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Abstract: In this article we will review a few basic concepts of geometry
and coordinatization. We will first give a precise definition of geometric con-
tinuity based on the concept of homogeneity and extension. A few logical
arguments lead us to propose that a line-element can not be a collection of
points. Line-elements, area-elements and volume-elements and their higher di-
mensional generalizations are as fundamental as points. This also lead us to a
corresponding definition of dimension of a geometric continuum different from
the conventional definition. We will generalize the well-known fact that rational
numbers forms a dense set to real numbers. That is for real numbers only the
concept of ”two numbers separated by an interval” or ”two numbers are same”
have meaning but ”two numbers adjacent” is not defined. We will illustrate the
relationship of the above two aspects in the context of coordinatization. We will
also state a corresponding version of the completeness of the real numbers. We
will discuss in brief the the relationships of these aspects and the three spatial
dimensions with the the kinematical and dynamical properties of the elemen-
tary particles and Electromagnetic fields. We will conclude this article with a
few consequences of these aspects for differential geometry, classical statistical
mechanics and set theory.
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1. Introduction

In this article we will review a few basic concepts of geometry and coordinati-
zation. We will first give a precise definition of geometric continuity based on
the concepts of homogeneity and extension. We will demonstrate that a line-
element, a geometric continuum of one-dimension can not be a collection of
points. Line-elements, area-elements and volume-elements are as fundamental
as points. It follows naturally that an area-element can not be described as a
collection of line-elements. This leads to a reformulation of the definition of di-
mension for a geometric continuum. We will consider the fact that real numbers
form a dense set: for real numbers only the concept of ”two numbers separated
by an interval” or “two numbers are same” have meaning but “two numbers
adjacent” is not defined. We will illustrate the relationship of these two aspects
in the context of coordinatization. We will also state a corresponding version of
the completeness of the real numbers. The definition of geometric continuity as
given in this article raises the question whether time is a geometric continuum.
We will briefly address this issue through the conceptual foundations of the
General Theory of Relativity. We will also discuss in brief the the relationships
of these aspects and the three spatial dimension with the the kinematical and
dynamical properties of the Elementary particles and Electromagnetic fields.
We will conclude this article with a few consequences.

2. Geometric Continuity and Coordinatization

The concept of geometric continuity should be based on two aspects: extension
and homogeneity (more properly uniformity). An elementary particle, a tree
if we neglect microscopic non-homogeneities, space and space-time (we will
illustrate this example later) are examples of geometric continuum. In the most
broad sense geometric continuity is distinguished according to dimension. An
elementary particle, an electron, is a three dimensional geometrical continuum.
If we consider a plane passing through the center of the electron (an equatorial
cross-section) and shrink the transverse geometric extensions to zero we get
a two-dimensional geometric continuum: a disk. If we consider a diameter of
the disk and shrink the transverse extensions along the disk to zero we get
a one-dimensional geometric continuity: a line. This definition of dimension
is different from the conventional definition in terms of possible linear motion
of point particles [1] but is proper as we will illustrate later. A point is a
geometric object with zero extension. Thus whatever may be the amount of
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content (cardinality), a collection of points can not give a geometric continuum,
a geometric object with finite homogeneous extension. We can illustrate this
aspect in the context of the infinite straight line, a geometric continuum of one
dimension. The one-dimensional homogeneous extension of a line-element on
the straight line is characterized through the concept of length. Qualitatively,
length characterizes finite homogeneous extension in one-dimension and also
ordering of points with respect to a given point chosen as origin. Quantitatively,
length gives a coordinatization scheme characterizing line-intervals with a given
line-interval chosen as unity. We will illustrate this aspect later. Thus, whatever
may be the cardinality, a collection of zero-length points can not give a finite-
length one-dimensional line. Also a homogeneous collection of points give us a
single point as the length of a point is zero. We can illustrate this aspect in the
following way:

We consider a homogeneous linear array of marbles touching each other. If
we now shrink the volume of each marble keeping them in contact (so that the
array is always homogeneous) then in the limit that the volume of the marbles
is zero we will get a single point.

These discussions lead us to conclude that a line-element is not just a col-
lection of points but is a fundamental geometric object. Similar arguments lead
us to conclude that area-elements (two-dimensional geometric continuums) and
volume-elements (three-dimensional geometric continuum) are fundamental ge-
ometric objects and we can not obtain points without breaking the continuum
geometry. To illustrate, let us consider a square, a geometric continuum of
two dimension. We can not consider the square to be a collection of straight
lines parallel to the base as each straight line has zero transverse extension and
arguments similar to those above apply.

We will now discuss the concept of coordinatization which is an ordering
process through length with respect to a point chosen as the origin. In the
conventional scheme the infinite straight line is considered to be a collection of
points and real numbers should have a one-to-one relationship with the points
to have a proper ordering. In the context of the discussions in the preceding
paragraph this scheme can not work as we can not arrange, according to length
from a given point, a homogeneous collection of points each of which is of zero
length. We have also illustrated earlier that a homogeneous collection of points
give us a single point. A plane is a two dimensional object and any point on
the plane can be characterized, as we will illustrate, through the choice of two
intersecting lines on the plane and constructing a coordinate system defined in
terms of intervals with respect to the point of intersection.

We now consider the concept of coordinatization more precisely. We have
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discussed earlier that line- intervals are fundamental geometrical entities to
form lines which are geometric continuum of one dimension. We define a dense
set to be a set with an ordering such that there exist an element between any
two distinct elements of the set. We will now prove that the real numbers form
a dense set [2,3]. That is for real numbers only the concept of ”two numbers
separated by an interval” or “two numbers coincident” have meaning but “two
numbers adjacent” is not defined. That is for any two real numbers we can
always find a real numbers lying between the two.

Firstly, the two representations of 0.1, 0.0999... (where all the decimal places
starting from the 2-nd are 9) and 0.1 are same as any number added to 0.0999...
gives a number greater than 0.1 and any number subtracted from 0.1 gives gives
a number less than 0.0999.... This two representations also gives us the same
result if add/subtract a number with/from both the numbers.

An arbitrary real rational number may be expressed as r = nx1x2x3...xp,
where n is an integer, xi = 0, ..., 9 for i < p, xj = 0 for j > p, p may be
arbitrarily large but finite and xp 6= 0, i.e., the sequence of the decimal places
is finite. Whereas an irrational number and a recurrent decimal is given by:
ir = nx1x2x3... where all the decimal places are significant. We will consider
r, ir > 0 in the following section.

We now prove the following proposition:

For real numbers only the concept of ”two numbers separated by an inter-
val” or “two numbers coincident” have meaning but “two numbers adjacent”
is not defined. That is given any two real numbers we can always find a real
numbers lying between the two.

If r is an integer (> 0) and M = rx1x2x3...xp, with all but xp (= 1) are
zero and p may be arbitrarily large, then the number of decimal places having
value zero before xp = 1 can be increased arbitrarily to construct a number less
than M and closer to r and it is not possible to define a number to be adjacent
to r. Similar will be the case for N = (r − 1).999...xi ,with all the decimal
places up to xi are 9 for i arbitrarily large, to construct a number greater than
N and closer to r, i.e, the number of decimal places having value 9 can be
increased arbitrarily and it is not possible to define a number to be adjacent
to r. We can illustrate this issue with the representations discussed before the
proposition. The numbers r and (r−1).999... where all the decimal places are 9
equivalent. Thus we can form the number (r− 1).999...xi = 899.. and applying
arguments similar as above to the i-th decimal place we can show that it is
not possible to define a number adjacent to r. This is also same as subtracting
M = 0.000...x=1 from r and applying arguments similar to those discussed at
the beginning of this paragraph.
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Similar as above will be the arguments with (n ≥ 0) r = n.x1x2x3...xp,
M = n.x1x2x3...xj (xi same for both for 1 ≤ i ≤ p) with all xi (i > p) but
xj (= 1) (j > i) are zero for j arbitrarily large and for N = n.x1x2x3...yp999...xj
with the p -th decimal place yp = xp − 1 and all xj for j arbitrarily large are
equal to 9.

For irrational numbers like (ir)1 =
√
2, π we can prove the proposition using

the rational approximation as considered in the standard literature. We can also
apply the above arguments for recurrent decimals. Following the constructions
in the preceding paragraphs it is easy to show that between any two irrational
number there exist a rational or irrational number.

For r ≤ 0 the corresponding arguments to prove that “two numbers are
adjacent” is not defined are very similar as in the preceding paragraphs.

These arguments together with the completeness of the Decimal number
system (in the context of number systems) prove the above proposition.

We now consider a few aspects about irrational numbers defined in the con-
ventional way. If we represent irrational numbers in terms of nested families
of closed intervals [2] with rational boundaries then we will have to assign a
corresponding non-zero length (as for Euclidean space length is same as the
difference of the rational boundaries) to the null rational interval representing
a single point on the real line corresponding to the irrational number and this
is not well-defined. On the other hand we can assume that between two ra-
tionals there exist a set of irrational numbers with forming a line-interval with
continuum cardinality [4]. (This has some consequence for first countability of
the real line [5]) We now consider the null rational interval [0, r]. Whatever r

can be we can multiply this interval with a factor of the form (10)M (r can be a
surreal number and M can be a superreal number [6]) and the resultant interval
should contain an infinite number of rationals [2] although all the numbers in
the interval [0, r] (apart from the two boundaries) are irrational and multiply-
ing an irrational number by (10)M can not give us a rational number. Thus we
take the point of view of [7], i.e, the rational approximations of an irrational
number form a dense set about the irrational number and the rational approxi-
mation give us the irrational number in the limit when the number of significant
decimal places are infinite, i.e, when the number of significant decimal places
never terminate. For a recurrent decimal and an irrational to be adjacent the
irrational should differ from the rational at some finite decimal place and argu-
ments similar as discussed earlier demonstrate that it is not possible to define
an irrational and a recurrent decimal to be adjacent.

These discussions also lead us to conclude that it is not possible to define
a successor for real numbers. If we do not accept the point of view of [3]
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to break the fact that real numbers form a dense set then this aspect of real
numbers is in accordance with geometric continuity as defined at the beginning
of this article. That is, as far as coordinatization is concerned, the real numbers
characterize line-intervals, which can be arbitrary, with respect to a point chosen
to represent the number zero, the origin. This scheme of coordinatization differs
from the conventional way where we consider the the infinite straight line to be
a collection of points with continuum cardinality and try to have a one-to-one
relationship between the points and the real numbers. In this context we can
reformulate the completeness of the real numbers in the following way:

if we chose any interval on the infinite straight line (real line in the sense
that the length of the intervals on the line is characterized by real numbers) the
length can be expressed either in terms of a rational number or an irrational
number.

We note as the real line cannot be defined as a collection of points we have
to introduce the concept of collection of one-dimensional line elements as a
fundamental mathematical entity which can be characterized into four classes:

(i)one-dimensional line elements without boundaries

(ii)one-dimensional line elements with one boundaries

(iii)one-dimensional line elements with two boundaries

(iv)one-dimensional line elements with the two boundaries identified (e.g, a
circle)

We now demonstrate the consistencies of the discussions regarding geomet-
ric continuity and coordinatization of this article in the following way. We can
define the radius of a circle as the perimeter over 2π. As is proved earlier the
values of the radius can only be defined through intervals and the concept of
two concentric circles with adjacent values of radii is not defined. This fea-
ture is consistent with the fact that we can not obtain a two-dimensional disk
from a collection of one-dimensional circles. We have to introduce the two di-
mensional circular strips as fundamental mathematical objects to construct a
two-dimensional disk in the above way. Similar arguments for two dimensional
spheres (where the radius is now defined as the positive square root of the area
of the two-dimensional sphere over 4π) illustrate that we can not have a three
dimensional volume element from a collection of two dimensional spheres and
we have to consider three dimensional volume elements as fundamental math-
ematical entities. These discussions can be extended to higher dimensions.

A natural consequence of the above discussions is the fact that even if
a physical variable is a geometric continuum its values are defined through
intervals with respect to a reference value and form a dense set. Existence
of quanta are restrictions on the values of these intervals leading to isolated
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spectrum.

The finite volume of the elementary particles and their displacements are
in accordance with the geometric continuum structure of space. Within the
context of classical mechanics time is realized through the changes in the con-
figuration of a system. To illustrate we can consider the coordinates of a moving
particle to characterize time. In the conventional definition of a line as collec-
tion of points we can define time to be a geometric continuum, as a collection
of points, by a one-to-one correspondence between the possible coordinates of
the particle on the line and the instants of time. However as we have discussed
in this article a line is not a collection of points. Line-intervals are fundamental
geometric objects. Only changes of position of the particle by a non-zero line-
element is meaningful. The coordinates do not form a geometric continuum but
form a dense set characterizing line-intervals with respect to a chosen point as
the origin. Thus if we define the instants of time through a one-to-one corre-
spondence with the possible coordinates of the moving particle we will have a
dense set structure for time. However the General Theory of Relativity is a the-
ory governing the dynamics space-time intervals themselves. The kinematical
equivalence of space and time intervals indicates that time should be a geomet-
ric continuum in the same way that space is. The space-time coordinates of
events form a dense set.

Unlike the motion of points, line-elements and area-elements the motion of
three-dimensional objects form a geometric continuum of the same dimension
as that of the objects themselves. Thus the three dimensional spatial geometry
of the Universe is realized through the finite three dimensional volume of the
fundamental particles and the finite three dimensional volumes of the funda-
mental particles lead to three spatial dimensions for the Universe. The concept
of orientation with a proper convention is an essential aspect to formulate the
laws of Classical Electrodynamics consistent with the energy conservation law
[8]. The fact that in general, apart from the case when the normal to the plane
of the loop is perpendicular to the magnetic field, a time-varying magnetic field
always induces an electric current in a closed loop obeying Faraday’s law (con-
sistent with the energy conservation law) indicates that there is no ambiguity
in defining the normal to the plane of the loop and the spacial geometry is of
three dimensions as far as Classical Electrodynamics is concerned.
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3. Conclusion

To summarize, in this article we have established that a line-interval is not a
collection of points and we will have to consider line-intervals as fundamental
geometric objects. Similar discussions are valid for higher dimensional geomet-
ric continuum. We have used the fact that real numbers form a dense set: ”For
real numbers only the concept of ”two numbers separated by an interval” or
“two numbers coincident” have meaning but “two numbers adjacent” is not
defined” and discussed the relation of these two facts in the context of how to
define coordinatization. We have also discussed in brief the the relationships
of these aspects and the three spatial dimension with the the kinematical and
dynamical properties of the Elementary particles and Electromagnetic fields.

We conclude this article with a few discussions:

Firstly, we can not express the Cartesian plane R2 in terms of the direct
product R1×R1. R1 is not just a collection of points. Hence it is not possible to
express R2 as the union of the corresponding number of R1s. Also we have dis-
cussed earlier that we can not express a two-dimensional geometric continuum
as a homogeneous collection of one-dimensional geometric continuum. Since
R2 can not be expressed as a collection of curves, the tangent vector space at
any point on R2 can not be identified with R2. The above discussions are also
valid in higher dimensions. This aspect also illustrate the fact that we can
not define higher dimensions greater than one in terms of possible motion of a
point particle as neither a two-dimensional area-element nor a three-dimensional
volume-element is a collection of one-dimensional line-elements. These discus-
sions are significant for Differential Geometry. We now illustrate in brief the
significance of these discussions in the context of classical statistical mechanics
of a system of particles. We define the configuration-space to be the collection
of possible spatial coordinates of the particle. As we have illustrated earlier
the configuration-space forms a dense set (a dense vector space when the di-
mension is greater than one). The momentum of a particle moving along a
line is defined through associating possible values of the momentum with the
possible positions of the particle in a given time starting from a fixed point.
For a single particle moving in one-dimension the corresponding momentum at
any point is not a geometric continuum but form a dense set as changes in the
position of the particle through arbitrary but non-zero intervals are only mean-
ingful. Also the discussions at the beginning of this paragraph indicates that in
higher dimensions the momentum of the particle at any point, tangent vector to
the possible trajectories of the particle at that point, do not form a geometric
continuum but is a dense vector space. Thus the dynamical states of the par-



GEOMETRIC CONTINUITY AND COORDINATIZATION 259

ticle is characterized by the coordinate dense set (the configuration-space) and
a corresponding dense collection of the momentum space dense set. The fact
that the coordinates and the momentums form a dense (vector) space indicates
that physically we can only approximate the corresponding phase-space to a
geometric continuum. The above discussions can be extended when the num-
ber of particles is greater than one. We will later illustrate the significance of
these discussions in the context of the corresponding path-integral formulation
of statistical mechanics.

Secondly, let us consider two sets each containing a single object: a closed
line-element. The line-elements are intersecting but non-coincident everywhere.
The intersection of these two sets is a set containing points which are fundamen-
tally different from line elements. Also as a line-element is not just a collection
of points a set-theoretic union to form a closed line-element out of a set of
half-open line-elements and a set of points is not well-defined as the above
mentioned sets contains elements that are geometrically and thereby intrinsi-
cally different. Similar discussions remain valid in two dimensions when two
area elements intersect along a line-element and in three dimensions when two
closed volume-element intersect along a common boundary. These problems
may be solved by defining a universal set containing all possible geometric-
elements including points. The union or intersection of any two elements from
this universal set give us an element which belong to this universal set.

A few other consequences of the definition of the geometric continuum given
in this article had been discussed in reference [9]. Discussions on discrete man-
ifolds can be found in reference [10].

References

[1] W.K. Clifford, The postulates of the science of space, The World of Math-

ematics, 1 (Ed. James Newman), Dover Publications, Inc.

[2] R. Courant, F. John, Introduction to Calculus and Analysis, Volume 1,
Springer.

[3] L. Carroll, Continuity, The World of Mathematics, 4 (Ed. James Newman),
Dover Publications, Inc.

[4] W. Rudin, Introduction to Topology and Modern Analysis, Mc Graw-Hill
Book Company.

[5] K. Ghosh, A few comments on classical electrodynamics,
http://arxiv.org/abs/physics/0605061



260 K. Ghosh

[6] Wikipedia, The Free Encyclopedia.

[7] R. Dedekind, Irrational numbers, The World of Mathematics, 1, (Ed.
James Newman), Dover Publications, Inc.

[8] D.J. Griffiths, Introduction To Electrodynamics, Prentice-Hall of India
(1989).

[9] M. Klien, D. Shadmi, Organic mathematics, International Journal of Pure
and Applied Mathematics, 49, No. 3 (2008), 329-340.

[10] R. Sorkin, Causal sets and discrete spacetime, AIP Conf. Proceedings, 861
(2006), 79-88.


