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Abstract: Suppose that point evaluations of a real-valued function f at points
xg, ..., T, are known with a noise error that continuously uniformly distributed
on [-1,1]. In this paper we find the lower bound of the ”worst”—case error
(as well as the mean error) of absolute value of k-th divided difference of the
function f. The case of the Gaussian-type error of point evaluations of functions
is examined as well.
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1. Introduction

Let k € N. Let X} denote the set of all sequence of real numbers x = (xz)’{;‘
with x; < 1.

Denote Y the set of all sequences of real numbers y = (yi)lg, such that
[ylloe < 1, where ||y|[o := max; [y;.

Given z = (7;)§ € Xy, y = (y:)k € Yy, let F(z,y) denotes the set of all
real-valued functions defined on R, such that f(x;) =y;, 0 <i <k.
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Denote by (29, 21,...,2p]f the p-th order divided difference of the function
f at knots zp < 21 < ... < z,. We refer the reader to [2] for basic properties of
divided differences.

Given r = (z;)5 € X} and y = (y;)§ € Y}, denote

Me(x,y) := inf sup To,..., T
k(z,y) sl s P | [Zo K f

The main goal of this paper is to estimate the values

Ak(2) = sup Ap(z,y), (1)
yeEY)
pur () =By (A (2,9)) (2)

where E is the expectation of Ax(z,y), taken over y = (y;)k, where y;’s are
independently uniformly distributed on [-1,1].

Note that if point evaluations of a real-valued function f at points xq, ..., Tk
are known with an error that continuously uniformly distributed on [-1,1], then

1. Ag(x) is the lower bound of the ”"worst”—case error of k-th divided differ-
ence of the function f at points Zo, ..., T, whenever f is.

2. pg(z) is the lower bound of the mean error of absolute value of k-th
divided difference of the function f at points Zg, ..., Zr, whenever f is.

The paper is organized as follows. Section 2 evaluates the quantity \g(x)
and estimates this value in the case when the data points zg,...,z; are uni-
formly spaced. Also we examine the problem of optimal choices of the data
points —1 < zg < ... < x; < 1 to minimize the "worst”—case error of k-th
divided difference of the function f, and we will show that optimal knots are
Chebyshev points. In Section 3 one can find the estimates of the value py(z).
Finally, we consider estimates of the mean error of absolute value of k-th divided
difference of a function f when the error of point evaluations of the function is
normally distributed. It is interesting that optimal points that minimizing this
error are not coincide with Chebyshev points.

2. Estimates of Ag(x)

k
Theorem 2.1. Let x = (z;)k € X;.. Then \i(z) = 3 A,, where
p=0

-1
Ap =Ap(zo,...,21) = (Hogmgk; mtp | — xp|> ,p=0,...,k.
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Proof. Denote by L, f((; 20,21, - .-, 2p) the evaluation at point ¢ of Newton

interpolation polynomial of function f at knots zp, 21, ..., 2p:
P J—1
Lpf(c;z(]?Zl?”') 2207"'7 H(C_Z’L)7 C—Z,1 =1
§=0 i=0

1) First we will find the upper estimation of the quantity A (z).
Given y = (y;)k € Y4, let h € C(R) be such that h(z;) = y;, 0 < i < k.
Define a function g, € C'(R) by

gy(-) = Lih(-; 2o, ..., xk).

Then
Ap(z) =sup  inf sup [Zoy...,Tx|f < sup sup [To, ..., Tk]gy-
yeY JeF(@y) z=(z,)kex, YeY i=(i,)keXy
We have
[5?0, e ,fk]gy = [5?0, e ,i‘k]Lkh(, Ty ,xk) =
k j—1
= [i‘o,fk] Z[xo,...,xp]gy-H(-—xl) =
§=0 1=0 }
k—1
= [1‘0, s 7xk]gy : [£07 s 7‘%16'] <H( - 11?[)) = [x()a s 7xk]gy'
=0
Denote e;(t) =t',i=0,1,.... We have by definition of divided difference
60(.’/60) 60(.’/61) . eo(xk)
ex—1(zo) ex—1(z1) ... ep—1(zp)
Yo W Yk
[zo, ..., 2K]gy = T

=0,...,
det(ei(7p))i—g "
Laplace expansion along the last row of the determinant yields

[z Zk—1]gy < sup [ > p=0 ¥Yp(=1)F det(ez(xl))l 0,.-.k: l¢p’ N
0oy Tho1lgy < E
B = ey det (e;(x1))i=y"
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Note that all determinants in the sum are Vandermonde determinants and
therefore are positive. Thus, the supremum is achieved at y, = (=1)?, p =
0,...,k. Then for all Z € X,

sup [Zo,...,Tklgy <
yeY)
Zk—o H0<l : (ac - xl) K 1
- Hocicmsr(@m = 1) =0 [o<m<t; mop [Tm —

2) Let h € C(R) be such that h(z;) = (=1)**%, i =0,...,k. To find the
lower bound of A (z) let us define g € C(R) by g(¢) = Lxh((; o, ..., x1). Let
y* = (y;)k € Yy be with yf = Lyh(zi; 20, ...,7%), i = 0,...,k. By definition

Mp(z) :=sup  inf sup | [Zoy. - Tk f |-
yeYy feF(@Y) 3=(z,)kex,

Therefore we can get a lower bound of A\g(z) by choosing y = y* and Z; = z;,
0<i<k:

Ap(z) >  inf o, .- TE|f = |xo, ..., 21|l =
CENN 1f =1 |
k 1=0,...,k, 1
B szo det(e;(21));—g" k_fép - y 1 0
det(e;(x1))i—0" 2= Hocms; map [&m = 2l

In particular, as it follows from Theorem 2.1 that if £ = 1 then A\i(x) =
2/(x1 — xo); if k =2, then \o(x) = 2/(z1 — x0) (22 — 21).

The proof of Theorem 2.1 shows that the "worst” y is y = (y;)k with
y; = (—1)%, and the optimal function f is the algebraic polynomial of degree k
satisfying the interpolation conditions f(x;) = (—1)!, 0 <i < k.

It can be proved analogously that given z = (z;)5 € Xz and 0 < s <k — 1

k
sup inf sup | [0y oy Tsy Gy Tsg1y ey Tt f |:ZAp,
YyEY) JeF(z,y) CE(xs,s41) p=0
where points xg,...,(,...,rp_1 are arranged in ascending order.
Consider the special case in which the data points xg, ...,z are uniformly
spaced.

Corollary 2.2. Let A > 0. Denote xa = (x;)k with z;41 — 2; = A for all
0<i<k—1. Then

ok
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Proof. If ;41 —x; = A for all 0 <i < k — 1 then

K 1

Hogmgk; m#p ‘xm - xp’
k

p=0

k
1 1 1 (k) 2k .
— = = —A . |:|
AF pzo Hogmgk; m#£p ‘m - p’ k'Ak I; p k!

The next proposition follows from Corollary 2.2.

Corollary 2.3. Let A > 0. Denote za = (z;)icz with zj11 — z; = A for all
i € Z. Denote A := {a = (a;)iez : ||a]lcc < 1}. Given a = (a;)icz € A, denote
G(za,a) the set of all real-valued function defined on R such that f(z;) = a;,
1€Z. If0<s<k—1andpé€Z, then

28 e
sup inf sup [Zpy oy Coovey 2prn)f = —AT". (5)
acd FEC(GAD) Ce(mprazpror) s k!

Note that the problem (5) is similar to the task of finding the infimum of a
norm of a fixed order derivative in a class of smooth interpolants, which satisfies
given interpolation conditions. The last task is the well-known Favard’s problem
[4] (see also [10], [1], [3] for comments). It is worth noting the papers [8], [9],
that also study the problems of extremal interpolation. In the Corollary 2.3 we
relax the condition on smoothness of interpolant and consider the problem of
finding the infimum of the value of a fixed order divided difference in a class of
real-valued interpolants, which satisfy given interpolation conditions.

One can consider the problem of the optimal choice of knots taken from
[-1,1]:

Ak = xc[flfﬁ,f rEX Ar(®), (©6)
where infimum is taken over all k-partitions x of interval [-1,1], x = (—1 < 29 <
<o < 1).

Corollary 2.4. Let )\, be defined as above. Then )\, = 281,
Proof. It follows from the proof of Theorem 2.1 that

A= inf sup inf sup To,. .-, TE|f = inf  [xo,...,Tk]gy",
Q?C[le} er fEF(:t,y) j:(;}}z)ge){k [ ] xc[flvl} [ ] Y
(7)

where gy« is the algebraic polynomial of degree k satisfying the interpolation
conditions gy« (z;) = (—=1)k 0 < i < k. It follows from continuity of g, that
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there are points ay,...,a; such that z; 1 < a; < z;, 1 <i <k, and
k
gy (x) = CH(@“ — aj).
i=1

Then the problem (7) is equivalent to the problem of finding the infimum
of the absolute value of leading coefficient ¢ of such g+, where infimum is taken
over all =1 < ap < ... <a, < 1. It is known [6] that this infumum is equal to
2k=1 " a; are Chebyshev nodes and g,+(z) = cos(k arccos x) is optimal. O

The next proposition shows that if f is defined with an noise error then it
can not be approximated well by Lagrange interpolatory polynomials.

Corollary 2.5. Let z € X, be such that x C [-1,1]. Then

sup  inf sup  |f(¢) — Lf(Cizo,. .. xp)| > 1,
yeYy, JEF(zy) ce[-1,1]

Proof. It is known that when interpolating at point ( a given continuous

function f by Lagrange polynomial of degree n at the nodes xg, ...,z we get
the error
k
f(g) - Lf(€7$0, 7xk) = [x()a"' 7xk7<]f : H(C - xl)
i=0
Then

sup inf  sup  |£(Q) ~ Lf(Giwon. . k1) >
yeY, fEF(zY) ce[-1,1]

k

[1¢—=)

1=0

> Agr1(z) inf sup

—1<zo<<zp<l ¢ ’

It follows from Corollary 2.4 that for every partition z = (—1 < g < ... <
Tpe1 < 1) we have A\pyq(z) > 2F. Tt is well-known that

inf sup
—1<xp<...<z<1 ¢
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3. Estimates of pg(x)

Lemma 3.1. Ifx = (z;)5 € X} then

1 Ay Ao
pr () = m /_ / ‘ZCpWCo - dCk,

0 p= 0
where A;, 0 < i < k, are defined in Theorem 2.1.

Proof. Tt follows from A (z,y) = | [0, ..., 2k]gy |, for every y = (y;)§ € Y,
where g, is the algebraic polynomial of degree k satisfying the interpolation
conditions gy(x;) = yi, 0 < i <k, that

p(x) =By (Ak(z,9)) = Ey (| [0, Txlgy 1),

where where E is the expectation taken over y = (y;)&, where y;’s are indepen-
dently uniformly distributed on [-1,1]. We have

E, (| [a:o,... =
/ / | o yp(—1)P det(es() )iz p ) P
9k+1 1=0,.. , Yo - - - Yk =
T2 det( i(T)ico, "k
?/p( 1)P
dyo...dye (8)
Qk“/ / H0<m<k mp |Tm — @y

Then

1 1 1|k
By ool =gy [ [ 3 (1 oty o =
B o =0

Ao
2k+1H A / / ‘ZGI"dCO dc. U

Corollary 3.2. Ifk =1 and z = (z9,x1) € X; then
1

(a1 —CC().

i) =3

Proof. Assuming ag > a1 we have

/_al \/_ao |Co + Ci|dCod¢r = /_al _a: (Co + ¢1)dCodCy = 2 <CL(2)CL1 + %a:{)> '
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Thus, if £ =1 then Ay = Ay = 1/(z1 — xp) and

2 1

Ey (| [xo, z1]gy |) = p—

Corollary 3.3. Ifk =2 and x = (xg,x1,22) € X5 then we have

(z) = 1 - 1
i) = 3(561 — .’Eo)(CCQ — CCl) G(IEQ — .’Eo)Q ’

Proof. Suppose ag = a1 + ao then

l/ﬁit/fil/f:'CO*‘<1+-<ﬂd<odcuﬂ; —

as al ag
- oo+ @iqdad -
—az J —a1 J—(C1+¢2)
9 Lo 1,
= 4ajas a0—|—§a1—|—§a2 . (9)

If k = 2 then

1 1 1

(21 — 20) (22 — 20) A= (zg — x1)(r1 — 20)’ 42 = (22 — o) (w2 — 21)

A =

Note that A; = Ag + A;. Using (9) it is easy to verify that

1 1

E, (| [zo,z1,22]gy |) = 3(x1 — zo)(z2 — 1) 6(z2 — 20)2 O

In the next proposition we find the lower and the upper estimations of
1k ().
Theorem 3.4. Let k>3 and v = (z;)5 € Xy. Then

X . 1/2 . L 1/2
L (z Az> <l < & (24) | (10)

i=1
Proof. It follows from Lemma 3.1 and the CauchySchwarz inequality that

1/2

Ay K
'uk(x)<2k-+1n A, / ./_AO(;:;)Cp)QdCO---de} o
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where

Ap
I= / / p HA
We have

/_A / > ) . =2 =
_/_Ak.../ji)ggdgo... 2k+1HAZA (12)
. 0 o P

then it follows from (11) that

On the other hand,

& o k
uk<x)zm /_1 / /A i <;<z>d<o...dck
_m /_Z/jl A0+(ZQ }dql...d(k.

k
N 1
ok+1 HizO Az —Ap —A;
Ay, Ay k )
+/ / G| d¢y...dg
2
> A0+—6AOZA. (13)

Since the infimum of the last quantity in (13), considered as a function of Ay,

is achieved at
1/2

we get the lower bound in (10). O

%\
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Corollary 3.5. Let A > 0. Denote xan = (:cl)lg with x;11 — x; = A for all
0<i¢<k—1. Then

1/2 1/2

o i(ﬁr} < mles) < é(ﬁf/

4. The Case of Normally Distributed Errors

Let k € N. Let X} denote the set of all sequence of real numbers x = (acz)’{j
with x; < zj41.

Denote U}, the set of all sequences of real numbers u = (uz)g , such that u;
is a sequence of i.i.d. random variables such that u; ~ N(0,1).

Given z = (2;)f € X, u = (w;)k € Uy, let F(z,u) denotes the set of all
real-valued function defined on R, such that f(z;) = u;, 0 <i <k.

Given = = (z;)k € Xy, u = (u;)§ € Uy, denote

Aie(x,u) := inf sup Ty Tp)f
o= mt s | If

The main goal of this section is to estimate the value
vi(x) = Ey (A (z,u)) (14)

where E is the expectation of A\i(z,u) taken over u = (u;)k, where u;’s are
identically independently normally distributed, u; ~ N(0,1), 0 <7 < k.

Note that when w;’s are normally distributed, the ”worst”-case does not
have sense since it is obvious that sup,ecg, Ar(@,u) = co.

Theorem 4.1. Ifx = (x;)§ € X}, then

1/2
P i )
vp(z) = — A ,
v 2T =0 p}

where A,, p=0,...,k, are defined in Theorem 2.1.

Proof. Tt follows from \g(x,u) = | [zo,. .., Tk]gy |, for every u = (u;)§ € Uy,
where g, is the algebraic polynomial of degree k satisfying the interpolation
conditions g, (x;) = y;, 0 < i < k, that

vp(x) = By (A(2,0)) = Eu (| [zo, -, 2k]9u [)
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where where IE is the expectation taken over u = (u;)k, where u;’s are identically
independently standard normally distributed. We have

k
[0y .- Tk Gy = Z(—l)pApup.

p=0

It is well-known [7] that any linear combination of independent normal variables
is normal, with mean equals to the linear combination of its means, and the vari-
ance equals to the linear combination of its variances. Thus, v := [Zq, ..., Tk]gy
is normally distributed with zero mean and variance

k
2 _ 2
o= E Ap.
p=0

It is well-known [5] that if v is a random variable distributed normally with
mean g and variance o2, v ~ N (i, 0%), then

E(v|lv > a) = p+ oM (c),

where #(0)
M) =150

is called the inverse Mills ratio, ¢ = %, ¢ denotes the standard normal density
function, and ® is the standard normal cumulative distribution function. Then
it follows that

1/2

L ) 2 [
l/k(x,x)—2E(v]v>0)—QJl_q)(O)—\/% pZOAZ} . O

Corollary 4.2. Let A > 0. Denote xan = (:cl)lg with x;11 — x; = A for all
0<i¢<k—1. Then

3 , 12
2AF k
vp(zA) = ——=
ea)= 2= () |
One can consider the problem of the optimal choice of knots in [-1,1] to

minimize vg(x). It leads us to the problem of minimizing the function

k

f(xo, ce ,xk) = ZAZ(.CU(), ce ,xk),

p=0
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over all -1 < zp < z1 < ... <z < 1, where A,(xo,...,25), p = 0,...,k,
are defined in Theorem 2.1. It is worth noting that if k£ > 2 then the optimal
knots of this problem do not coincide with Chebyshev points that are optimal
for the problem of minimizing the "worst”-case error A\g(x), i.e. of minimizing
the function

k
h(x(), ce ,xk) = ZAP(QZ‘(), ce ,xk)
p=0
over all -1 <zg<z <...<xp < 1.
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