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Abstract: In this paper some new generalized R-Norm measures of useful
relative information have been defined and their particular cases have been
studied. From these measures new useful R-Norm information measures have
also been derived. We have obtained J-divergence corresponding to each mea-
sure of useful relative R-norm information. in the end, an equality satisfied by
useful J-divergence of type S has been proved.
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1. Introduction

Let P = {(p1,p2, -, Pn),0 < p;i <1}, Q = {(q1,92, -+, qn), 0 < ¢; < 1}be two pos-
terior and priori distributions of a random variable having utility distribution
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U = (uj,ug,...,u,),where u; > 0 is the importance or usefulness of an event
E;. A measure of directed divergence D(P : Q;U) of (P;U) to (Q;U) has to
satisfy the following conditions:

() D(P: Q;U) >0,
(ii) D(P: Q;U) =0 iff p; = g; for each 1.

(iii) D(P : Q;U) is a convex or pseudo-convex function of py,pa,...,p, as
well as qi1,q2, ..., qn-

Bhaker and Hooda[l] defined and characterized ‘useful’ directed divergence
measure given as below.

D(P+ Qi) = S o) m

This measure satisfies all three conditions (i) - (iii) provided Y | pju; >
> ity qiu; we do come across some practical problem where we are to minimize
D(P : Q;U) with constraints > ", pju; > > ;" ¢u; e.g. A manufacturer
makes n different types of articles in proportions g¢i,qo, ..., q, having profit of
UL, U2, ..., Uy respectively.

On the basis of availability of labour and raw material he plans to change
the proportions of articles to p1,po, ..., pn; however, close to g1, qo, ..., q, such
that the average profit may not decrease i.e. > ' | piu; > > 1y qiu;

To obtain p;’s we minimize

S wipi log(pi/ ;)

D(P:@Q;U) = S

subject to
n n
Zpiui > qui
i=1 i=1

It may be noted that D(P : Q;U) is not a metric as it does not satisfy symmetric
and triangle inequality. However D(P : Q;U) satisfy convexity property (iii)
which we need to minimize D(P : Q;U) as a function of P or @ subject to
Dy pius 2 3oy qiwi and 3oy pi =0 i = 1.
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2. Some Requisite Results

(a) For all probability distribution P and Q having attached with Utility dis-
tribution U,
1
Sy wipfg "\ "
D iy Uipi

according to R z 1 provided Y1 | piu; > >0 qiug
Proof. By Holder’s inequality, for R > 1.

S i > [z (uffpff)R] [zuw 3R>1R]
=1

i=1 =1

1

AV

1—

= Z uipig; > [Z uipi] [Z uiQi] 2 Z UiPis
i=1 i=1 i=1 i=1

. n n
sice Zi:1 Pilly = Zi:1 qil;

n R 1-R
D i WiD; G

= >1
Z?:l Ui Pj
1
R 1-R\ R
. Z?:1 U;P; d; >1
D ieq Wibi B

1

_ S uplg TN . T
For R=1, S e = 1 for all probability distributions.
i=1 WiPi

Also if R # 1 and p; = ¢; for each i, i.e. P =@ , we have

1
(Z?zl umf%“) "

Z?:1 U;Pi

1
. 27.7’71 uiqu.17R R
and in other cases | ==l — 1.
Z?:1 UiPi ?é

1

1-R\ R
R_ [ Xiywiry; ; ;
(b) =% ( St is a convex function of P and Q.

Proof. We prove this in the following steps:
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n R 1-R

Step 1. Let S = Z@lzi%% if we differentiate S partially w.r.t. p; taking
i=1 WiPi

all ¢; and u; fixed, then )" | u;q; is fixed and thus Y"1 | piu; > >0 qiu, is

constant. Hence we can write

S=Cy", ulpf%qz1 B where % =3Pt > Yo qiu; >0

a5 R—1 _1-R
N Ru; 2
o, = CRu;p;" "q; (2)
and 028
= R(R —1)Cu;pli—2¢ 1. (3)

op?

2

o uzpz Rg, R

For R > 1, (3) is positive therefore Z —— Is a convex function of P.

Sr wipfig "\ B .
and hence % is concave function of P.

Zz 1 UiDq
S uzpz Rg, "

For 0 < R <1, (3) is negative therefore Z oy 1S a concave function

R 1—R R
of P and hence (%) is convex function of P.

1

.. n upRgl~R\ R . .
Similarly, we can prove that (22%17%%_ is concave function of ) for
i=1 YiPi

R > 1 and is convex function of @) for 0 < R < 1.
Step 2. Since % <0 for R>1and > 0 for R < 1, therefore,

1
R (S uiple ™"
1-R Z?:1 UiPj

is a convex function of P and @ for all R > 0 provided > 7" | pju; > > 1 qiu;.

3. A Generalized Measure of ‘Useful’ R-Norm Relative Information

We consider the function

Dr(P: Q:U) = 1+ ¢<1>—¢<

S uiplfql "
1-R ) J

Z?:l Ui Pi

where ¢(x) is a monotonic increasing convex function of x, then

R 1-R R 1-R
R>1:><Zznzp’qZ ) 21:>¢<z‘1uzpzq‘ ) > ¢(1)

i=1 WiPi Zi:1 UiPq
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:>DR(P Q:U) >0
1-R 1-R
0<R<1= iy s <1=>¢ ISR <¢(1)
Z?:l UiPj ? 1 WiPi -
= Dp(P:Q;U) >0

As R 1, D(P: Qi) — () Epredi),

74p74
Also for p; = g; for each i , Dr(P: Q;U) =0

LR ¢(1)_¢<Z  vipfial R) |-

1-R Zi:1 UiP;

1-R 1-R
Zn Zizl Ui P;

i=1 WiPi

=-either R =1 or p; = ¢; for each i.

Since an increasing convex function of a convex function is a convex function
and ¢(x) is a monotonic increasing convex function and R > 1 therefore, Dy (P :
Q;U)is a convex function of P and Q.

Similarly, if ¢(x) is a concave function and 0 < R < 1, then by the facts
that an increasing concave function of a concave function is a concave and
the negative of a concave function is a convex function, Dr(P : Q;U) is a
convex function of P and . Thus we can use Dg(P : Q;U)as a measure of
useful relative information if R > 1 and ¢(z) is any monotonic increasing twice
differentiable convex function of z and if 0 < R < 1 and ¢(z) is any monotonic
decreasing twice differentiable concave function of x.

4. Special Cases

R, 1-R
(4) DR,j(P3Q§U):iR 1_<Zznzpz% ) J’ (4)

1- i=1 WiPi

where R>1land j>1lor0<R<land0<j <1,
(ii) When j=1, (4) gives

DR(P:Q;U):i 1_<Zn1u1pf{q3 R’>RJ (5)

2 i1 UiDi
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which is generalized R-Norm useful relative information measure. If u;=1 for
each 7, then

Dry(P Q)= 11— 1—<Zpﬁq33> | (6)
=1

which is R-Norm relative information measure for Boekee and Lubbe[2]

Yo uipilog B
iii LimDgpi(P:Q:U) = j— %
(iii) Lim Dy (P : QsU) = =5

which is j multiple useful relative information measure characterized and studied
by Bhaker and Hoodall].
(iv) If u; = 1 for each ¢ , then(7) , gives j> ., pilog (%), which is j-

multiple of Kullback and Leibler[5] measure of directed divergence.

(7)

5. Measure of ‘Useful’ Information

Let C' = (%, %, e %) be uniform distribution. Then:

i wiPil i .
(a)D(P:C;U) = % > 0, since np; > 1;

(b)D(P : C;U) =0, if P = C;
(¢)D(P : C;U) is a convex function of P.
We see that D(P: C;U) =logn + M

i=1 Ui P4

= D(C;U) — D(P;U),

where D(P;U) = —W is useful information measure characterized
by Bhaker and Hooda[l].F

So to minimize D(P : C;U) we maximize D(P;U).

(d) D(C;U) = D(P;U)

(e) D(C;U)=D(P;U)if P=C

(f) D(P;U) is a concave function of P. Thus D(P;U) is useful information
measure of P and U corresponding to ‘useful’ directed divergence measure D(P :
Q;U).

Next we define

==

R
HR7¢(P;U): 1-R

(B ]
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so that

and

H .(p. U) = R Z?:l uipﬁnR_l i ( R—l)%
A . 7 D ey Wi ' J
: no . R\ &
_ (nR—l) % R Zznil uzpz -1 (11)
1-R Zi:1 U P J
For j =1, we get
R, 5 =n mn -
! 1-R Z’i:l Ui Pi

When R — 1, the measure (8), (11) and (12) respectively reduces to

Yo uipilog pi)
H P;U:—¢/1< = 13
L(PiD) =~ (1) ( (13
Yo wipilog p;
H,;(P;U) = —j==5 14
Ll ) Dim1 WiDi 14)
iy wipi log p;
Hl,l(P; U) — _szln p gD (15)
Zi:1 UiPi
If we take ¢(z) =logz in (8), we get
1
R S upEnfttINE R-1
Hpo(P;U) = — |1 P -1
Ro(PiU) = g los (Z5 et og(n ")
1 D i wipy’
Hpg = 1 B 16
o 1—R0g(2?:1uz‘pz‘>’ 16)

which is Bhaker and Hooda’s[1] measure of useful information of order R.
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If u; = 1 for each i, then from (16), we have

Hpo(P;U)

logzpz : (17)

which is Renyi’s entropy[7] of order R.
For the independent distributions P and @) having U and V respectively as
utility distributions from (11), we have

1-R Do WiDi iy V54

_ R <zz;1uipf>f% Xt v\
1-R > uip; PSR J

R (R=1)j 1-R 1-R
= 1= }%?Z R [{:————?75—33;-}1j3h7(}3 l[) + ]}> {:____773_117‘F{I{J ((2 ‘/) + 1:} — 1}
Rn R Rn R

J
—1)j noupB Y g\ R
Hoyj(P+Q : UxV)= R (B <Zzl wiplt 0 v]qj> _1J

L (PO HR,(Q:V) + Hey(PiU) + Hey(QiV)  (18)

(R-1)j
n~_ R

which is a well known functional equation and proves that measure (11) is non
additive.

6. Measure of Useful J-Divergence of type

Now we define a measure of symmetric divergence called J-divergence of type
s.
Jg(P:Q; U)=Dg(P:Q;U)+ Dg(Q: P;U)

Sy ui(p] — q) log(2)
L — , B>0. (19)
Zi:1 Uip;
In case utilities are ignored i.e. u; = 1 for each i , (18) reduce to
S () — ) log()
2lie1 piﬁ

Js(P; Q) =
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Theorem. 1. Jg(P : Q; U) is not a homogeneous function in U. However,
ifU* = (U, Us,..UY)) , o > 0 be the a-power utility distribution , then the
following inequality holds:

9 e @Jg(P QiU

n o, B

where E(P) =", u'p; =constant.

Proof. Let Jg(P : Q; U) be a homogeneous function of degree « in utility
distribution. Then by Euler’s theorem, we have

a XS ui(p] — qf) log(pi/ai
J3(P:Q;AU) = X"Jg(P:Q; U) = iz (n g pi/4:)
D i1 Wip;

= \1Jg(P: Q; \U)

It implies \> ' =1lora=1
Hence Jg(P : Q; U) is not a homogeneous function in U.
From (19), we have

S u@(p) —q))log(pi/a)

Dic1 U?Piﬁ
noou B_ B og(pi/q;
— Dis1 U (sz(]zz) ) log(pi/qi) (20)

Differentiating (20) with respect to u; and multiplying by u; on both sides and
taking summation over ¢, we get

Ja(P:Q; U”) =

= 0 aJg(P:Q;U%)
i—Jg(P:Q;U%) = ,
G e 1
Hence theorem is proved.
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