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09340, México D.F., México
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Abstract: Let E/k(x) be a separable geometric extension such that the pole
divisor of x is ramified. Let K/k be a function field of genus at least one such
that Autk K is infinite. If K/k is elliptic we suppose that the characteristic
is zero. The main result of the paper is that there are infinitely many non-
isomorphic function fields L over k such that L/K is a Galois extension and
Gal(L/K) = Autk L ∼= Autk(x)E.
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1. Introduction

The central problem in inverse Galois theory is to provide an answer to E.
Noether question, the inverse Galois problem: is each finite group the Galois
group of an extension of the field of rational numbers?
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When the group G is not finite the answer to Noehter’s question is in general
no, even in the abelian case. For instance, if Zp is the ring of p–adic integers,
then there does not exist an extension K/Q such that Gal(K/Q) ∼= Zp × Zp.

There exist many papers dealing with this still unsolved problem and several
of its analogues and generalizations.

In [8], Madden and Valentini proved the following theorem: Any finite group
can be realized as the full group of automorphisms of an algebraic function field
over an algebraically closed field k. This theorem was proved in [10] under the
assumption that k is finite.

If K/k is a function field with group of automorphisms Autk K a finite
group, from [1], [2] and [10] we obtain the following theorem.

Theorem 1. For any finite separable non–trivial extension E/k(x), where
the pole divisor of x is ramified, there exist infinitely many non–isomorphic fields

L such that L/K is a Galois extension and

Gal(L/K) = AutK L = Autk L ∼= Autk(x)E.

The purpose of this paper is to prove that Theorem 1 remains valid when
Autk K is an infinite group and K has genus at least one (see Theorem 33).

Let us fix some notation to be maintained throughout the entire work. For
an extension of fields L/F , AutF L denotes the group of automorphisms of L
that fix F pointwise. Denote by LH the fixed field of a subgroup H of AutF L.
If F/k is a function field and x ∈ F ∗, Nx is the pole divisor and (x)F is the
principal divisor of x in F . The genus of F/k will be denoted by gF . We write
PF for the set of places of F and P1

F = {P ∈ PF |degP = 1}, degP denotes
the degree of the place. In the rational function field k(x), Pf(x) denotes the
place corresponding to the irreducible polynomial f(x). Let L/l be an extension
of F/k. We say that L/F is a geometric extension if l = k. For a separable
extension L/F of function fields DL/F denotes the different of L/F and ConL/F
the conorm homomorphism. Finally, k̄ is an algebraic closure of an arbitrary
field k.

2. Infinite Full Automorphism Group

The technique used to prove Theorem 1 can be described as follows. Suppose
that the intermediate fields in E/k(x) have large genus (Definition 2, Lemma
7). In [1], [2] and [10] it was obtained an element x ∈ K such that: 1) the field
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of constants of L = EK is k, 2) each σ ∈ Autk L satisfies σ(K) = K and 3) the
decomposition of the places in (x)K with respect to K/KAutk K implies that
σ|K = Id, so Autk L = AutK L.

KAutk K K L

k(x) E

Suppose now that Autk K is infinite. The main difficulty for the application
of the above technique is that KAutk K = k [9, p. 5].

First we consider the case gK ≥ 2 (see Proposition 21). The proof follows
closely the one for Autk K finite.

E EK = L

k(x) K

From the result of Rosenlicht [9, p. 10] K has infinitely many places of degree
one. There is x ∈ K such that the divisor Nx is a product of places P1, . . . , Pt, P
of degree one, AutK EK ∼= Autk(x)E and the field of constants of EK is k.
We can assume (Lemma 20) that the intermediate fields in E/k(x) have large
genus and the pole divisor of x is the only place of degree one of k(x) ramified
in E/k(x). Hence any σ ∈ Autk EK satisfies that σ(K) = K (Lemma 4)
and σ{P1, . . . , Pt, P} = {P1, . . . , Pt, P}. Therefore σ = Id (Lemma 12). Thus
Autk EK = AutK EK.

Now let gK = 1 (see Proposition 32). Let k0 be a definition field of K.
Using the concept of moduli field (Definition 14) and the above technique we
find an extension L′/K ′ of function fields over k0 such that L = L′K satisfies
Theorem 1.

E0 L′ L′K = L

k0(x) K ′ K

More precisely, let K ′/k0 such that K = K ′k. There exists E0/k0(x) with the
following properties. Let L′ = E0K

′. Then L′/K ′ is a geometric extension and
if σ ∈ Autk L

′K there is l/k0 finite such that σ(K ′l) = K ′l. The ramification
in L′/K ′ of the places in P1

K ′ implies that σ|K = Id.
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3. Improvements and Moduli Field

This section contains some results and definitions necessary for the rest of the
paper. Throughout Section 3, k denotes an arbitrary field.

Definition 2. Let E/k(x) be an extension of function fields and C be a
real number. If a geometric extension E1/k(y) satisfies:
1) [E : k(x)] = [E1 : k(y)],
2) Autk(x)E ∼= Autk(y)E1,
3) if M is any intermediate field, k(y) ⊂ M ⊆ E, then gM ≥ C,
we say that E1/k(y) is a C-improvement of E/k(x).

Lemma 3. Let L,K,E be function fields with field of constants k and such

that L = EK. Then gL ≤ 1+[L : E](gE−1)+4[L : E][L : K](gE+1)(gK+1)d,
where d = min{degP |P ∈ PE}.

Proof. See [2, p. 307].

Lemma 4. If L/K is a finite extension of function fields with field of

constants k and such that for any intermediate field M , K ⊂ M ⊆ L, it holds
that gM > 4[M : K]2(gK +1)2d+ [M : K](gK − 1) + 1 then for any σ ∈ Autk L
we have σ(K) = K, where d = min{deg P |P ∈ PK}.

Proof. See [2, p. 307].

Lemma 5. LetK/k be a function field andM/k be an algebraic extension.

Let E/K be a geometric finite extension. If either E/K or M/k is separable

then [EM : KM ] = [E : K].

Proof. See [2, p. 303].

Lemma 6. Let F/k be a function field. Let L/F be a Galois extension of

function fields and K/F be a geometric finite extension such that ([L : F ], [K :
F ]) = 1. If E/l is an intermediate field of L/F , then the field of constants of

EK is l.

Proof. Let N be the field of constants EK. From Lemma 5 we have that
[E : Fl] = [EN : FN ] (since l/k is separable, l is the constant field of Fl). Since
[K : F ] = [KN : FN ] (Lemma 5), it follows that ([EN : FN ], [KN : FN ]) = 1.
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Hence [EK : KN ] = [EN : FN ].

Kl EK LK

Fl E L

KN EK LKN

FN EN LN

Similarly [EK : Kl] = [E : Fl], so we obtain [EK : KN ] = [EK : Kl]. Then
N = l.

Lemma 7. Let E/k(x) be a separable geometric extension. Let Ẽ/l be a

normal closure of E/k(x) and C ∈ R+. Then there is a function field F/l, and
y ∈ F such that:

1) there is an intermediate field k(y) ⊂ E1 ⊆ F such that E1/k(y) is a C-

improvement of E/k(x). Moreover F/k(y) is the normal closure of E1/k(y),
2) if the pole divisor of x ramifies in Ẽ/k(x) then the pole divisor of y ramifies

in F/k(y),
3) let k1 be such that k ⊆ k1 ⊆ l. Then if M/k1 is any intermediate field M/k1,
k1(y) ⊂ M ⊆ F , we have gM ≥ C,

4) given a finite extension N/k, for all intermediate fields M/N , N(y) ⊂ M ⊆
FN , it holds that gM ≥ C.

Proof. See [2, p. 307].

Lemma 8. Let E/k(x) be a separable geometric extension such that

the pole divisor of x is ramified. Let Ẽ be the normal closure of E/k(x) and

C ∈ R+. Then if (m, [Ẽ : k(x)]) = 1 and ym = x (m sufficiently large), the
extension E(y)/k(y) is a C-improvement of E/k(x) such that the pole divisor

of y is ramified in E(y)/k(y).

Proof. As (m, [Ẽ : k(x)]) = 1, the extension E(y)/k(y) is geometric by
Lemma 6. Moreover E(y)/k(y) satisfies 1) and 2) of Definition 2. Denote by
Q1, Q2 ∈ Pk(x) the zero divisor and the pole divisor of x. We may assume that
Q1 does not ramify in E. Let M/k be any intermediate field k(y) ⊂ M ⊆ E(y).
Then M1 = M ∩ E satisfies k(x) ⊂ M1 ⊆ E.

k(y) E(y) Ẽ(y)

k(x) E Ẽ
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The zero divisor of y in k(y) is R1 and R2 is its pole divisor. Let T ∈ PM be
such that T |Ri. Since (m, [Ẽ : k(x)]) = 1, it holds that e(T |T ∩M1) ≥ m. Since
[M : M1] = m, we have that e(T |T ∩ M1) = m and f(T |T ∩ M1) = 1. The
place Q1 does not ramify in E. Hence R1 = T1 · · ·Th in M1, where h ≥ 2 o
f(T1|R1) ≥ 2.

Ri k(y) M T

Qi k(x) M1 T ∩M1

Then at least three places of M are fully ramified in M/M1 or at least two
places are fully ramified and one of them is of degree larger than 2. From the
genus formula

gM = 1 +m(gM1 − 1) +
1

2
deg(DM/M1

)

≥ 1−m+
3

2
(m− 1) =

1

2
(m− 1).

Thus m ≥ 2C + 1 implies that gM ≥ C.

Lemma 9. Let K/k be a function field with at least one place P of degree

one. Then each place of degree one of K has only one extension in Kk̄

Proof. Let P ∈ PK and let q be a large prime number. There exists x ∈ K
such that Nx = P q and K/k(x) is separable. The pole divisor of x in Kk̄
has the form (ConKk̄/KP )q. Since [Kk̄ : k̄(x)] = [K : k(x)] it follows that
q degConKk̄/KP = q. Thus ConKk̄/KP is of degree one. Then ConKk̄/KP = R,

R a place of Kk̄.

The following result is a theorem of Schmid (see Satz 9 of [11]).

Theorem 10. Let K/k̄ be a function field. Then each nontrivial σ ∈
Autk̄ K has at most 2K + 2 fixed prime divisors of K.

Proof. See [13, p. 601].

Lemma 11. Let K/k be a function field. Assume that K has at least

2gK+3 prime divisors Pi of degree one. Let σ ∈ Autk K be such that σ(Pi) = Pi

for all i, then σ is the identity.

Proof. Let Ri the only place of Kk̄ lying over Pi (Lemma 9). Any σ ∈
Autk K induces a k̄-automorphism σ̄ of Kk̄. Thus σ̄(Ri) = Ri for all i and by
Theorem 10 σ̄ = Id.
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Lemma 12. Let K/k̄ be a function field and T = {P1, . . . , Pt} be a set

of places of K with t > 2gK + 3. Then, for all but finitely many places P , the

identity is the only element σ ∈ Autk̄K such that σ(T ∪ {P}) = T ∪ {P}.

Proof. See [12, p. 44], [7, p. 924].

Lemma 13. Let K/k be a function field defined over k′ ⊆ k and let K ′/k′

be such that K ′ has sufficiently many places of degree one, K = K ′k. Let

T ′ = {Q′
1, . . . , Q

′
t} ⊂ PK ′ with t > 2gK+3. Then, for all but finitely many places

Q′ ∈ PK ′, the only σ ∈ AutkK such that σ(K ′) = K ′ and σ|K ′(T ′ ∪ {Q′}) =
T ′ ∪ {Q′} is the identity.

Proof. From Lemma 9 there exist unique prime divisors Qi, Q in Kk̄ lying
over Q′

i, Q
′ (resp.). Thus the lemma follows from Lemma 12.

Let K/k̄ be a function field and K/k̄(x) be a separable extension. The
action of Gal(k̄/k) on K/k̄(x) is as follows. Given σ ∈ Gal(k̄/k) we extend σ
to a k(x)-automorphism σ̄ of k(x). Define Kσ by Kσ = σ̄(K). This definition
is independent of the extension σ̄ up to k̄(x)-isomorphism.

k(x)

σ̄|k(x)=Id

k̄(x) K k(x)

σ̄

k(x) σ̄(k̄(x)) σ̄(K) k(x)

Definition 14. Consider the subgroup H of Gal(k̄/k) consisting of the
σ ∈ Gal(k̄/k) such that K and Kσ are isomorphic over k̄(x). The moduli field
of K/k̄(x) relative to the extension k̄/k is defined to be the fixed field of H in
k̄.

The moduli field is a finite extension of k contained in each field of def-
inition of K/k̄(x) containing k (Hammer and Herrlich [6, p. 6]). Although
the moduli field need not be a field of definition, a field of definition k1 of
K/k̄ is a moduli field relative to k̄/k1. Let k1(z, y) be such that K = k̄(z, y).
Since k1(x)(z, y)/k1(x) is separable there is w such that k1(x)(z, y) = k1(x)(w).
Hence, for each σ ∈ Gal(k̄/k1) we have that w, σ̄(w) are conjugate over k1(x).
Then Kσ = k̄(x)(σ̄(w)) is isomorphic to K over k̄(x).

k1(x)

σ̄|k1(x)=Id

k′(x)(w)

σ̄

K = k̄(z, y) k(x)

σ̄

k1(x) k′(x)(σ̄(w)) Kσ k(x)
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Theorem 15. Let K/k̄(x) be a separable extension of function fields.

Suppose that k is the moduli field of K/k̄(x) relative to k̄/k. Then there exists

a geometric extension K ′/l(x) such that K = K ′k̄ and [l : k] ≤ [K : k̄(x)].

Proof. See [3, p. 49].

4. Field of Genus Larger than One

In this section K/k denotes a function field of genus larger than one and whose
full automorphism group is infinite. Rosenlicht [9, p. 5] proved that k is an
imperfect field. For this reason, except in Lemma 16, we assume that k is
imperfect of characteristic p.

Lemma 16. Let k be a field of positive characteristic p and suppose that

f(x) ∈ k[x] \ kp[x] is a monic irreducible polynomial. Then for each m ≥ 0
f(xp

m
) is irreducible.

Proof. See [5, p. 227].

Lemma 17. Let k be an imperfect field of characteristic p. Let f1, . . . , fn ∈
k[x] such that fi 6∈ k[x]p. Then, there exists a ∈ k such that fi(x + a) 6∈ kp[x]
for all 1 ≤ i ≤ n.

Proof. See [5, p. 227].

Lemma 18. Let E/k(x) be a separable geometric extension. Suppose

that the pole divisor of x ramifies in E/k(x). Then there exists a separa-

ble geometric extension E1/k(x) which satisfies [E : k(x)] = [E1 : k(x)],
Autk(x)E ∼= Autk(x)E1 and the pole divisor of x ramifies in E1/k(x). More-

over for each place Pf of k(x) either ramified or inseparable in E1/k(x) satisfies
that f 6∈ kp[x].

Proof. Let P∞, Pf1 , . . . , Pfn be all the places of k(x) either ramified or in-
separable (fi /∈ k[x]p) in E/k(x). From Lemma 17, we have that there exists
a ∈ k such that fi(x+ a) 6∈ kp[x].

Let σ ∈ Autkk(x) be defined by σ(x) = x+ a. We choose an extension σ̄ of
σ, σ̄ : E → k(x) such that σ̄|k(x) = σ. Let E1 = σ̄(E).

Then E1/k(x) satisfies [E : k(x)] = [E1 : k(x)], Autk(x)E ∼= Autk(x)E1, the
pole divisor de x ramifies in E1/k(x) and if Pf is a place of k(x) either ramified
or inseparable in E1/k(x) there exists 1 ≤ i ≤ n such that f = σ(fi) 6∈ kp[x].



GALOIS GROUPS OF FUNCTION FIELDS... 965

Lemma 19. Let E/k(x) be a separable geometric extension such that the

pole of x ramifies in E/k(x). Then there exists a separable geometric extension

E1/k(x) such that [E : k(x)] = [E1 : k(x)], Autk(x)E ∼= Autk(x)E1 and the pole

of x is the only place of degree one of k(x) either ramified or inseparable in

E1/k(x).

Proof. By Lemma 18 we can construct a geometric extension E2/k(x) such
that [E : k(x)] = [E2 : k(x)], Autk(x)E ∼= Autk(x)E2, the pole divisor of x
ramifies in E2/k(x) and if Qf is either ramified or inseparable in E2/k(x) then
f 6∈ kp[x].

k(y) E1 = E2(y) F (y)

k(x) E2 F

Let F be a normal closure of E2/k(x). Let yp = x and denote by R the
various places of k(y). Since f(yp) is irreducible (Lemma 16) we have that
Rf(yp)|Qf(x). Hence the places of k(y) different from R∞ which are either
ramified or inseparable in E1/k(y), E1 = E2(y), have degree larger than one.

N(y) E2(y) FN(z)

N(x) E2N FN

Let N denote the constant field of E1. Since [N : k] is separable [E2N :
N(x)] = [E2 : k(x)]. Since N(y)/N(x) is purely inseparable it follows that
[E2(y) : N(y)] = [E2N : N(x)]. Hence [E2(y) : N(y)] = [E2(y) : k(y)]. Thus we
have N = k.

Lemma 20. Let E/k(x) be a separable geometric extension such that the

pole divisor of x ramifies in E/k(x). Let C ∈ R+. Then there is a geometric

extension E1/k(y) satisfying:
1) [E : k(x)] = [E1 : k(y)],
2) the divisors in E1 above the pole divisor of y are the only divisors in the

different of E1/k(y) whose restriction to k(y) are of degree one,

3) for each intermediate field, k(y) ⊂ M ⊆ E1, we have that gM ≥ C.

Proof. Let E2/k(x) be as in Lemma 19. Then the extension E1/k(y) can
be defined by C-improvement of E2/k(x) with ym = x (see Lemma 8).



966 C. Alvarez-Garcia, G. Villa-Salvador

Proposition 21. Let E/k(x) be a separable geometric extension. LetK/k
be a function field with gK ≥ 2 and such that Autk K is infinite. Assume that

the pole of x ramifies in E/k(x). Then there exist infinitely many separable

extensions L/K such that [E : k(x)] = [L : K] and Autk(x)E ∼= AutKL =
AutkL.

Proof. Let E1/k(y) be as in Lemma 20 with C = 4n2(gK+1)2+n(gK−1)+1,
where n = [E : k(x)]. Let Ẽ1 be the normal closure of E1/k(x) and m = [Ẽ1 :
k(y)]. We choose a prime number q > m(2gK + 4). Given D1, . . . ,Dq−1 ∈ P1

K

there exists D ∈ P1
K such that if τ ∈ Autk K and τ({D1, . . . ,Dq−1,D}) =

{D1, . . . ,Dq−1,D}, we have τ = Id (Lemma 13). From Riemann-Roch Theorem
there exists y ∈ K such that Ny = Dq

1 · · ·D
q
q−1D

mp+q. Thus ([K : k(y)],mp) =
1, hence [EK : K] = n. Lemma 6 implies that k is the full constant field of
L = EK.

K EK ẼK

k(y) E Ẽ

By Lemma 4 each σ ∈ Autk L satisfies σ(K) = K. Since the pole divi-
sor of y is the only place of degree one ramified in E/k(y), it follows that
σ|K({D1, . . . ,Dq−1,D}) = {D1, . . . ,Dq−1,D}. Then Lemma 13 implies that
σ|K = Id.

5. Fields of Genus One

Let either X be a set of transcendental elements over Q or X = ∅. In the
following k0 denotes a finitely generated field over Q(X) and k is a field of
characteristic zero.

Lemma 22. Let f1, . . . , fs ∈ k0[x]. Let a1, . . . , at be the roots of f1, . . . , fs
and p be an odd prime number. Then, given n there exists a ∈ k0 such that

the irreducible polynomials in the decomposition of fi(x
pn + a) over k0 are of

degree at least pn.

Proof. Let v1, . . . , vm be pairwise distinct valuations of k0 which are un-
ramified in k0(a1, . . . , at). We denote by v′

i an extension of vi. Let l be a prime
number greater than max{|v′

i(ai)|, p}. There exists a ∈ k0 such that vi(a) = −l.
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Hence v′
i(ai − a) = −l. Now, if bj is a root of fi(x

pn + a) there exists ai0 with

bp
n

j + a = ai0 .

k0(bi)

pn

k0 k0(ai)

Since ai0 − a /∈ k0(ai0)
p we obtain that [k0(bj) : k0(ai0)] = pn. Then each

irreducible g(x) ∈ k0[x] that divides fi(x
pn + a) has degree at least pn.

Lemma 23. Let K/k be a function field and σ ∈ Autk K of order n.
Suppose that k′, k′ ⊆ k ⊆ k̄′, is a field of definition of K. Let σ̄ ∈ Autk̄′ Kk̄′

be the automorphism induced by σ. Then there exist a function field K1/k1
such that Kk̄′ = K1k̄′ and σ̄(K1) = K1 with [k1 : k′] ≤ C(n, gK), where

C(n, gK) ∈ R+ depends only on n and gK .

Proof. There exists z ∈ Kσ such that Nz = P 2gK+1. By Theorem 15 there
exists a geometric extension K ′/k′

1(z) such that Kk̄′ = K ′k̄′, where [k′
1 : k′] ≤

n(2gK + 1).

k(z) Kσ K k̄′(z)

k̄′

Kk̄′

k̄′

k′
1(z) K ′

Let k1 be the field of constants of the normal closure L of K ′/k′
1(z). Hence [k1 :

k′
1] ≤ n(2gK +1)!. Define K1 = K ′k1 and C(n, gK) = n(2gK +1)(n(2gK +1))!.

Since σ̄|k1(z) = Id we have that σ̄(K1)K1 ⊆ K ′k̄′ ∩ L = K1. As [K1 : k1(z)] =
[σ(K1) : k1(z)] it follows that σ̄|K1 ∈ Autk1 K1.

Lemma 24. Let E/k(x) be a separable geometric extension of function

fields such that the infinite place of k(x) is ramified. Suppose that there exists

E0/k0(x) such that E = E0k. Let C0 ∈ R+. Then there is a C-improvement

E1/k0(y) of E0/k0(x) such that there are no places of degree less than or equal

to C0 of k0(y) other than the infinite place ramified in E0.

Proof. Let Ẽ0 be the normal closure of E0/k0(x). Let Pfi be the places of
k0(x) ramified in E0. Let p be an odd prime number with ([Ẽ0 : k0(x)], p) = 1.
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From Lemma 22 there exists a ∈ k0 such that fi(x
pn+a) admits a decomposition

over k0 into irreducibles of degree at least pn.

k0(x)

σ(x)=x+a

E0 k0(x)

σ̄

k0(x) σ̄(E0) k0(x)

Consider the isomorphism σ : k0(x) → k0(x) given by σ(x) = x + a. We
extended σ to an isomorphism σ̄ of the algebraic closure k0(x) of k0(x). Hence,
the extension σ̄(E0)/k0(x) is geometric, of degree [E0 : k0(x)], Autk0(x) σ(E0) ∼=
Autk0(x)E0 and such that the places of k0(x) ramified in σ̄(E0) are Pfi(x+a).

E0

Pfi(x)

σ̄(E0)

Pfi(x+a)

σ̄(E0)(y)

k0(x)
σ

k0(x) k0(y)

Choose an integer n such that pn > max{C0, 2C + 1}. Let yp
n

= x and
E1 = σ̄(E0)(y). By Lemma 8 E1/k0(y) satisfies the required conditions.

Lemma 25. Let E/k(x) be an extension of function fields, where the pole

divisor of x is ramified. Suppose that there exists E′/k′(x) such that E = E′k′.

Let K/k be a function field such that x ∈ K and let A ⊆ PK be an arbitrary

finite subset. Then there exists an extension E1/k
′(x) and an isomorphism

ϕ1 : E′ → E1 such that the places of K that ramify in E1K are elements of

(PK −A) ∪ {R ∈ PK |R|Nx}.

Proof. Suppose that P∞, Pf1 , . . . , Pft are the places that ramify in E′/k′(x).
Let Pg1 , . . . , Pgs be the restrictions to k

′(x) of the places in A. Let w be transcen-
dental over k′. There exists a ∈ k′ such that {P∞, Pfi(w)} ∩ {P∞, Pgi(w−a)} =
{P∞}. Let z = x + a. We have that Nx = Nz and the restrictions to k′(z) of
the places in A coincide with the places Pgi(z−a).

E′ ϕ1(E
′) = E1

k′(x)
ϕ(x)=z

k′(z)

E1 E1K

k′(z) K

Define ϕ : k′(x) → k′(z) by ϕ(x) = z. Let ϕ1 be an extension of ϕ to E′. Then
the places that ramify in E1/k

′(z) are P∞, Pfi(z), where E1 = ϕ1(E
′). Thus
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the places B of K that ramify in E1K/K lie over the places P∞, Pfi(z). Since
{P∞, Pfi(z)} ∩ {P∞, Pgi(z−a)} = {P∞} it follows that B ∈ (PK − A) ∪ {R ∈
PK |R|Nx}.

Definition 26. Let F/K be an extension of function fields over k. Denote
by R(F/K) the subgroup {σ|K |σ ∈ Autk F, σ(K) = K} of Autk K.

Let K/k be an elliptic function field with Weierstrass equation y2 = 4x3 −
g2x− g3. The substitution x → t2x, y → t3y, t ∈ k∗, leaves this equation in the
same form, but the coefficients change g2 → t−4g2, g3 → t−6g3.

Lemma 27. Let K/k be an elliptic function field. Then K is uniquely de-

termined, up to the above substitution, by the generating Weierstrass equation.

The invariant j = 123g32/(g
3
2 − 27g23) remains unchanged by such substitutions.

Proof. See [4, p. 201].

Lemma 28. Let K1/k
′, K2/k

′ be elliptic function fields and k′ ⊆ k ⊆ k̄′.

Suppose that K1k = K2k. Then there is l, [l : k′] ≤ 6, such that K1l = K2l.

Proof. Let y2 = 4x3−g2x−g3 and y′2 = 4x′3−g′
2x

′−g′
3 be the Weierstrass

equations associated toK1 andK2 respectively. SinceK1k = K2k, from Lemma
27 there exists t ∈ k∗ such that x′ = t2x and y′ = t3y. Moreover g′

2 = t−4g2 and
g′
3 = t−6g3. We solve this equations in a suitable extension l/k′. For j 6= 0, 123,
j = 123, j = 0, respectively, the field l is obtained by adjoining a second, fourth
or sixth root to k′. Then K2 ⊆ K1l and K1 ⊆ K2l is proved similarly.

Lemma 29. Let K/k be an elliptic function field and P ∈ P1
K . The group

GP = {σ ∈ AutkK|σ(P ) = P} is cyclic of order 2,4 or 6. The translation

automorphisms form a normal subgroup H of Autk K and GP
∼= (AutkK)/H.

Proof. See [4, p. 195].

Lemma 30. Let K/k be an elliptic function field and P be a place of

degree one. Let L/K be a geometric extension. Suppose that P is the neutral

element of the additive abelian group P1
K . If P is ramified in L/K and the

other places of degree one that ramify in L/K have order greater than 2gL +1,
then R(L/K) is embedded into GP .

Proof. Let ϕ : R(L/K) → (AutkK)/H be the canonical homomorphism.
Suppose that ϕ(σ1) = ϕ(σ2). Then there exists τR ∈ H such that σ1σ

−1
2 = τR.

If R is different from P there are at least |〈R〉| > 2gL + 1 places that ramify in
L/K. From the genus formula it follows that R = P .
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Proposition 31. Let K/k be an elliptic function field with field of defini-

tion k0, k0 ⊆ k ⊂ k̄0. Let E/k(x) be a separable geometric extension of degree

m defined over k0. Assume that the pole divisor of x is ramified in E/k(x).
Then there exist infinitely many separable geometric extensions L/K such that

[E : k(x)] = [L : K] and Autk(x)E ∼= AutKL = AutkL.

Proof. We have gK = 1. Let E0/k0(x) be a separable geometric extension
such that E = E0k. Let C = 4m2(gK + 1)2 + m(gK − 1) + 1 = 16m2 + 1,
where m = [E : k(x)]. By Lemma 24 there exists a C-improvement E1/k0(y)
of E0/k0(x) such that the infinite place of k0(y) is ramified in E1/k0(y) and
the other places of k0(y) ramified in E1/k0(y) have degree greater than C0 =
6C(6, 1) (C(6, 1) as in Lemma 23).

Let Ẽ1 be the normal closure of E1/k0(y) and m0 = [Ẽ1 : k0(y)]. Let
P be the neutral element of the group P1

K and p a large prime number such
that (m0, p) = 1. Define A = {R ∈ P1

K | |〈R〉| ≤ 2C1 + 1}, where C1 =
1 + m(gK − 1) + 4m(p2 + m0)(gK + 1)(gE + 1) = 1 + 8m(p2 + m0)(gE + 1).
Choose T = {Q1, . . . , Qp−1} ⊂ P1

K with Q1 = P and Qi of order greater than
2C1 + 1, 2 ≤ i ≤ p− 1.

There is an elliptic function field K0/k0 such that K = K0k. We may
assume that K0 has sufficiently many places of degree one. Hence, we may
suppose that the places Q′

i = Q ∩K0 has degree one.

k(y) E1k Ẽ1k

k0(y) E1 Ẽ1

k(y′) K Qi

k0(y
′) K0 Q′

i

For a place Q′ as in Lemma 13, Q /∈ A, there exists y′ ∈ K0 such that the
pole divisor in K0 is Ny′ = Q′

1
p · · ·Q′

p−1
pQ′m0+p, where Q′ = Q ∩ K0. Hence

(m0, [K0 : k0(y
′)]) = 1. Using an extension of the isomorphism ϕ0 : k0(y) →

k0(y
′), ϕ0(y) = y′, to k0(y) we may assume that E1 is an extension of k0(y

′)
with the same properties as E1/k0(y). By Lemma 25 we have that the places
of K ramified in E1K = L are not elements of A. From Lemma 30 for each
σ ∈ Autk L we have |〈σ|K〉| ≤ 6.

E1 E1K0 E1K0l1 L

k0(y
′) K0 K0l1 K
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Let σ ∈ Autk L. There exists l1 = l1(σ) ⊆ k, [l1 : k0] ≤ 6C(6, 1), such that
σ(K0l1) = K0l1 (Lemmas 23, 28). Since the places of k0(y

′) that ramify in E1

have degree greater than C0 it follows that in σ(L1)L1/K0l1 the ramified places
of degree one of K0l1 are {Qi ∩K0l1} ∪ {Q ∩K0l1}. Then Lemma 13 implies
σ|K = Id.

Proposition 32. Let K/k be an elliptic function field and E/k(x) be a

finite separable geometric extension. Assume that the pole divisor of x is rami-

fied in E/k(x). Then there exist infinitely many separable geometric extensions

L/K such that [E : k(x)] = [L : K] and Autk(x)E ∼= AutKL = AutkL.

Proof. There exists k′
0 a finitely generated field over Q such that for both

K/k and E/k(x) the field k′
0 is field of definition. Let X be a transcendence

basis of k/k′
0. Now we can apply Proposition 31 with k0 = k′

0(X).

For function fields with infinite full automorphism group the following the-
orem is analogous to Theorem 1. We assume that if K/k is an elliptic function
field then the characteristic of k is zero.

Theorem 33. Let K/k be a function field either of genus at least two or

elliptic such that Autk K is infinite. Let E/k(x) be a finite separable geometric

extension. Assume that the pole divisor of x is ramified in E/k(x). Then there

exist infinitely many separable geometric extensions L/K such that [E : k(x)] =
[L : K] and Autk(x)E ∼= AutKL = AutkL.

Proof. It follows from Proposition 21 and Proposition 32.
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