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GENERALIZED DICHOTOMY FOR ORDINARY
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Abstract: A dichotomy similar property for a class of homogeneous differ-
ential equations in an arbitrary Banach space is introduced. By help of them,
existence of quasi bounded solutions of the appropriate nonhomogeneous equa-
tion is proved. A special roughness for such equations is considered.
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1. Introduction

The notion of exponential and ordinary dichotomy is fundamental in the qual-
itative theory of ordinary differential equations. It is considered in detail for
example in the monographs [3]-[7].

In the given paper we introduce a (M, N, R) dichotomy, which is a general-
isation of all dichotomies known by the authors. The aim of these paper is the
research of this dichotomy and the connection between it and the existence of
a special kind of solutions of the related nonhomogeneous differential equation.

A special kind of roughness of the (M, N, R) dichotomy is introduced and
considered. Example for an equation, who is (M, N, R) dichotomous but not
classical dichotomous is given.
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2. Problem Statement

Let X be an arbitrary Banach space with norm [.| and identity I and let be
J = [c,00) where ¢ € R. Let L(X) be the space of all linear bounded operators
acting in X with the norm |[.||.

We consider the linear equation

da
3 = Az, (1)
where A(t) € L(X),t € J.

By V(t) we will denote the Cauchy operator of (1).
We consider the nonhomogeneous equation

dx
e A(t)x + f(t). (2)
We say that the operators Di(t), Do(t) : X — X(¢t € J) and the function
f(t): J — X(t € J) satisfy the condition (H1) if the follow relation
(H1). f(t) € FizV (t)(D1(t) + D2(t))(t € J)
is fulfilled. By FizT we denote the set of all fixed points of the map T', T :
X — X.

Remark 1. The condition (H1) is automatically fulfilled if for example
D1(t) = Ri(t)V7L(t), Dao(t) = Ra(t)VL(¢), where Ry(t) + Ro(t) = I.

Proof. We have

V()(D1(t) + Da(1)) f(£) = f(2).

O
Lemma 1. Let the condition (H1) holds. Then the function
t 00
o0) = [ VIO )s— [ Vs f(5)ds @
c t
is a solution of the equation (2) if the integrals in (3) exist.
Proof.
dx

= A / V()1 (s)f(s)ds + V(E)D1 (1) /(1) + V (£) Da ()£ (1)
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-4 | SV () Da(s) f(s)ds,

We introduce the following conditions
(H2) | V(t)D1(s)z |< M(t,s,z2),t > s,z € X,

(H3) |V (t)Da(s)z |< N(t,s,2),t < s,z € X.

For many important cases the right hand part of (H2) and (H3) has the
form

{M(t,s,z> =p1(t)ea(s) | 2], (t>5), z€ X @

N(t,s,z) =1(t)a(s) | 2|, (t<s), z€ X
where ¢1(t), pa2(t),11(t),1)2(t) are positive scalar functions. We set

aft) = Iglea}{sm(t), P1(t)},
u(t) = rtnei}l{sm(t), V1(t)},
B(t) = r%x{m(t),w(t)}.

Definition 1. We call the equation (1) be (D1, D2, M, N) dichotomous if
the conditions (H2), (H3) are fulfilled.

Such kind of dichotomy can be used for consideration of some equations in
[1].

Definition 2. We call the equation (1) be (M, N, R) dichotomous if it is
(D1, Dy, M, N) dichotomous with

Di(t) = RV (1),

Da(t) = (I = R(®))V (1),
where R(t) : X — X (¢ € J) is an arbitrary bounded operator.
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Let a(t) is an arbitrary positive scalar function. We consider the following
Banach spaces :

t
K,={g:J— X :sup a(t)/ M(t,s,g(s))ds < oo}
teJ c

with the norm

t
| 9 |, = sup a(t)/ M(t, s, g(s))ds,
teJ c

Ly={g:J— X :sup a(t)/ N(t,s,g(s))ds < oo}
teJ t

with the norm -
91z, =sw alt) [ N(t.s.9()ds
teJ t

Co={g:J— X :supa(t)]|gt) |< oo}
teJ

with the norm
| 9 lc, =sup a(t) | g(t) |
teJ

and
Ta_{g:J—>X:/ a(s) | g(s) | ds < oo}

with the norm

| g, = /OOG(S) | g(s) | ds.

3. Main Results
3.1. Estimates of the Solutions of (1) and (2)
Theorem 1. Let the equation (1) is (D1, D2, M, N) - dichotomous and

let Di(t), Do(t) and f(t) fulfilled the condition (H1). Then for every function
f € Ko Ly the equation (2) has a solution in the space Cj.

Proof. From Lemma 1 it follows

x(t) = / V(t)D1(s)f(s)ds — /too V(t)Da(s)f(s)ds
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()] S/ IV(t)Dl(S)f(S)IdSJr/tOOIV(t)Dz(S)f(S)IdS

t [ee)
o)z ()] < a(t)/ M(t,s,f(s))ds—i—a(t)/t N(t, s, f(5))ds < oo

Corollary 1. Let the following conditions are fulfilled:

1. The equation (1) be (D1, D2, M, N) - dichotomous of the form (4).

2. The operators D1(t), Dy(t) and the function f(t) satisfy the condition
(H1).

Then for every function f € K,-1()L,-1 the equation (2) has a solution in
the space C,-1 and the following estimate holds

sup a1 (t) [a(t)|< [ B(s) | £(5) [ ds+ / T B(s) | f(s) | ds < oo

teJ

Proof. From Theorem 1 and the presentation (4) it follows

()] < o (e (1) / 2(8) ()| s+~ () (1) / " o8| £(5)lds < o0

By multiplying by ,u(t)oz(t)fl < 1 the left side and the one addent of the right
side, whose multiplier in front of the integral is not equal to 1, we receive

o) | alt) |< / o)1 56 a5+ [ als) 1 569 5 <

s/ B(S)!f(S)\ds+/tooﬁ(8)\f(8)\d8<oo

([
Theorem 2. Let the equation (1) is (M, N, R) - dichotomous.
Then following estimates hold
| z1(t) |< M(t,s,21(s)), t >s>c¢ (5)

for all solutions z1(t) of (1) ,(t > c¢), which started in the set
ﬂ Fix R(s)
seJ

and
| zo(t) |[< N(t,s,22(8)), c<t<s (6)
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for all solutions x2(t) of (1) ,(t > ¢), which started in the set
ﬂ Fixz(I — R(s))
seJ

Proof. The equalities
z1(t) = V(t)x1(c) = V() R(s)z1(c) = V() R(s)V " (s)x1(s)
imply following estimates
| 21(t) [=[ V) R(s)V ™ (s)a1(s) |< M(t,5,21(5)), (¢ =)
The proof of (6) is analogously.

3.2. Roughness

We shall introduce and consider a special kind of roughness typical for (M, N, R)
dichotomous equations.

Let Z be an arbitrary Banach space. In the set of all subspaces of Z we can
define following metric (see [5]):

p(Z1, Z2) = pu(X(Z1), %(Z2)) (7)

where 3(Y) (Y C Z) denotes the unit ball of the subspace Y and ppy is the
Hausdorff metric.
We consider the following equation

dx
= = B (5)

Theorem 3. Let the following conditions are fulfilled:
1. The equation (1) is (M, N, R) - dichotomous of the form (4).
2. R(t) is continuos operator for every t € J and

(R(t') — R(t”))xt:;/ 0

uniformly for every bounded subset of X and t',t" € J.
Then for every e > 0 there exists a 6 > 0 such that for € (0,0) all equations
(8), for which
sup | (A() — B(t)a] < dla| (z € X)
teJ
are (M, N, R) dichotomous and py(Co-1,Cs1), p2(Tg, Tj) < €, where the func-

tions M, N, the operator R and the Banach spaces Cy-1, &’1’T5’TB will be
defined below and p1, p2 are metrics from (7).
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Proof. Let V(t) is the Cauchy operator of (8). Let Ry = Rand Ry =1 — R.
For sufficiently small § > 0 the numbers

VRV ()2 and [VOR(5)7(s)2] (i =1,2)
will have an arbitrary small difference for
| Ri(s)VH(s)z2=Ri(s)VH(s)z |[<d | 2|, (z € X), (i=1,2), 6 € (0,0), (s >¢)
by suitable choice of R;(s) (for example if R;(s) = Ri(s)V~1(s)V (s)).

Because (1) is (M, N, R) - dichotomous of the form (4), we can find functions
b1, P2, 1, Yo arbitrary close to @1, pa, 11,19 respectively, for which

| VO Ri(s)V ™ (s)2 [< r(t)gals) | 2| (t>s), z€ X
| V(D) Ro(s)V ™ (8)2 |[< dn(t)dals) | 2| (s>1), z€ X
ie. é\z(t,s,z) @1(t)p2(s)|z] and N(t, s, z) = 1 (t)a(s)|2|.
et
a(t) = max{¢ (t t), 41 (t)}
and

B(t) = max{@a(t), P2 (t)}.

teJ
We choose a function

a(t) > max{a(t), a(t)}

teJ

and consider the Banach space C,-1. Obviously C,-1 and Cg-1 are subsets of
C,-1. By straightforward verification we will prove that C,,-1 and Cj-1 are
closed in C,-1, i.e. they are subspaces of C,-1.

Indeed, first we shall prove, that C,-1 is closed in C,-1, when a(t) > a(t).
Let

nh_)rgo lgn — g|Ca_1 =0

and let g, € C,-1. We will prove, that g € C,-1. We have

tim (sup 928 9Oy _ 5 i (sup lga(t) — () = 0
n—00 4 a(t) e ted

and

b |lgn ()]

e at)

< oo (n€N).
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Then from 9] lgn®)]  1g(t) (1)
g In I = n
o) = al®) T aQ)
we obtain 19(0) lgn(t)] lg(t) ]
g 9n im 12— In
v at) s lim at) i o(t) o

Hence g € C-1, i.e. Cy-1 is closed in C-1.

The proof for Cs5-1 is analogously.

Let p; is the metric in the set of all subspaces of C,-1. To show that
p1(Coy-1,C5-1) = pa(X(Cy-1),E(Cs-1) < € it is necessary and sufficient that
for every element g € ¥(C,-1) there exists an element h € ¥(Cg-1), such that
lg—nh ’Ca—l < € and vice versa.

We choose § so small, that

sup | a(t) —a(t) |=n < Ae
teJ

A — “lf(:\f ”lf(:\f

Without loss of generality we may assume that A > 0, € < 1. Then we have

a(t) —n < a(t) <a(t) +n (9)

Let g € X(C,-1) is an arbitrary element, i.e.

S <
We take
h(e) = =gt
Then h € Cs-1 because
G~ S b <
We have h € £(Cj1) because
|a(t) —n]

h — =< <1
| ‘C_l—’g‘C e? a(t) —‘Q‘Ca_l—
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And | g —h|s | < e because from

lg(t) — h(?)] a(t) —n
=1~ g ()]
a(t) (t) a(t)
we obtain
l9(t) — h(®)] lg(®)] 1 _ Ac
—h =sup ——————-— =sup —— < sup—— < — =€
‘g ’Ca,l ey a(t) i a(t) a(t) ‘g’oa,m e Oé(t) A
Now vice versa - let h € ¥(Cs-1) is an arbitrary element, i.e.
| h(®) | h() |
sup <1, sup-— < 00
tes alt) tes ()
We take S (0)
alt) —n
t) = h(t
olt) = “g A
Then g € C -1 because
O _ @0 =] ol
tes ot) ted a(t)a(t) tes a(t)

| 9(t) | a(t) —n|
<|h sup —=—~+— < | h <1
<| |ca_1 te? a(t) | |ca_1

alt)  alt) alt " alt) at)
we obtain
lg(t) — h(t)] 1 Ae
—h =sup—"——<|h sup — < — =c¢€
9 ‘Ca*l ted a(t) | ‘C‘fln e a(t) A

Hence p1(Cy-1,C5-1) <ee.
Now we choose a function

b(t) < min{B(t), B(¢)}

and consider the Banach space Tj,.
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It is not diffucult to show that Tz and TB are closed in 7} and hence they
are subspaces of Tj. B

Let po is the metric in the set of all subspaces of T,. We choose § so small,
that

sup B(t) — B(t)| < e

ted

Hence B
B(t) —e < B(t) < B(t) +e (10)
Let g € 3X(T) be an arbitrary element, i.e.

/B | g(t) \dt<oo/ t)y|dt <1

We are searching for an element h € ¥(T7), such that [g — h|p <.
We set
B(t)

h(t) =
=50+
Then h € Ty because from (10) we have

[ soimiac= [ o gtolar < [ SO smig(olar < o
J J J

B(t) + €
Also h € %(T}) because
B
[ rostai < [ wojgwiar <1

Without loss of generality we may assume that 5(t) > 1 (¢ € J). Then
|g — h|p, < € because

5O o :
| olat) — 55 a0i = [ bolalisgiie < o<

Now vice versa - let h € X(T, B) is an arbitrary element,i.e.

/ﬂ | h(t) \dt<oo/ fldt <1

We are searching for an element g € ¥(T), such that | h — g |5, <e.
We set _
B(t)

910 = 50O

g9(t)
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From (10) follows }
Bt) —e < B(t) < B(t) + e

Hence g € Tz because

/B )g(t)|dt = /B t |h |dt</5 ) A()|dt < oo

And g € ¥(Tp) because

B(t)
J g el < [ polawiar <1

~ Without loss of generality we may assume that 3(t) > 1 (t € J). Then
Bt) +e=pB(t) > 1

Then |g — h|y, < € because

B _
/Jb(t)|h(t) B(t)+€h(t)ldt—/Jb(t)lh( )=

S | ol <«

Hence pa(Tp,Tj5) < e. O
3.3. Considerations and an Example

Let R(t) = P, where P : X — X is a projector.
For ,
M(t,s,2) = Kie Js 10712 (> 5 2 € X)

N(t,s,2) = Ko  Je 00T 2 (s > ¢ 2 € X)
where K1, Ky are positive constants and 1,2 are contnuous real-valued func-
tions on J, we obtain the exponential dichotomy of [6] :

I VPV (s) < e Js 01 (1 > )

| V)T = P)V7(s) ||< Koe™ i 2047 (45 ).

For 0;(t) =0 (¢ <t < o0, i = 1,2) we obtain the exponential dichotomy of
[3],[4],[5], for which case we have K, ()L, = C, by a(t) = 1.
For
M(t,s,z) = Kh(t)h 1 (s)|z| (t >s>¢,,2 € X)

N(t,s,z) = Kk(t)k™1(s)|z] (c<t<s,z€X)



346 A. Georgieva, H. Kiskinov

where K is a positive constant and h,k : [0,00) — (0,00) are two continuous
functions, we obtain the dichotomy of [7]-[9]:

IVOPVT(s) I< Kh(t)h™ (s) , (t = 5 > ¢)

IV(OT — P)VH(s) < Kk(t)k™H(s) ,(c <t <s)
It may be also noted, that the dichotomies [2],[6]-[9] are a generalization of
the dichotomy in [4].

Example. Let
do _
dt

where X = R and a(t) is a piecewise continuous function. In this case we have

a(t)x

V(t) = exp / a(s)ds.

It is well known, that this equation in several cases is not dichotomous or
exponential dichotomous.
For the conditions (H2) and (H3) we take respectively the forms

| V(O)ri(s)V T (s)E IS a(t)B(s)IE] (= s, € €R),
| V(e)ra(s)VH(s)E IS a(t)B(s)IE] (t < s, € €R).

We set r1(t) +r2(t) =1, (t > ¢). Now we have
r1(s)VH(s)E| < B(s)IEl, Ira(s)V ()€l < B(s)lel,
i.e. B(t) > max{|ri(t)VL(t)], [r2()VE(H)|}.
We take «a(t) > |V (t)|, (t > ¢). Because condition (H1) holds,

t [ee]
o) = [ VOV s - [T VOnEY (s
c t
is a solution of the nonhomogeneous equation

d

£ = a(t)x + f(t) .

For every positive function b(t), the function x(t) belongs to the space Cj for
every f € Ly Kp.
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