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ON NORMALIZED SEMI PARALLEL

T
′-VECTOR FIELD IN FINSLER SPACE
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Abstract: The semi-parallel vector field in Riemannian geometry has been
introduced by Fulton [3], whereas in Finsler geometry by Singh and Prasad
[9], for instance, concurrent vector fields and concircular vector fields are semi
parallel. The purpose of the present paper is to introduce Normalized Semi
Parallel T ′-vector field in Finsler space and to study the properties of some
special Finsler spaces with this vector field. For instance, there in no such
vector field in non-Riemannian C-reducible Finsler space. The notations and
terminologies are referred to the monograph [5].
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1. Introduction

Let Mn be an n(≥ 2) dimensional Finsler space endowed with a fundamental
function L = L(x, y), where x = (xi) is a point and y = (yi) is a supporting
element of Mn. The metric tensor gij , angular metric tensor hij and (h)hv-
torsion tensor Cijk of Mn are respectively given by
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gij =
1

2

∂2L2

∂yi∂yj
, hij = L

∂2L

∂yi∂yj
and Cijk =

1

2

∂gij

∂yk
.

So that in terms of normalized supporting element li =
gijy

j

L
, the angular metric

tensor can be written as hij = gij − lilj. The T - tensor Tijkh of Mn is defined
as [5]

Tijkh = LCijk|h + Cijklh + Cjkhli +Ckhilj + Chijlk, (1.1)

where the symbol | means the v-covariant derivative with respect to Cartan
connection CΓ of Mn. Transvection of (1.1) by the reciprocal metric tensor gkh

of gkh gives

Tij = LCi|j + Cilj + Cj li, (1.2)

where Tij(= gkhTijkh) and Ci(= gjkCijk) are called T ′-tensor and the torsion
vector of Mn respectively. If the T ′-tensor Tij of Mn vanishes, then Mn is
called Finsler space with T ′-condition. For instance, a Cv-reducible Finsler
space [7] satisfies T -condition as well as T ′-condition. If the T ′-tensor Til of
a Finsler space Mn is written Tij = αhij , then Mn is called a Finsler space
with semi-T ′-condition [1] and if the T ′-tensor Tij of a Finsler space Mn is

written as Tij = α′hij−( β
C2 )CiCj , then Mn is called a Finsler space with quasi-

T ′-condition [2]. For instance, a C-reducible Finsler space satisfies semi-T ′-
condition and a semi-C-reducible Finsler space with constant coefficient satisfies
quasi-T ′-condition. The semi parallelism of vector fields in Finsler spaces has
been introduced by Singh and Prasad [9] as follows.

Definition. A normalised vector field Xi in a Finsler space Mn is said to
be semi parallel if:

(a) Xi is function of coordinate only,

(b) Ci
jkXi = 0, and

(c) Xi|j = ρ(gij −XiXj), where the symbol | means the h-covariant deriva-
tive with respect to Cartan connection CΓ of Mn.

Further Izumi [10] introduced the h-vector field vi which is v-covariant con-
stant with respect to CΓ and satisfying LCi

jkXi = σhjk. Pandey and Diwedi [8]
studied normalized semi parallel Ch-vector field (Xi) satisfying the condition
(a) Xi|j = 0, (b) LCi

jkXi = αhjk + βL2CjCk and (c) Xi|j = ρ(gij −XiXj).

The purpose of the present paper is to introduce normalized semi parallel T ′-
vector field and to study the properties of some special Finsler spaces admitting
this field.
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Definition 1.1. A normalized vector field Xi in a Finsler space is said to
be semi parallel T ′-vector field if:

(a) Xi|j = 0,

(b) LCi
jkXi = Tjk, and

(c) Xi|j = ρ(x)(gij −XiXj).

Throughout the paper the vector field Xi is assumed to be positively ho-
mogeneous of degree zero in yi.

Remark. A normalized semi parallel T ′-vector field Xi, in a Finsler space
with T or T ′-condition, is a normalized semi parallel vector field. A normalized
semi parallel T ′-vector field Xi, in a Finsler space with semi-T ′-condition and
quasi-T ′-condition, is normalized semi parallel h-vector field and Ch-vector field
respectively.

Proposition 1.1. There is no normalized semi parallel T ′-vector field
parallel or perpendicular to line element li.

Proof. If possible let Xi = λ(x, y)yi, where λ is homogenous of degee (-
1) with respect to y. Differentiating v-covariantly with respect to yj and using
condition (a) of definition(1.1), we have yi ∂λ

∂yj
+λδij = 0. Summing with respect

to i and j using homogenity of λ, we have (n − 1)λ = 0, i.e., λ = 0, which is a
contradiction, because Xi 6= 0.

Further if we assume Xiy
i = 0, then differentiating v-covariantly with re-

spect to yj and using condition (a) of definition(1.1), we have Xi = 0, which is
again a contradiction.

Proposition 1.2. The scalar ρ in definition(1.1) is function of position
only.

Proof. If possible let ρ = ρ(x, y). Consider the second Ricci identity [5], for
normalized semi parallel T ′-vector field Xi

Xi|j|k −Xi|k|j = −XhP
h
ijk −Xi|hC

h
jk +Xi|hP

h
jk (1.3)

Using (a) and (c) of definition(1.1) we have

∂ρ

∂yk
(gij −XiXj) = −XhP

h
ijk − ρ(Cijk −XiL

−1Tjk) (1.4)

Contracting by yj and using P h
ijky

j = 0, Tjky
j = 0 and Cijky

j = 0, we have
∂ρ
∂yk

(yi −X0Xi) = 0. Since (yi −X0Xi) = 0, contradicts the proposition(1.1),

we have ∂ρ

∂yk
= 0, that is, ρ is function of position only.
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Theorem 1.1. If Xi be a normalized semi parallel T ′-vector field in a
Finsler space Fn then:

(a) XhS
h
ijk = 0,

(b) XhP
h
ijk = −ρ(Cijk −XiL

−1Tjk), and

(c) XhR
h
ijk = −gij(ρk + ρ2Xk) + gik(ρj + ρ2Xj) +Xi(ρkXj − ρjXk), where

ρk stands for ρ|k.

Proof. Consider the third Ricci identity [5]

Xi|j |k −Xi|k|j = −XhS
h
ijk

Using condition(a) of definition(1.1), we have XhS
h
ijk = 0. Using the fact ρ

is function of position only in equation (1.4), we have XhP
h
ijk = −ρ(Cijk −

XiL
−1Tjk). Finally consider the Rici first identity

Xi|j|k −Xi|k|j = −XhR
h
ijk −Xi|hR

h
jk.

Using conditions (a)and (c) of definition(1.1), we have

XhR
h
ijk = −gij(ρk + ρ2Xk) + gik(ρj + ρ2Xj) +Xi(ρkXj − ρjXk).

2. Two and Three Dimensional Finsler Spaces

with Normalized Semi Parallel T ′-Vector Field

In this section we shall consider two and three dimensional Finsler spaces ad-
mits normalized semi parallel T ′-vector field. Let F 2 be a two dimensional
Finsler space with Berwald frame (li,mi), where li is the normalised support-

ing element: li = yi

L
, mi is the normalised torsion vector: mi = Ci

C
, see [5], so

that the (h)hv torsion tensor of M2 is written as

LCijk = Imimjmk

where I is called the main scalar of M2. The T -tensor and T ′-tensor of M2

can be written as [5] Tijkh = I;2mimjmkmh and Tij = I;2mimj = αhij , where
I;2 = I|jm

j. Any vector Xi of F
2 can be written as Xi = X1li +X2mi, where

X1 = Xil
i and X2 = Xim

i. Let Xi be normalized semi parallel T ′-vector field.
Substituting the values of LCijk and Tij in condition (b) of definition (1.1), we
have

X2 = (log I);2 (2.1)
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where (log I);2 = (log I)|tm
t. Consider the h-torsion tensor of F 2 (see [5])

Rijk = Rhijky
h = LRmi(ljmk − lkmj). (2.2)

Contracting this equation by Xi, we have

XiRijk = Rhijky
hXi = RX2(yjmk − ykmj). (2.3)

Further contracting equation(c) of theorem(1.1) by yi and using proper dummy
suffixes, we have

Rhijky
hXi = yk(ρj + ρ2Xj)− yj(ρk + ρ2Xk) +X0(ρkXj − ρjXk) (2.4)

Equating equations (2.3 ) and (2.5) and contracting by lkmj , we have

ρ2X
2
1 − (log I);2[(R + ρ2) + ρ1X1] + ρ2 = 0. (2.5)

Theorem 2.1. If Xi be a normalized semi parallel T ′-vector field in F 2

then Xi = X1li + (log I);2mi, where X1 is given by equation (2.5).

Now consider a three dimensional Finsler spaceM3 with Moor frame (li,mi,

ni), where li is the normalised supporting element: li = yi

L
, mi is the normalised

torsion vector: mi = Ci

C
and ni constructed by gij l

inj = 0 = gijm
inj and

gijn
inj = 1, so that the (h)hv torsion tensor of M3 is written as

LCijk = Hmimjmk − Jπ(ijk)(mimjnk) + Iπ(ijk)(minjnk) + J(ninjnk) (2.6)

where the functions H, I and J are main scalars of M3 satisfying LC = H + I

and the notation π(ijk) indicates cyclic permutation of indices i,j,k and sum-

mation, see [5]. Contraction of (2.6) by gjk gives

LCi = (H + I)mi = LCmi. (2.7)

Differentiation of (2.7) v-covariantly with respect to yj gives

Tij = LCi|j +Cilj +Cj li = (LC);2mimj +Cv3ninj +Cv2(nimj +njmi), (2.8)

where vi is v-connection vector of M3 given by vi = v1li+v2mi+v3ni satisfying
v1 = 0 and v2 = C−1(LC);3 (see [5]).

Now any vector Xi of F 3 can be written as Xi = X1li + X2mi + X3ni,
where X1 = Xil

i, X2 = Xim
iand X3 = Xin

i. Let Xi be normalized semi
parallel T ′-vector field. Substituting the values of LCijk and Tij in condition
(b) of definition (1.1), we have

HX2−JX3−(LC);2 = 0, −J+IX3−Cv2 = 0 and IX2+JX3−Cv3 = 0. (2.9)
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Eliminating X2 and X3 from three relations of equations(2.9), we have

(LC);2(J
2 + I2) + Cv2(LCJ) +Cv3(J

2 −HI) = 0. (2.10)

In particular, if v3 = C−1(LC);2 then Sv3+LCJv2 = 0, where S = 2J2+I2−HI

is the v-scalar curvature of F 3.

Theorem 2.2. If a three dimensional Finsler space F 3 admitting a nor-
malized semi parallel T ′-vector field Xi, then (LC);2(J

2 + I2) + Cv2(LCJ) +
Cv3(J

2 − HI) = 0. In particular if v3 = C−1(LC);2 then Sv3 + LCJv2 = 0,
where S = 2J2 + I2 −HI is the v-scalar curvature of F 3.

3. Special Finsler Spaces with

Normalized Semi Parallel T ′-Vector Field

In this section we consider the behaviour of some special Finsler spaces, for
instance, Landsberg space, Finsler space with scalar curvature, C-reducible
space, S-4 like Finsler space admitting a normalized semi parallel T ′-vector
field.

Definition. (see [5]) An n dimensional Finsler space Fn is Landsberg space
iff its hv-curvature Phijk vanishes.

Theorem 3.1. If a Landsberg space Fn admits a normalized semi parallel
T ′-vector field Xi then the scalar ρ vanishes.

Proof. Since Fn is Landsberg Phijk = 0. From condition (b) theorem(1.1),
we have

ρ(Cijk −XiTjk) = 0. (3.1)

Contracting above equation by yi, we have ρX0Tjk = 0 but X0 6= 0 due to
proposition (1.1). If possible let ρ 6= 0, then Tjk = 0. From equation (3.1) we
have ρCijk = 0, which gives Cijk = 0 i.e., the space is Riemannian, which is a
contradiction. Hence ρ = 0.

Now consider a Finsler space with scalar curvature which is characterized
by [5]

Rhjk = −yiRhijk =
1

3
L2(K|jhhk −K|khhj) +K(yjhhk − ykhhj). (3.2)

where K is positively homogeneous of degree zero in yi and called scalar cur-
vature of Fn. Contracting above equatioin by Xh and using condition(c) of
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therem(1.1), we have

yk(ρj + ρ2Xj)− yj(ρk + ρ2Xk) +X0(ρkXj − ρjXk)

=
1

3
L2(K|jhhkX

h −K|khhjX
h) +K(yjhhkX

h − ykhhjX
h)

(3.3)

Again contraction by yk gives

(L2(ρ2 +K) +X0ρ0)Xj − (ρ0 +X0(K + ρ2))yj + (L2 −X2
0 )ρj = 0 (3.4)

i.e., Xi = λyi+µρi provided L2(ρ2+K)+X0ρ0 6= 0, where λ = (ρ0+X0(K+ρ2))
(L2(ρ2+K)+X0ρ0)

and µ =
(X2

0
−L2)

(L2(ρ2+K)+X0ρ0)
.

Theorem 3.2. If Fn be a Finsler space with scalar curvature admitting
a normalized semi parallel T ′-vector field Xi then Xi = λyi + µρi provided

L2(ρ2 +K) +X0ρ0 6= 0 where λ = (ρ0+X0(K+ρ2))
(L2(ρ2+K)+X0ρ0)

and µ =
(X2

0
−L2)

(L2(ρ2+K)+X0ρ0)
.

Now consider a C-reducible Finsler space, which is characterized as follows.

Definition. (see [5],[6]) An n(n ≥ 3) dimensional Finsler space is called
C-reducible if the tensor Cijk is written in the form

Cijk =
1

n+ 1
(hijCk + hjkCi + hkiCj). (3.5)

The T ′-tensor Tjk of a C-reducible Finsler space can be written as [5]

Tjk = LCj|k +Cj lk + Cjlk = αhjk (3.6)

where α = LCi|i
n−1 . Substituting the values of Cijk and Tjk in equation (b) of

definition (1.1), we have αhjk = L
n+1(YjCk + YkCj + (CiX

i)hjk), where Yk =

hjkX
j but from (3.6) and condition (b) of definition(1.1) we have LXkC

k =

Tjkg
jk = α(n−1) therefore αhjk = L

n+1(YjCk+YkCj +
α(n−1)

L
hjk) i.e., 2αhjk =

L(YjCk + YkCj). Contrating by Cj we have

2αCk = L[(CiX
i)Ck + C2Yk] (3.7)

Again contracting by Ck, we have

(α− L(XkC
k))C2 = 0 (3.8)

i.e., α(n− 2)C2 = 0 but n ≥ 3. If α = 0 then Tjk = 0 and hence T -tensor of C-
reducible Finsler space vanishes, which is a Riemannian space, see [7]. Further
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if C2 = 0, from equation(3.7), (n − 3)αCk = 0. But a C-reducible Finsler
space with Ck = 0 or α = 0 both reduces to a Riemannian space, therefore
we are rest only with n = 3. For n = 3 from equation (2.10) using C2 = 0,
we have Tij = 0 and hence T -tensor vanishes and therefore the space is again
Riemannian. Summarising all, we have

Theorem 3.3. There exist no normalized semi parallel T ′-vector field in
a non Riemannian C-reducible Finsler space.

Finally we consider an S-4 like Finsler spaces which is characterized by

Definition. (see [5]) An n(n ≥ 5) dimensional Finsler space is said to be
S-4 like if v-curvature tensor of CΓ can be written in the form

Shijk = hhjMik + hikMhj − hhkMij − hijMhk), (3.9)

where Mij is symmetric and indicatric tensor.

Contracting above equation by Xk and using theorem(1.1)(a), we have

Mihhj +MhjYi −MijYh −Mhhij = 0 (3.10)

where Yi = hikX
k and Mi = MijX

j . Contracting equation(3.10) by gij , we
have Mh = − M

n−3Yh and by Xh, we have

Mij = λ1hij + λ2YiYj. (3.11)

where λ1 = −MhX
h

XhYh
and λ2 = − 2M

(n−3)XhYh
. Thus we have

Theorem 3.4. If an S-4 like Finsler space Fn admits a normalized semi
parallel T ′-vector field Xi then the indicatric tensor Mij of Fn is given by
equation (3.11).
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