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1. Introduction

As for as we know [1, 2, 3, 4] h-scalar curvature of Finsler spaces have hardly
been determined in concrete form. R. Yoshikama and K. Okubo in his paper [5]
give the concrete form of the scalar curvature of two-dimensional conformally
flat Finsler space and some examples of Finsler spaces which have a positive
definite scalar or a negative definite scalar curvature, he has also proved in
the same paper that in two-dimensional conformally flat Finsler spaces are
Landsberg spaces they are Berwald spaces.

The purpose of the present paper is to study three-dimensional conformally
flat Finsler spaces as for concrete form of scalar curvature is concern we could
not work out in three-dimensional as it has been done in two-dimensional even
then we have found out two components out of three of scalar curvature in
three-dimensional Finsler spaces.
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2. Preliminaries

Let (x, y) = (xi, yi) be a local coordinate system of the total space of the tangent
bundle TM of a three-dimensional differentiable manifold M. We consider a
conformal change L(x, y) −→ L̄(x, y) = eσ(x)L(x, y) of a three-dimensional
Finsler space F 3 = (M3, L(x, y)) with the fundamental function L(x, y), where
σ(x) is a scalar function of position xi alone, called the conformal factor. We
shall denote the Finsler space with the changed fundamental function L̄(x, y)
by F̄ 3 = (M̄3, L̄(x, y)) and quantities of F̄ 3 by aperline, the following change
of important quantities as well known [6] and use the following notations F =
L2

2 , F̄ = L̄2

2 .

F̄ = e2σ(x)F, ḡij = e2σ(x)gij , ḡ = e4σg, ḡij = e−2σgij (1)

The relation between the Moors frame (li, mi, ni) of the space (M, L) and the
Moors frame (l̄i, m̄i, n̄i) of the space (M, L̄) are written in the following form:

l̄i = eσli, m̄i = eσmi, n̄i = eσni, (2)

l̄i = e−σli, m̄i = e−σmi, n̄i = e−σni, (3)

C̄ijk = e2σCijk, C̄i
jk = Ci

jk, (4)

H̄ = H, J̄ = J, Ī = I.

We put,

Gi =
[( ∂2F

∂xr∂yi
)yr− ∂F

∂xi
]

2 and Gi = gijGj .

Since the space (M, L) is locally Minkowski space, Gi = 0 in a rectilinear
coordinate system from this formula and F̄ (x, y) = e2σF (y).

Ḡi = e2σF (2σrl
rli − σi),

where, we put σi =
∂σ
∂xi . Because of

ḡir = e−2σgir = e−2σ(lilr +mimr + ninr).

The following relation is obtained

Ḡi = F (lilr −mimr − ninr)σr

Putting, lrσr = p, mrσr = q, nrσr = r.
We get the formula

Ḡi = F (pli − qmi − rni) (5)



THREE-DIMENSIONAL CONFORMALLY... 109

3. The Scalar Curvature R̄ of the Finsler Space (M, L̄)

It is well known that






L∂̇j l
i = mimj + ninj

L∂̇jm
i = −limj + nivj −Hmimj − Ininj + J(nimj +minj)

L∂̇jn
i = −linj −mivj − Jninj + Jmimj − I(nimj +minj)

(6)







L∂̇j li = mimj + ninj

L∂̇jmi = −limj + nivj −Hmimj − Ininj + J(nimj +minj)

L∂̇jni = −linj −mivj − Jninj + Jmimj − I(nimj +minj)

(7)







L∂̇kp = pmk + rnk

L∂̇kq = −pmk + rvk −Hqmk − Irnk + J(rmk + qnk)

L∂̇kr = −pnk − qvk − Jrnk + Jqmk − I(rmk + qnk)

(8)

We consider the cartan connection CΓ of the space (M, L), for a scalar field
s(x, y), we define the h-scalar derivative (s,1, s,2, s,3) and v-scalar derivative
(s;1, s;2, s;3) as follows:

s|i = s,1li + s,2mi + s,3ni

Ls|i = s;1li + s;2mi + s;3ni

where, | denotes h-covariant derivative and | denotes v-covariant derivative, so
we must notice that from the definition of p, q and r, we get

σi = pli + qmi + rni

Now from the definition of (v)h-torsion tensor R̄i
jk of (M, L̄), we get

R̄i
jk =

∂Ḡi
j

∂xk
−

∂Ḡi
k

∂xj
+ Ḡr

jḠ
i
rk − Ḡr

kḠ
i
rj (9)

Differentiating (5) by yj and using (6) and (7), we get

Ḡi
j = L[pδij + q(limj − nivj +Hmimj + Ininj − J(nimj + (10)

minj)) + r(linj +mivj + Jninj − Jmimj + I(nimj +minj))]

∂Ḡi
j

∂xk
= L[δijp|k + q|k(l

imj − nivj +Hmimj + Ininj − J(nimj + (11)

minj)) + r|k(l
inj +mivj + Jninj − Jmimj + I(nimj +minj))]
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Interchanging j and k, we have,

∂Ḡi
k

∂xj
= L[δikp|j + q|j(l

imk − nivk +Hmimk + Inink − J(nimk + (12)

mink)) + r|j(l
ink +mivk + Jnink − Jmimk + I(nimk +mink))]

Differentiating (10) by yk and using the relation (6) and (7), we get

Ḡi
jk = [p(δij lk − limjmk +miljmk − linjnk + niljnk −Hmimjmk (13)

+Jπ(ijk)(m
imjmk)− Iπ(ijk)(n

injmk)− Jninjnk)] + q(δijmk

limjlk −miljlk +mimjnk −minjmk +H(mimjlk −miljmk

−limjlk −milj lk −mimjvk) + J(−mimj lk − ninjlk + 2limjnk

+2linjmk + 3ninjvk − 3nivjnk)−H2mimjmk +HI(minjnk

−nimjnk) +HJπ(ijk)(m
imjnk)− 2I2π(ijk)(m

injnk) +

IJπ(ijk)(m
imjnk)− IJ(ninjnk) + J2(ninjmk −mimjmk +

2nimjnk − 2minjnk) +H;2m
imjnk +H;3n

imjnk − J;2m
injmk

−J;3n
imjnk + I;2n

injmk + I;3n
injnk) + r(δijnk + linjlk − nilj lk

+minjmk − nimjnk + J(ninjlk −mimjlk + 2limjmk − 2linjnk

−3minjvk − 3nimjvk) + I(minjlk +miljnk + 3ninjvk − 2mimjvk

+niljmk − linjnk − limjmk) +HIπ(ijk)(m
imjnk − 2nimjmk) +

HJmimjmk + IJ(ninjmk +mimjnk) + J2π(ijk)(m
imjmk −

3nimjmk − ninjnk) + J;2(n
injmk −mimjmk) + J;3(n

injnk −

mimjnk) + I;2(n
imjmk +minjmk) + I;3(n

imjnk +minjnk))]

Using the equations (11), (12) and (13) in (9), we get value of R̄i
jk in the

component forms. Also,

R̄i
jk = R̄αβγ ē

i
α)ēβ)j ēγ)k (14)

It is well known in [2], that,

R̄βγδ = γ1βµγγδ2R̄
∗
µ2

R̄212 = R̄∗
22 and R̄313 = R̄∗

33.
Comparing the value R̄i

jk in equation (14) and from the obtain value of R̄i
jk,

we have

R̄∗
22 = −e−2σ(p,1+q,2+Hq,1−Jr,1−p2+q2+r2−2pHq+pIr+4HJqr−2J2q2
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+ 3IJqr −H2q2 + q2H;2 − 2qrJ;2 + Jpr + J2qr −HIr2 − r2J;3),

R̄∗
33 = −e−2σ(p,1 + r,3 + Iq,1 + Jr,1 − p2 + q2 + r2 − 2pIq − 2pJr − I2q2

−HIq2 + J2q2 − q2J;3 − qrJ;3 − J2r2 − IJr2 − I2r2 + r2J;3 + qrI;3).

It is not possible to calculate R̄∗
11 from above because when µ = 2 = 1, then its

coefficients becomes zero.

Due to fact we consider a particular condition in which R̄∗
11. It is well in [2]

that the scalar curvature,

R̄ = 2R̄∗
µµ = 2(R̄∗

11 + R̄∗
22 + R̄∗

33),

R̄ = −2e−2σ(2p,1 + q,2 + r,3 +Hq,1 + q2H;2 − 2qrJ;2 + Iq,1 − (15)

q2J;3 − qrJ;3 + r2J;3 + qrI;3 − 2p2 + 2q2 + 2r2 − 2pHq +

pIr + 4HJqr − 2J2q2 + 3IJqr −H2q2 − pJr + J2qr −

HIr2 − 3pIq − I2q2 −HIq2 + J2q2 − J2r2 − IJr2 − I2r2)

Theorem 1. The scalar curvature R̄ of the three dimensional conformally
flat Finsler space (M, L̄) where, L̄ = eσ(x)L is written as in the equation (15)
then we have considered R̄11 = 0, where H, I, J are the main scalars of the
space (M, L) and σi = pli + qmi + rni.

Theorem 2. The scalar curvature R̄ of the Finsler space which is confor-
mally to a locally Minkowski space whose main scalars H, I, J are constant and
is written in the form,

R̄ =
−2e−2σ(2p,1+q,2+r,3+Hq,1+Iq,1−2p2+2q2+2r2−2pHq+pIr+4HJqr−2J2q2+
3IJqr−H2q2−pJr+J2qr−HIr2−3pIq−I2q2−HIq2+J2q2−J2r2−IJr2−I2r2).
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