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1. Introduction

As for as we know [1, 2, 3, 4] h-scalar curvature of Finsler spaces have hardly
been determined in concrete form. R. Yoshikama and K. Okubo in his paper [5]
give the concrete form of the scalar curvature of two-dimensional conformally
flat Finsler space and some examples of Finsler spaces which have a positive
definite scalar or a negative definite scalar curvature, he has also proved in
the same paper that in two-dimensional conformally flat Finsler spaces are
Landsberg spaces they are Berwald spaces.

The purpose of the present paper is to study three-dimensional conformally
flat Finsler spaces as for concrete form of scalar curvature is concern we could
not work out in three-dimensional as it has been done in two-dimensional even
then we have found out two components out of three of scalar curvature in
three-dimensional Finsler spaces.
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2. Preliminaries

Let (z,y) = (2%, %) be alocal coordinate system of the total space of the tangent
bundle TM of a three-dimensional differentiable manifold M. We consider a
conformal change L(x,y) — L(z,y) = e“®L(x,y) of a three-dimensional
Finsler space F3 = (M3, L(x,y)) with the fundamental function L(x, y), where
o(r) is a scalar function of position 2% alone, called the conformal factor. We
shall denote the Finsler space with the changed fundamental function L(z,y)
by F3 = (M3, L(x,y)) and quantities of F® by aperline, the following change
of important quantities as well known [6] and use the following notations F' =

L2 5 _ I?
5. F =%

F=e@F  gy=eWgy g=e7g, gJ=e?y" (1)

The relation between the Moors frame (I;, m;, n;) of the space (M, L) and the

Moors frame (I;, m;, n;) of the space (M, L) are written in the following form:

li=¢e%l;, m;=e"m;, n;=e'n, (2)

I'=e 7', m'=em' n'=en (3)
_ ) . .

Cijk = €7 Ciji,  Cjp = Cjp, (4)

H=H J=J, I=1I.
We put,

[(GEE yyr =28
G‘ o oz Oy? Ox?
[ 2

and G' = gYG,.
Since the space (M, L) is locally Minkowski space, G' = 0 in a rectilinear
coordinate system from this formula and F(z,y) = €27 F(y).

Gi = 620F(207«lrli — Ui),

where, we put o; = 88;. Because of

gir — e—?agir — 6—2U(lilr + mimr 4 ninr)'
The following relation is obtained
G = F(l'l" —m'm"™ — n'n")o,

Putting, I"0, =p, m"o, = q, n"0, = 1.
We get the formula

G' = F(pl* — qm' — rnf) (5)
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3. The Scalar Curvature R of the Finsler Space (M, L)
It is well known that
Léjli = mimj + ninj

Loym' = —l'm; + n'v; — Hm'm; — In'n; + J(n'm;j + m'n;) (6)
Lojn' = —l'n; —miv; — Jn'n; + Jmim; — I(n'mj + m'n;)
) Léjli =m;my; + nin;

Laj'mi = —lim]’ + n;v; — Hmimj — Inmj + J(nimj + minj) (7)
Lﬁjni = —linj — Miv; — Jninj + Jml-mj — I(nzm] + minj)
Lékp = pmy + rny

Lak.q = —pmy, + rvy — Hgmy, — Irng + J(rmy + qng) (8)
Logr = —pny, — qug, — Jrng + Jgmy, — I(rmg + qng,)
We consider the cartan connection CT' of the space (M, L), for a scalar field

s(x, y), we define the h-scalar derivative (s1,s2,53) and v-scalar derivative
(8.1, 82, :3) as follows:
Sli = 5.1li + s 2m; + s 3n;

L8|i = S;lli + S.omy; + S.3N;

where, | denotes h-covariant derivative and | denotes v-covariant derivative, so
we must notice that from the definition of p, q and r, we get
oi = pli + qm; +rn;
Now from the definition of (v)h-torsion tensor R;k of (M, L), we get
~ o
Rl 8GJ' 9Gj,

kT oek o T GGy — Gi.G

(9)
Differentiating (5) by y/ and using (6) and (7), we get
G;- = L[péj- + q(I'm; — n'vj + Hm'm; + In'n; — J(n'm; + (10)
m'n;)) +r('n; + m'v; + Jn'nj — Jm'm; + I(n'm; +m'n;))]
oG’
dxk

= L[5§p|k + g (I'mj — n'vj + Hm'm; + In'nj — J(n'm; + (11)
m'n;)) + r|k(linj +m'vj + Jn'n; — Jm'm; + I(n'm; + m'n;))]
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Interchanging j and k, we have,

835]]'{ = L[ogp); + q;(I"my; — n'op + Hm'my, + In'ng — J(n'my, + (12)

m'ny)) + r;(I'ng + mivg + In'ng, — Jm'my, + I(n'my + m'ny,))]

Differentiating (10) by %" and using the relation (6) and (7), we get
7§'k = [p(é;lk — limj'mk + miljmk — linjnk + niljnk — Hmimjmk (13)
+J7T(ijk)(mimjmk) — Imiji) (n'njmy) — Jn'njng)] + q(5§-mk
limjlk - miljlk + mimjnk — minjmk + H(mimjlk — miljmk
—limjlk — m"ljlk'— mimjvk) + J(—mimjl'k — ninjlk + 2limjnk
+2l'nymy, + 3n'njv, — 3n'ving) — HQmijmk + HI(m'njny
—nimjnk) + HJW(ijk)(mimjnk) — 212”(1’]’1@) (m’njnk) +
IJW(ijk)(mimjnk) — IJ(n'njng) + J*(n'njmy — m'mjmy +
Qnimjnk — Qminjnk) + H;gmimjnk- + H;gnimjnk — J;gminjmk
—J;gnimjnk + I;gninj’mk + I;3ninjnk-) + r(éénk + linjlk — niljlk.
—i—minjmk — nimjnk + J(ninjlk. — mimjlk + 2limjmk — 2linjnk
—Sminjvk — 3nimjvk) + I(minjlk + miljnk + 3ninjvk — Qmimjvk.
—|—niljmk — linjnk — limjmk) + HIﬂ'(ijk)(mimjnk — 2nimjmk) +
HJmimjmk + IJ(ninjmk + mimjnk) + J27T(ijk)(mimjmk —
Snimjmk — ninjnk) + J;Q(ninjmk — mimjmk) + J;g(ninjnk —
m'mjng) + La(n'mjmy + m'njmy) + Lz(n‘myng +m'niny))]
Using the equations (11), (12) and (13) in (9), we get value of R;k in the
component forms. Also,
Rjj, = Ragy€u)8p)8x)k (14)
It is well known in [2], that,

Rgy5 = ’Ylﬁu’Y'YJQRM

Rglg = RQQ and R313 = R§3. o
Comparing the value R}, in equation (14) and from the obtain value of I},
we have

Ryy = —¢ 2 (p1+qotHgi—Jri—p*+q*>+r2—2pHq+plr+4H Jqr—2J°¢>
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+31Jqr — H*¢* + ¢*H.o — 2q, o + Jpr + J2qr — HIr? — r?J3),

Ryy=—e 2 (p1+ra+Igi+Jry—p*+¢*+r?—2plqg—2pJr — I*¢?
- H‘[q2 + ‘]2q2 - q2‘];3 - qu;g - J2T2 - IJT2 — I2T2 + TQJ;:S + qT‘I;S)-

It is not possible to calculate R,; from above because when p = 2 = 1, then its
coefficients becomes zero.

Due to fact we consider a particular condition in which R;;. It is well in [2]
that the scalar curvature,

R - 2R,U',U' - Q(Rll + RQQ + R33),

R=-2e22p1+qo+rs+Hqr+¢*Ho—2¢.Jo+Iq1 — (15)
q2J;3 —qrJ3+ 7“2J;3 +qrl3 — 202 + 2¢% + 2r® — 2pHq +
plr + AH Jqr — 2J%¢% + 31Jqr — H%¢? — pJr + J2qr —
HIr? —3plq—I?¢*> — HIG* + J*¢* — J*r* — IJr? — I*r?)

Theorem 1. The scalar curvature R of the three dimensional conformally
flat Finsler space (M, L) where, L = ¢’(*) L is written as in the equation (15)
then we have considered Ri; = 0, where H, I, J are the main scalars of the
space (M, L) and o; = pl; + qm; + rn;.

Theorem 2. The scalar curvature R of the Finsler space which is confor-
mally to a locally Minkowski space whose main scalars H, I, J are constant and
is written in the form,

R p—
—2e727(2p1+q ot 3+ Hq1+1g1—2p°+2¢°+2r* —2pHq+plr+4H Jqr—2.J%¢*+
3lJqr—H?q*—pJr+J2qr—HIr*—3plq—1*¢*—~HIq*+J?¢*— J*r?—IJr?—I?r?).
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