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Abstract: Suppose ϕ is an analytic self map of Bn and ψ is analytic on
Bn. Then a weighted composition operator induced by ϕ with weight ψ is
given by (Wψ,ϕf) (z) = ψ(z)f(ϕ(z)) for z in Bn and f analytic on Bn. Given
Wψ,ϕ : Apα(Bn) → Aqβ(Bn) we characterize boundedness and compactness of
Wψ,ϕ, where 0 < p, q < ∞ and −1 < α, β < ∞. We also characterize the
Schatten p-class weighted composition operators Sp

(

A2
α(Bn)

)

for 0 < p < ∞
and −1 < α <∞.
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1. Introduction

Let Bn denote the open unit ball in the complex n-dimensional Euclidean space
C
n. Let H(Bn) denote the space of all analytic functions in Bn. For α > −1,
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the weighted Lebesgue measure dvα is defined by:

dvα(z) = cα(1− |z|2)αdv(z),

where dv is a volume measure on Bn and

cα =
Γ(n+ α+ 1)

n!Γ(α+ 1)

is a normalizing constant so that dvα is a probability measure on the unit ball.

For −1 < α < ∞ and 0 < p < ∞, the weighted Bergman space Apα(Bn)
consists of analytic functions in Lp(Bn, dvα). In other words Apα(Bn) consists of
those analytic functions f on Bn that satisfy

‖f‖p
Apα

=

∫

Bn

|f(z)|p dvα(z) <∞.

Here the assumption α > −1 is needed, because the space Lp(Bn, dvα) does
not contain any analytic function other than 0 when α ≤ −1. It is clear that
Apα(Bn) is a linear subspace of Lp(Bn, dvα). When p = 2 and n = 1 we get the
weighted Bergman space A2

α(D) of the unit disk. If ϕ is an analytic self-map of
Bn and ψ belongs to H(Bn), the weighted composition operatorWψ,ϕ is defined
on H(Bn) by (Wψ,ϕf)(z) = ψ(z)f(ϕ(z)), for all f in H(Bn) and z in Bn. We
call ϕ the inducing map and ψ the weight function of Wψ,ϕ.

In this paper, we address the following: For Wψ,ϕ : Apα(Bn) → Aqβ(Bn),
where 0 < p, q < ∞ and −1 < α, β < ∞, when is Wψ,ϕ bounded and when
is it compact? Cuckovic and Zhao (see [3], [4]) studied the boundedness and
compactness of the weighted composition operators acting on A2

α(D). In Section
2 and 3 of this paper, we generalize the results of [3] and [4] to the unit ball. In
terms of the Carleson-type measure, Ueki [14] characterized the boundedness
and compactness of Wψ,ϕ from Apα(Bn) into A

q
β(Bn) when 0 < p ≤ q < ∞. By

using techniques similar to [4], Luo and Ueki [9] characterized the boundedness
and compactness of Wψ,ϕ from Apα(Bn) into A

q
β(Bn) when 0 < q < p <∞. Our

results are more general than those in [9] and [14].
In Section 4, we characterize the Schatten p−class of weighted composition

operators on A2
α(Bn). Luecking and Zhu [8] found a criteria of the Schatten

p−class membership on Hardy and Bergman spaces of the unit disk, by us-
ing the Nevanlinna counting function of the inducing map. It is known that
(weighted) composition operators are related to Toeplitz operators on weighted
Bergman spaces and Hardy spaces as well. This relation is used to character-
ize Schatten p−class of composition operators on weighted Bergman spaces of
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the unit disk (see [8], [17], [18]) as well as weighted composition operators on
Bergman spaces [3]. We will use this connection to Toeplitz operators, induced
by positive measures and defined on the same space on which Wψ,ϕ acts, to
describe the Schatten p−class of weighted composition operators on weighted
Bergman spaces of the unit ball.

2. Boundedness and Compactness when 0 < p ≤ q < ∞

The results of this section concern boundedness and compactness of weighted
composition operators mapping Apα(Bn) into Aqβ(Bn) for 0 < p ≤ q < ∞.
Our results will be expressed in terms of the following integral transform that
generalizes the Berezin transform:

Iϕ,s,α,β(u)(z) =

∫

Bn

|u(w)|q (1− |z|2)s

|1− 〈ϕ(w), z〉|s+(n+1+α)q/p
dvβ(w),

where s is a positive real number and α, β are real numbers such that −1 <
α, β < ∞. In order to prove our results, we need the following preliminaries
and some lemmas.

For any w ∈ Bn, let ϕw denote an automorphism of Bn. It is well-known
that the pseudo-hyperbolic metric on Bn is defined as ρ(z, w) = |ϕw(z)|. Let

β(z, w) = 1
2 log

1+|ϕw(z)|
1−|ϕw(z)|

be the distance between z and w in the Bergman metric

of Bn, so that β(z, w) = tanh−1 |ϕw(z)|. This shows ρ(z, w) = tanh β(z, w). It
is clear that ρ is bounded, while β is not. So for R > 0 and a ∈ Bn, let D(a,R)
denote the Bergman metric ball at a,

D(a,R) = {z ∈ Bn : β(z, a) < R}.

Most of the results we obtain about weighted composition operators will
be given in terms of a certain measure, which we define next. Suppose ϕ is an
analytic self-map of the unit ball Bn. Then for 0 < p < ∞ and −1 < α < ∞
we define for any ψ ∈ Apα(Bn) a finite positive Borel measure µϕ,ψ,p,α on Bn by:

µϕ,ψ,p,α(E) =

∫

ϕ−1(E)
|ψ|p dvα,

where E is a Borel subset of Bn.
Thus by using (see [5], Theorem III.10.4) we get the following change of

variable formula,
∫

Bn

gdµϕ,ψ,p,α =

∫

Bn

|ψ|p g(ϕ)dvα,
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where g is an arbitrary measurable positive function on Bn. So, for any f ∈
Apα(Bn), by taking g = |f |p we get:

∫

Bn

|f(z)|p dµϕ,ψ,p,α(z) =

∫

Bn

|ψ(z)|p |f(ϕ(z))|p dvα(z). (1)

An important tool in the study of weighted composition operators on an-
alytic functions spaces is the notion of Carleson measure. We will consider
Carleson measure on weighted Bergman spaces.

Definition 1. Let µ be a positive Borel measure on Bn and let X be a Ba-
nach space of analytic functions on Bn. Then for q > 0, µ is an (X, q)−Carleson
measure if there is a constant c > 0 such that for any f ∈ X,

∫

Bn

|f(z)|q dµ(z) ≤ c‖f‖qX .

Let Sn = ∂Bn = {z ∈ C
n : |z| = 1}. For any ζ ∈ Sn and r > 0 the

nonisotropic metric balls are defined as:

Qr(ζ) = {z ∈ Bn : |1− 〈z, ζ〉| < r}.

These are the higher dimensional analogue of Carleson squares in the unit disk.
As a special case of (see [15], Theorem 50) we have the following Lemma 2.

Lemma 2. Suppose 0 < p ≤ q < ∞, α > −1 and µ is a positive Borel
measure on Bn. Then the following conditions are equivalent:

1. µ is (Apα, q)−Carleson measure, that is, there is a constant c1 > 0 such
that

∫

Bn

|f(z)|q dµ(z) ≤ c1‖f‖
q
Apα
.

2. There is a constant c2 > 0 such that

µ(Qr(ζ)) ≤ c2 r
(n+1+α)q/p,

for all r > 0 and ζ ∈ Sn.

Lemma 3. (see [15], Theorem 45) Suppose (n + 1 + α) > 0 and µ is a
positive Borel measure on Bn. Then the following conditions are equivalent:

1. There exists a constant c1 > 0 such that

µ(Qr(ζ)) ≤ c1 r
(n+1+α),

for all r > 0 and for ζ ∈ Sn.
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2. For each (or some) s > 0 there exists a constant c2 > 0 such that, for all
z ∈ Bn,

∫

Bn

(1− |z|2)s

|1− 〈w, z〉|s+(n+1+α)
dµ(w) ≤ c2.

In the next theorem we characterize the boundedness of weighted composi-
tion operators.

Theorem 4. Let 0 < p ≤ q < ∞, and −1 < α, β < ∞. Suppose that ϕ
is an analytic self-map of Bn and ψ ∈ Aqβ(Bn). Then the weighted composition

operator Wψ,ϕ is bounded from Apα(Bn) into A
q
β(Bn) if and only if for any real

s > 0

sup
a∈Bn

Iϕ,s,α,β(ψ)(a) <∞.

Proof. By definition Wψ,ϕ is bounded from Apα into Aqβ if and only if for

any f ∈ Apα, there exist a constant c > 0 such that ‖Wψ,ϕ(f)‖
q
Aq
β

≤ c‖f‖q
Apα

,

that is,
∫

Bn

|ψ(z)|q |f(ϕ(z))|q dvβ ≤ c‖f‖q
Apα
.

By the change of variables formula 1 we get

∫

Bn

|f(z)|q dµϕ,ψ,q,β(z) ≤ c‖f‖q
Apα
.

By Definition 1 this means µϕ,ψ,q,β is (Apα, q)−Carleson measure. By Lemma 2,
this is equivalent to

µϕ,ψ,q,β(Qr(ζ)) ≤ c r(n+1+α)q/p,

for all r > 0, ζ ∈ Sn and some constant c > 0. By Lemma 3, this is equivalent
to

∫

Bn

(1− |a|2)s

|1− 〈w, a〉|s+(n+1+α)q/p
dµϕ,ψ,q,β(w) ≤ c,

for all a ∈ Bn and for each s > 0. It follows by using the change of variables
formula 1,

sup
a∈Bn

∫

Bn

|ψ(w)|q (1− |a|2)s

|1− 〈ϕ(w), a〉|s+(n+1+α)q/p
dvβ(w) <∞,

which gives the desired result, sup
a∈Bn

Iϕ,s,α,β(ψ)(a) <∞.
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As a consequence of Theorem 4, Lemma 3, and Lemma 2 we have the
following corollary.

Corollary 5. Let 0 < p ≤ q <∞, and −1 < α, β <∞. Suppose that ϕ is
an analytic self-map of Bn and ψ ∈ Aqβ(Bn). Then the following are equivalent:

1. Wψ,ϕ : Apα(Bn) → Aqβ(Bn) is bounded.

2. µϕ,ψ,q,β is (Apα, q)−Carleson measure.

3. There exists a constant c > 0 so that for each s > 0,

∫

Bn

|ψ(w)|q

|1− 〈ϕ(w), z〉|s+(n+1+α)q/p
dvβ(w) <

c

(1− |z|2)s
,

for every z in Bn.

Remark 6. If we take s = (n+ 1 + α)q/p we get Theorem 3.1 in [14].

When a result concerning Carleson measure is established, it is then rel-
atively straight forward to formulate and prove the corresponding “little-oh”
version. In order to do that, we introduce vanishing Carleson measure.

Definition 7. Let µ be a positive Borel measure on Bn, and let X be a
Banach space of analytic functions on Bn. Then for q > 0, µ is called vanishing
(X, q)−Carleson measure if

lim
k→∞

∫

Bn

|fk|
qdµ = 0,

whenever {fk} is a bounded sequence in X that converges to 0 uniformly on
compact subsets of Bn.

As a special case of (see [15], p.71) we have the following lemma 8.

Lemma 8. Suppose 0 < p ≤ q < ∞, α > −1 and µ is a positive Borel
measure on Bn. Then the following are equivalent:

1. µ is vanishing (Apα, q)−Carleson measure.

2. The limit

lim
r→0+

µ(Qr(ζ))

r(n+1+α)q/p
= 0,

holds uniformly for ζ ∈ Sn.
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The essential norm of an operator, denoted by ‖.‖e , is its distance in
the operator norm from the ideal of compact operators. So for any weighted
composition operator Wψ,ϕ : Apα → Aqβ, we define

‖Wψ,ϕ‖e = inf
K∈K

‖Wψ,ϕ −K‖,

where K = K(Apα, A
q
β) is the set of compact operators acting from Apα(Bn) into

Aqβ(Bn). Next theorem gives the lower bound of the essential norm of weighted
composition operator.

Theorem 9. Let ψ be an analytic function on Bn and ϕ be an analytic
self-map of Bn. Let 1 < p ≤ q <∞ and −1 < α, β <∞. Let Wψ,ϕ be bounded
from Apα(Bn) into A

q
β(Bn). Then

||Wψ,ϕ||
q
e ≥ c lim sup

|a|→1
Iϕ,s,α,β(ψ)(a)

for any real s > 0.

Proof. For any a ∈ Bn, consider the analytic function

fa(z) =
(1− |a|2)s/q

(1− 〈z, a〉)s/q+(n+1+α)/p
.

It is clear that {fa} converges uniformly to 0 on compact subsets of Bn, as
|a| → 1. We claim that supa∈Bn ‖fa‖Apα ≤ c. By using [12], Proposition 1.4.10,
there is a constant c > 0 such that

∫

Bn

(1− |a|2)sp/q

(1− 〈z, a〉)sp/q+(n+1+α)
dvα(z) =

∫

Bn

(1− |a|2)sp/q(1− |z|2)α

(1 − 〈z, a〉)sp/q+(n+1+α)
dv(z)

= (1− |a|2)sp/q
∫

Bn

(1− |z|2)α

(1− 〈z, a〉)sp/q+(n+1+α)
dv(z)

≤ c(1− |a|2)sp/q(1− |a|2)−sp/q

= c,

which proves the claim.

Now, fix a compact operatorK acting from Apα into Aqβ. Then ‖Kfa‖Aq
β
→ 0

as |a| → 1. Therefore for a positive constant c1 we have,

c1‖Wψ,ϕ −K‖ ≥ lim sup
|a|→1

‖(Wψ,ϕ −K)fa‖Aq
β
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≥ lim sup
|a|→1

(

‖(Wψ,ϕ)fa‖Aq
β
− ‖Kfa‖Aq

β

)

= lim sup
|a|→1

‖(Wψ,ϕ)fa‖Aq
β
.

Hence, by taking infimum over all compact operators K, we get

‖Wψ,ϕ‖
q
e ≥ c2 lim sup

|a|→1
‖(Wψ,ϕ)fa‖Aq

β

= c2 lim sup
|a|→1

∫

Bn

|ψ(z)|q(1− |a|2)s

(1− 〈ϕ(z), a〉)s+(n+1+α)q/p

= c2 sup
|a|→1

Iϕ,s,α,β(ψ)(a),

where c2 is a constant that depends only on c1.

Our second main result in this section characterizes the compactness of the
weighted composition operator. Before doing this we need the following lemma
whose proof can be obtained by adapting the proof [2], Proposition 3.11.

Lemma 10. For 0 < p, q < ∞ and −1 < α, β < ∞. Let ϕ be an
analytic self-map of Bn and ψ ∈ Aqβ(Bn) such that Wψ,ϕ is bounded from

Apα(Bn) into Aqβ(Bn). Then Wψ,ϕ is compact if and only if whenever {fn} is

bounded sequence in Apα(Bn) and fn → 0 uniformly on compact subsets of Bn,
then ‖Wψ,ϕ(fn)‖Aq

β
→ 0.

Theorem 11. Let ψ be an analytic function on Bn and ϕ be an analytic
self-map of Bn. Let 1 < p ≤ q <∞ and −1 < α, β <∞. Let Wψ,ϕ be bounded
from Apα(Bn) into A

q
β(Bn). Then Wψ,ϕ is compact if and only if

lim sup
|a|→1

Iϕ,s,α,β(ψ)(a) = 0.

Proof. The necessary condition follows from Theorem 9. We consider the
sufficient condition, to do this we are going to use Definition 7 and Lemma 8.
We claim that µϕ,ψ,q,β is vanishing (Apα, q)− Carleson measure. If ζ ∈ ∂Bn and
0 < r < 1, then for all a ∈ Bn we get

∫

Qr(ζ)

|ψ(z)|q (1− |a|2)s

(1− 〈ϕ(z), a〉)s+(n+1+α)q/p
dvβ(z)

≤

∫

Bn

|ψ(z)|q (1− |a|2)s

(1− 〈ϕ(z), a〉)s+(n+1+α)q/p
dvβ(z)
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= Iϕ,s,α,β(ψ)(a).

Then by using the hypothesis (that is, lim sup|a|→1 Iϕ,s,α,β(ψ)(a) = 0), we get

lim sup
|a|→1

∫

Qr(ζ)

|ψ(z)|q (1− |a|2)s

(1− 〈ϕ(z), a〉)s+(n+1+α)q/p
dvβ(z)

= lim sup
|a|→1

∫

Qr(ζ)

(1− |a|2)s

(1− 〈z, a〉)s+(n+1+α)q/p
dµϕ,ψ,q,β(z)

= 0.

Hence, for all ǫ > 0, there exists r in (0, 1) such that for |a| > r we have

∣

∣

∣

∣

∣

∫

Qr(ζ)

(1− |a|2)s

(1− 〈z, a〉)s+(n+1+α)q/p
dµϕ,ψ,q,β(z)

∣

∣

∣

∣

∣

< ǫ. (2)

So, if we choose a = (1− r)ζ, then

1− 〈a, z〉 = 1− 〈ζ − rζ, z〉

= 1− 〈ζ, z〉+ r〈ζ, z〉

= (1− r)(1− 〈ζ, z〉) + r.

Thus, for all z ∈ Qr(ζ) we have

|1− 〈a, z〉| ≤ (1− r) |1− 〈ζ, z〉|+ r

< (1− r)r + r

< 2r.

Note that,

(1− |a|2)s = (1− (1− r)2)s = (2r − r2)s

= rs(2− r)s

≥ rs.

Thus for all z ∈ Qr(ζ),

(1− |a|2)s

(1− 〈z, a〉)s+(n+1+α)q/p
≥

rs

(2r)s+(n+1+α)q/p

=
2−s−(n+1+α)q/p

r(n+1+α)q/p
. (3)
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Hence, from Equations 2 and 3, we get for all ζ ∈ ∂Bn

ǫ >

∫

Qr(ζ)

2−s−(n+1+α)q/p

r(n+1+α)q/p
dµϕ,ψ,q,β(z)

≥ c
µϕ,ψ,q,β(Qr(ζ))

r(n+1+α)q/p
,

which gives, lim
r→0+

µϕ,ψ,q,β(Qr(ζ))

r(n+1+α)q/p
= 0. Therefore, by Lemma 8, we get µϕ,ψ,q,β

is a vanishing (Apα, q)− Carleson measure. This proves the claim.

Now, by Definition 7, for any bounded sequence {fk} in Apα that converges
uniformly to 0 on compact subsets of Bn we have,

lim
k→∞

∫

Bn

|fk(z)|
qdµϕ,ψ,q,β(z) = 0,

which is equivalent to

0 = lim
k→∞

∫

Bn

|ψ(z)|q |fk(ϕ(z))|
q dvβ(z) = lim

k→∞
‖Wψ,ϕ(fk)‖

q
Aq
β

.

Therefore, by Lemma 10 we see that Wψ,ϕ is compact.

As a result of Definition 7, Lemma 8, and Theorem 11 we have the following
corollary.

Corollary 12. Let ψ be an analytic function on Bn and ϕ be an analytic
self-map of Bn. Let 1 < p ≤ q <∞ and −1 < α, β <∞. Let Wψ,ϕ be bounded
from Apα(Bn) into A

q
β(Bn). Then the following are equivalent:

1. Wψ,ϕ is compact.

2. µϕ,ψ,q,β is vanishing (Apα, q)−Carleson measure.

3. lim sup|a|→1 Iϕ,s,α,β(ψ)(a) = 0.

Remark 13. Again if we take s = (n+ 1 + α)q/p we get Theorem 4.1 in
[14].
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3. Boundedness and Compactness when 0 < q < p < ∞

In this section we characterize the boundedness and compactness of the weighted
composition operatorWψ,ϕ mapping Apα(Bn) into A

q
β(Bn) when 0 < q < p <∞.

To deal with this case, we associate two functions to any positive Borel measure
µ on Bn. More specifically, for any real γ and s we define for z ∈ Bn,

Bs,γ(µ)(z) =

∫

Bn

(1− |z|2)s

|1− 〈z, w〉|(n+1+s+γ)
dµ(w),

and for any real γ and positive R we define for z ∈ Bn,

µ̂R,γ(z) =
µ(D(z,R))

(1− |z|2)n+1+γ
.

It is clear thatBs,γ(µ)(z) and µ̂R,γ(z) are certain averages of µ near the point
z (for example see, [15] and [19]). The function Bs,γ(µ) is called the Berezin
transform of µ. If s = n+ 1 + γ, we will use Bγ(µ) to represent Bs,γ(µ).

The results in this section will be expressed in terms of the weighted ϕ−Bere-
zin transform of a measurable function h, which is defined as

Bϕ,s,α,β(h)(z) =

∫

Bn

(1− |z|2)s h(w)

|1− 〈ϕ(w), z〉|(n+1+s+α)
dvβ(w),

where s is a real number and −1 < α, β < ∞. Note that if ϕ(z) = z, Bϕ,s,α,β
is the usual weighted Berezin transform Bs,α,β.

To make the section self-contained we state the following four well-known
lemmas. The first lemma is a special case of [15], Theorem 54.

Lemma 14. Let 0 < q < p < ∞ and α > −1 be any real number, and
let µ be a positive Borel measure on Bn. Then the following conditions are
equivalent:

1. There is a constant c > 0 such that for all f ∈ Apα(Bn),

∫

Bn

|f(w)|q dµ(w) ≤ c‖f‖q
Apα
.

2. For any bounded sequence {fk} in Apα(Bn) with fk(z) → 0 for every
z ∈ Bn,

lim
k→∞

∫

Bn

|fk(w)|
q dµ(w) = 0.
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3. For any fixed r > 0 the function µ̂r,α ∈ Lp/(p−q)(Bn, dvα).

4. For any fixed s > 0 the function Bs,α(µ) ∈ Lp/(p−q)(Bn, dvα).

Lemma 15. (see [19], Lemma 2.24) Suppose r > 0, p > 0, and α > −1.
Then there exists a constant c > 0 such that

|f(z)|p ≤
c

(1− |z|2)n+1+α

∫

D(z,r)
|f(w)|p dvα(w),

for all f ∈ H(Bn) and all z ∈ Bn.

Lemma 16. ([20], Lemma 6) For each r > 0 there exists a positive
constant c (depending on r) such that

c−1 ≤
1− |z|2

1− |w|2
≤ c,

and

c−1 ≤
1− |z|2

|1− 〈z, w〉|
≤ c,

for all w ∈ D(z, r).

Some special cases of the following lemma can be found in [6], [12], and [19].

Lemma 17. ([15], Proposition 8) Suppose a and b are complex numbers.
If S and T are integral operators defined by

Sf(z) = (1− |z|2)a
∫

Bn

(1− |w|2)bf(w)

(1− 〈z, w〉)n+1+a+b
dv(w)

and

Tf(z) = (1− |z|2)a
∫

Bn

(1− |w|2)bf(w)

|1− 〈z, w〉|n+1+a+b
dv(w)

then for any 1 ≤ p <∞ and α real, the following are equivalent:

1. The operator S is bounded on Lp(Bn, dvα).

2. The operator T is bounded on Lp(Bn, dvα).

3. The complex numbers a and b satisfy −pℜ(a) < α+ 1 < p(ℜ(b) + 1).

The following is the main result of this section, which characterizes the
boundedness and compactness of the weighted composition operators.
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Theorem 18. Let ψ be an analytic function on Bn and ϕ be an analytic
self-map of Bn. Let 0 < q < p < ∞ and −1 < α, β < ∞. Then the following
are equivalent:

1. Wψ,ϕ is bounded from Apα(Bn) into A
q
β(Bn).

2. Wψ,ϕis compact from Apα(Bn) into A
q
β(Bn).

3. For any fixed r > 0,

µϕ,ψ,q,β(D(z, r))

(1− |z|2)n+1+α
∈ Lp/(p−q)(Bn, dvα).

4. For any fixed s > 0, Bϕ,s,α,β(|ψ|
q) ∈ Lp/(p−q)(Bn, dvα).

Proof. Suppose Wψ,ϕ is bounded from Apα into Aqβ. Then for any f ∈ Apα
there exist a constant c > 0 such that ‖Wψ,ϕ(f)‖

q
Aq
β

≤ c ‖f‖q
Apα

, that is

∫

Bn

|ψ(z)|q |f(ϕ(z))|q dvβ(z) ≤ c ‖f‖q
Apα

then
∫

Bn

|f(z)|q dµϕ,ψ,q,β(z) ≤ c ‖f‖q
Apα
.

Thus, µϕ,ψ,q,β is (Apα, q)−Carleson measure. By Lemma 14, this is equivalent
to µ̂r,α ∈ Lp/(p−q)(Bn, dvα), for any fixed r > 0. That is,

µϕ,ψ,q,β(D(z, r))

(1− |z|2)n+1+α
∈ Lp/(p−q)(Bn, dvα).

This proves that (1) and (3) are equivalent. Now we will prove (3) implies (2).
Let {fk} be a bounded sequence in Apα with fk → 0 uniformly on every compact
subset of Bn. For 0 < t < 1, let At = {z ∈ Bn : 1 − |z|2 < t}, note that by
Lemma 16 At is non-empty subset of Bn. By Lemma 15 we get,

‖Wψ,ϕ(fk)‖
q
Aq
β

=

∫

Bn

|ψ(z)|q |fk(ϕ(z))|
q dvβ(z)

=

∫

Bn

|fk(z)|
q dµϕ,ψ,q,β(z)

≤

∫

Bn

c

(1− |z|2)n+1+α

∫

D(z,r)
|fk(w)|

q dvα(w)dµϕ,ψ,q,β(z)
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= c

∫

Bn

|fk(w)|
q
∫

D(z,r)

1

(1− |z|2)n+1+α
dµϕ,ψ,q,β(z)dvα(w)

≤ c1

∫

Bn

|fk(w)|
q
∫

D(w,r)

1

(1− |w|2)n+1+α
dµϕ,ψ,q,β(z)dvα(w)

= c1

∫

Bn

|fk(w)|
q µϕ,ψ,q,β(D(w, r))

(1− |w|2)n+1+α
dvα(w). (4)

Where the equality in the fourth line follows from Fubini’s theorem, and the
inequality in the fifth line can be verified by using the fact 1−|z|2 is comparable
to 1− |w|2 whenever w ∈ D(z, r) (see Lemma 16). Now, by Hölder’s inequality
we have

∫

At

|fk(w)|
q µϕ,ψ,q,β(D(w, r))

(1− |w|2)n+1+α
dvα(w)

≤

(
∫

At

|fk(w)|
p dvα(w)

)q/p [
∫

At

(
µϕ,ψ,q,β(D(w, r))

(1− |w|2)n+1+α
)p/(p−q)dvα(w)

]1−q/p

.

If condition (3) holds, then for any given ǫ > 0 there is t ∈ (0, 1) such that

∫

At

(

µϕ,ψ,q,β(D(w, r))

(1− |w|2)n+1+α

)p/(p−q)

dvα(w) < ǫp/(p−q).

Thus for such t,
∫

At

|fk(w)|
q µϕ,ψ,q,β(D(w, r))

(1− |w|2)n+1+α
dvα(w)

≤ ǫ ‖fk‖
q
Apα

≤ cǫ. (5)

Since Bn \At is a compact subset of Bn and fk → 0 uniformly on every compact
subset of Bn, we have

lim
k→∞

∫

Bn\At

|fk(w)|
p dvα(w) = 0.

So by similar argument above, we get

lim
k→∞

∫

Bn\At

|fk(w)|
q µϕ,ψ,q,β(D(w, r))

(1− |w|2)n+1+α
dvα(w) = 0. (6)

Hence by using Equations 4, 5, and 6 we get,

lim sup
k→∞

‖Wψ,ϕ(fk)‖Aq
β
= 0,
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that is,Wψ,ϕ is compact. This proves (3) implies (2), which gives (1) implies (2).
Since (2) always implies (1), then (1) and (2) are equivalent. To complete the
proof of the theorem, we need to proof conditions (3) and (4) are equivalent. Let

f(z) =
µϕ,ψ,q,β(D(z, r))

(1− |z|2)n+1+α
∈ Lp/(p−q)(Bn, dvα). For a ∈ Bn, define the function g

as

g(z) =
(1− |a|2)s/q

(1− 〈z, a〉)(n+1+s+α)/q
.

By argument similar to the one used above, we get

Bϕ,α,s,β(|ψ|
q)(a) =

∫

Bn

|ψ(z)|q
(1− |a|2)s

|1− 〈ϕ(z), a〉|n+1+s+αdvβ(z)

=

∫

Bn

|Wψ,ϕ(g(z))|
qdvβ(z)

≤ c

∫

Bn

|g(w)|q
µϕ,ψ,q,β(D(w, r))

(1− |w|2)n+1+α
dvα(w)

= c

∫

Bn

(1− |a|2)s

|1− 〈w, a〉|n+1+s+α
f(w)dvα(w)

= c(1− |a|2)s
∫

Bn

(1− |w|2)α

|1− 〈w, a〉|n+1+s+αf(w)dv(w)

= cTf(a),

where in last equality we used Lemma 17 with a = s and b = α. Another
application of Lemma 17 with p

p−q , we get Bϕ,s,α,β(|ψ|
q)(a) ∈ Lp/(p−q)(Bn, dvα).

This proves (3) implies (4).
Finally, by applying Lemma 16 we have,

µϕ,ψ,q,β(D(z, r))

(1− |z|2)n+1+α
=

∫

D(z,r)

1

(1− |z|2)n+1+α
dµϕ,ψ,q,β(w)

≤ c

∫

D(z,r)

1

|1− 〈z, w〉|n+1+α dµϕ,ψ,q,β(w)

≤ c1

∫

D(z,r)

(1− |z|2)s

|1− 〈z, w〉|n+1+s+αdµϕ,ψ,q,β(w)

≤ c1

∫

Bn

(1− |z|2)s

|1− 〈z, w〉|n+1+s+α
dµϕ,ψ,q,β(w)

= c1

∫

Bn

|ψ(w)|q
(1− |z|2)s

|1− 〈z, ϕ(w)〉|n+1+s+αdvβ(w)
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= c1Bϕ,s,α,β(|ψ|
q)(z).

Where second and third inequalities can be verified by using the fact that
(1−|z|2) is comparable to |1− 〈z, w〉| for all w ∈ D(z, r) (see Lemma 16). Thus,

if Bϕ,s,α,β(|ψ|
q) ∈ Lp/(p−q)(Bn, dvα), then

µϕ,ψ,q,β(D(z, r))

(1− |z|2)n+1+α
∈ Lp/(p−q)(Bn, dvα).

Remark 19. Again if we take s = n+ 1 + α we get Theorem 2.1 in [9].

4. Schatten p−Class of Weighted Composition Operators

A positive compact operator T on A2
α(Bn) is in the trace class if

tr(T ) =
∞
∑

n=1

〈Ten, en〉 <∞,

for some orthonormal basis {en} of A2
α(Bn). More generally, if 0 < p < ∞ and

T is a compact operator on A2
α(Bn), then we say that T belongs to the Schatten

p−class Sp if (T ∗T )p/2 is in the trace class. Also, the Sp norm of T is given as

‖T‖Sp =
[

tr(T ∗T )p/2
]1/p

.

For more information refer to Schatten [13] and Ringrose [11].
The orthogonal projection Pα from the Hilbert space L2(Bn, dvα) onto the

closed subspace A2
α(Bn) is given by

(Pαf)(z) =

∫

Bn

Kα
w(z)f(w)dvα(w), where f ∈ L2(Bn, dvα),

where

Kα
w(z) = Kα(z, w) =

1

(1− 〈z, w〉)n+1+α
, where z, w ∈ Bn

is the reproducing kernel of A2
α(Bn). When α = 0, the reproducing kernel

K(z, w) = K0(z, w) is called Bergman kernel. We denote the normalized re-
producing kernel of A2

α(Bn) by

kαz (w) =
(1− |z|2)

n+1+α
2

(1− 〈w, z〉)n+1+α
, where z, w ∈ Bn.
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More generally, if µ is a finite complex Borel measure on Bn, we can define
the Toeplitz operator Tµ with symbol µ by

(Tµf)(z) =

∫

Bn

Kα
w(z)f(w)dµ(w), where f ∈ A2

α(Bn).

To every ϕ ∈ L∞(Bn) we associate a linear operator Tϕ, Toeplitz operator
with symbol ϕ, that is defined for each f ∈ A2

α(Bn) by

(Tϕf) (z) =

∫

Bn

Kα
w(z)ϕ(w)f(w)dvα(w).

It is clear that Tϕ(f) = Pα(ϕf). Since Pα is an orthogonal projection onto
L2(Bn, dvα), the operator Tϕ is bounded on A2

α(Bn) with ‖Tϕ‖ ≤ ‖ϕ‖∞. The
reader may consult the references for more information about Toeplitz operator
on the unit disk [10], the unit ball [12] and [6], and on bounded symmetric
domains [20] and [16].

Lemma 20. Suppose T is an operator in the trace class of A2
α(Bn), then

tr(T ) =

∫

Bn

〈Tkαz , k
α
z 〉dλ(z).

Proof. By the definition of trace class we get,

tr(T ) =

∫

Bn

〈TKα
z ,K

α
z 〉dvα(z)

=

∫

Bn

〈Tkαz , k
α
z 〉K

α(z, z)dvα(z)

=

∫

Bn

〈Tkαz , k
α
z 〉

1

(1− |z|2)n+1+α
dvα(z)

=

∫

Bn

〈Tkαz , k
α
z 〉

(1− |z|2)α

(1− |z|2)n+1+α
dv(z)

=

∫

Bn

〈Tkαz , k
α
z 〉

1

(1− |z|2)n+1
dv(z)

=

∫

Bn

〈Tkαz , k
α
z 〉dλ(z).

We use the following result from the theory of Toeplitz operators on weighted
Bergman spaces of the unit ball.
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Lemma 21. ([20], Theorem 16) Suppose µ is a positive Borel measure on
Bn, 0 < p <∞ and 0 < r <∞. Then the following conditions are equivalent:

1. Tµ belongs to the Schatten class Sp(A
2
α(Bn)).

2. µ̂r ǫ L
p(Bn, dλ).

Moreover if p > n
n+1+α , then the above conditions are also equivalent toBα(µ) ∈

Lp(Bn, dλ).

We have seen in section 3 that the weighted ϕ−Berezin transform can be
used to characterize the boundedness and compactness of weighted composition
operators. So it would be interesting to obtain a characterization of weighted
composition operators to be in Schatten p−class in terms of that transform.
Cuckovic and Zhao [3] found by using Luecking’s technique [7] a criteria for the
weighted composition operator to belong to the Schatten p−class Sp(A

2
α(D)).

By using similar technique we have the following criterion for Wψ,ϕ to belong
to the Schatten p−class Sp(A

2
α(Bn)). The idea of the proof is to translate the

statement from weighted composition operators to Toeplitz operators where the
result is known.

Theorem 22. Let p > n
n+1+α . Let ψ be an analytic function on Bn and

let ϕ be an analytic self-map of Bn. Let Wψ,ϕ be compact on A2
α(Bn). Then

Wψ,ϕ ∈ Sp(A
2
α(Bn)) if and only if Bϕ,α(|ψ|

2) ∈ Lp/2(Bn, dλ), where dλ(z) =
K0(z, z)dv(z) is the Möbius invariant volume measure of Bn.

Proof. For any f, g in A2
α(Bn),

〈(Wψ,ϕ)
∗(Wψ,ϕ)f, g〉 = 〈Wψ,ϕf,Wψ,ϕg〉

=

∫

Bn

ψ(z)f(ϕ(z))ψ(z)g(ϕ(z))dvα(z)

=

∫

Bn

|ψ(z)|2f(ϕ(z))g(ϕ(z))dvα(z)

=

∫

Bn

f(z)g(z)dµϕ,ψ,2,α(z),

where µϕ,ψ,2,α is a finite positive Borel measure defined in section 2. Now,

consider the Toeplitz operator
(

Tµϕ,ψ,2,α
)

f(z) =

∫

Bn

f(w)Kα
w(z)dµϕ,ψ,2,α(w).

Then

〈Tµϕ,ψ,2,αf, g〉 =

∫

Bn

Tµϕ,ψ,2,αf(z)g(z)dvα(z)
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=

∫

Bn

(
∫

Bn

f(w)Kα
w(z)dµϕ,ψ,2,α(w)

)

g(z)dvα(z)

=

∫

Bn

f(w)

∫

Bn

g(z)Kα
w(z)dvα(z)dµϕ,ψ,2,α(w)

=

∫

Bn

f(w)

∫

Bn

g(z)Kα
z (w)dvα(z)dµϕ,ψ,2,α(w)

=

∫

Bn

f(w)〈g,Kα
w〉dµϕ,ψ,2,α(w)

=

∫

Bn

f(w)g(w)dµϕ,ψ,2,α(w).

Therefore we can see Tµϕ,ψ,2,α = (Wψ,ϕ)
∗(Wψ,ϕ). By definition, for 0 < p <

∞ an operator T ∈ Sp if and only if (T ∗T )p/2 ∈ S1, which is equivalent to saying
that T ∗T ∈ Sp/2. Thus,Wψ,ϕ ∈ Sp if and only if Tµϕ,ψ,2,α ∈ Sp/2. By Lemma 21,

for n
n+1+α < p <∞, Tµϕ,ψ,2,α ∈ Sp/2 if and only if Bα(µϕ,ψ,2,α) ∈ L

p/2(Bn, dλ).

Bα(µϕ,ψ,2,α)(z) =

∫

Bn

(1− |z|2)n+1+α

|1− 〈z, w〉|2(n+1+α)
dµϕ,ψ,2,α(w)

=

∫

Bn

(1− |z|2)n+1+α

|1− 〈z, ϕ(w)〉|2(n+1+α)
|ψ(w)|2dvα(w)

= Bϕ,α(|ψ|
2)(z).

Thus Wψ,ϕ ∈ Sp if and only if Bϕ,α(|ψ|
2) ∈ Lp/2(Bn, dλ).

By using the previous Theorem 22, we find a criteria for the weighted com-
position operator Wψ,ϕ to be a Hilbert-Schmidt operator in A2

α(Bn).

Corollary 23. Wψ,ϕ ∈ S2(A
2
α(Bn)) if and only if

|ψ|2

(1− |ϕ|2)n+1+α
∈ L1(Bn, dvα)

that is,
∫

Bn

|ψ|2

(1− |ϕ|2)n+1+α
dvα(z) <∞.

Proof. We know from Theorem 22 that,Wψ,ϕ ∈ S2 if and only if Bϕ,α(|ψ|
2) ∈

L1(Bn, dλ) which means that

I =

∫

Bn

Bϕ,α
(

|ψ|2
)

(z)dλ(z)
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=

∫

Bn

(
∫

Bn

(1− |z|2)n+1+α

|1− 〈z, ϕ(w)〉|2(n+1+α)
|ψ(w)|2dvα(w)

)

dλ(z) <∞.

By Fubini’s theorem, we get

I =

∫

Bn

|ψ(w)|2
∫

Bn

(1− |z|2)α

|1− 〈z, ϕ(w)〉|2(n+1+α)
dv(z)dvα(w)

=

∫

Bn

|ψ(w)|2
∫

Bn

dvα(z)

|1− 〈z, ϕ(w)〉|2(n+1+α)
dvα(w)

=

∫

Bn

|ψ(w)|2 ‖Kϕ(w)(z)‖
2
A2
α
dvα(w)

=

∫

Bn

|ψ(w)|2

(1− |ϕ(w)|2)n+1+α
dvα(w) <∞.

Therefore we have proved that, Wψ,ϕ ∈ S2 if and only if

∫

Bn

|ψ(w)|2

(1− |ϕ(w)|2)n+1+α
dvα(w)

is finite.

Luecking and Zhu [8] proved that the following condition

∫

D

(

1− |z|2

1− |ϕ(z)|2

)p(α+2)/2

dλ(z) <∞

is necessary when p ≥ 2 and sufficient when p ≤ 2 for Cϕ to be in Sp(A
2
α(D)).

By using similar argument we can see that the condition

∫

Bn

|ψ(z)|p
(

1− |z|2

1− |ϕ(z)|2

)p(n+1+α)/2

dλ(z) <∞

is necessary when p ≥ 2 and sufficient when 0 < p ≤ 2 for Wψ,ϕ to be in
Sp(A

2
α(Bn)).

Theorem 24. Let 2 ≤ p < ∞ and let Wψ,ϕ be in A2
α(Bn). If Wψ,ϕ ∈

Sp(A
2
α(Bn)), then

|ψ|2
(

1− |z|2

1− |ϕ|2

)n+1+α

∈ Lp/2(Bn, dλ).
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Proof. We know that Wψ,ϕ ∈ Sp if and only if (Wψ,ϕ)
∗ ∈ Sp if and only if

(Wψ,ϕ)(Wψ,ϕ)
∗ ∈ S1 if and only if tr ((Wψ,ϕ)(Wψ,ϕ)

∗) is finite. Take T =Wψ,ϕ,
then by Lemma 20 we get

tr(TT ∗)p/2 =

∫

Bn

〈(TT ∗)p/2kz, kz〉dλ(z)

≥

∫

Bn

〈(TT ∗)kz, kz〉
p/2
A2
α
dλ(z)

=

∫

Bn

〈T ∗kz, T
∗kz〉

p/2
A2
α
dλ(z)

=

∫

Bn

‖T ∗kz‖
p
A2
α
dλ(z)

=

∫

Bn

‖(Wψ,ϕ)
∗kz‖

p
A2
α
dλ(z).

Where the inequality can be verified by using Hölder’s inequality. Since

tr(TT ∗) <∞,

then ‖(Wψ,ϕ)
∗kz‖A2

α
∈ Lp(Bn, dλ), that is,

‖(Wψ,ϕ)
∗kz‖

2
A2
α
∈ Lp/2(Bn, dλ),

which is equivalent to

|ψ|2
(

1− |z|2

1− |ϕ(z)|2

)n+1+α

∈ Lp/2(Bn, dλ).

By argument similar to the proof of Theorem 24, when 0 < p ≤ 2 the
inequality will be reversed. We get

tr(TT ∗)p/2 ≤

∫

Bn

‖T ∗kz‖
p
A2
α
,

which gives the sufficient condition for Wψ,ϕ to be in Sp(A
2
α(Bn)).

Theorem 25. Let 0 < p ≤ 2 and let Wψ,ϕ be in A2
α(Bn). If

|ψ|2
(

1− |z|2

1− |ϕ|2

)n+1+α

∈ Lp/2(Bn, dλ),

then Wψ,ϕ ∈ Sp(A
2
α(Bn)).
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Remark 26. By using Theorem 24 and Theorem 25 we get another proof
for Corollary 23.
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