 93(t) 2 T <0,
tEEloo gg(t) = Feo
28 1 4 1
L) =6[—=t2 —T(1 — =)t + —(1 — =)] = 6g4(t
g5(1) [7T2 ( 7T) +7T( 7T)] ga(t),
where 28 1. 4 1
)= 242 71— )+ (1= ).
g4(t) - 7( ﬂ) +7r( 7T)

By simple computation, we have

o) = S5+ =7 <0
tliT ga(t) = 400
di(t) = 29t 70— 1),
lim g3 (1) = % —7(1- %) >0,
dhit) = 25 >0,

705

(2.21)

(2.22)

(2.23)
(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)
(2.32)
(2.33)

(2.34)

(2.35)

From (2.35) and (2.34) we clearly see that gj(t) > 0 for ¢t > 1, hence g4(t) is
strictly increasing in [1, +00). It follows from (2.31)and (2.32) together with the
monotonicity of g4(t) that there exists Ay > 1 such that g4(t) < 0 for t € [1,\1)
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and g4(t) > 0 for ¢t € (A, +00), hence from (2.29) g3(t) is strictly decreasing in
[1,\] and strictly increasing in [A1, +00).

From (2.27) and (2.28) together with the monotonicity of gs(t) we know
that there exists A2 > 1 such that g3(t) < 0 for ¢ € [1,\2) and g3(t) > 0 for
t € (A, +00), hence from (2.25) gh(t) is strictly decreasing in [1, Ao] and strictly
increasing in [Ag, +00).

From (2.23) and (2.24) together with the monotonicity of ¢g5(t) we clearly
see that there exists A3 > 1 such that go(t) is strictly decreasing in [1, \3] and
strictly increasing in [Az, +00). It follows from (2.18) (2.20) and (2.21) together
with the monotonicity of go(t) that there exists Ay > 1 such that g{ (¢) is strictly
decreasing in [1, A4] and strictly increasing in [A4, +00).

From (2.16) and (2.17) together with the monotonicity of ¢{(t) we can
see that there exists A\s > 1 such that ¢{(¢) is strictly decreasing in [1, \s]
and strictly increasing in [A5,4+00). From (2.13) and (2.14) together with the
monotonicity of ¢f () we clearly see there exists A\g > 1 such that g;(¢) is strictly
decreasing in [1, Ag] and strictly increasing in [Ag, +00). Then (2.7) (2.10) and
(2.11) imply that there exists A7 > 1 such that f(¢) is strictly decreasing in
[1, A\7] and strictly increasing in [A7, +00).

Note that (2.6) becomes

lim f(t) =0, (2.36)

t—+4o00

for p = %

It follows from (2.5) and (2.36) together with the monotonicity of f(¢) that
f(t) <0, (2.37)

for t > 1.

Therefore, inequality (2.2) follows from (2.3) and (2.4) together with (2.37).

Secondly, we prove that %T(a, b)+ %H (a,b) is the best possible upper convex
combination bound of centroidal and harmonic means for the Seiffert mean
P(a,b).

For any t > 1 and 8 € R, we have

4442 2 2_
ﬁT(t2a 1) + (1 - ﬁ)H(t2? 1) - P(tQ’ 1) = %ﬁt 252—;_1 + (1 B ﬁ) tgi—l B 4ar(t;tan1t—7r
_ h(t)
~ 3(t2+ 1)(darctant — )’

(2.38)
where

h(t) = [26(t* + 12 + 1) + 6(1 — B)t}](4arctant — ) — 3(t* —1).  (2.39)
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It follows from (2.39) that
(1) = K'(1) = h"(1) = 0, (2.40)

R"(1) = 12(88 — 5). (2.41)

If g < %, then (2.41) leads to
R (1) < 0. (2.42)

From (2.42) and the continuity of b’/ (t) we see that there exists 6 = §(3) > 0
such that
n"(t) <0 (2.43)

for t € [1,1+0). Then (2.40) and (2.43) imply that
h(t) <0 (2.44)

fort € [1,1+9).

Therefore, BT (t2,1) + (1 — B)H(t3,1) < P(t%,1) for t € (1,1 + §) follows
from (2.38) and (2.44).

Finally, we prove that 2=7'(a,b) + (1 — 5=)H (a,b) is the best possible lower
convex combination bound of centroidal and harmonic means for the Seiffert
mean P(a,b).

In fact, for o > %, we have

ol (l,z)+ (1 —a)H(l,z) 27

li = — 1. 2.4
P v P(1,z) 347 (245)
Inequality (2.45) implies that for any o > 2= there exists X = X(a) > 1
such that oT'(1,2) + (1 —a)H(1,2) > P(1,x) for z € (X, +00). O
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