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Abstract: In this paper, finite difference method (FDM) and variational
iteration method (VIM) have been successfully implemented for solving non-
linear fractional-order Logistic equation (FOLE). We have apply the concepts
of fractional calculus to the well known population growth model in chaotic
dynamic. The fractional derivative is described in the Caputo sense. The result
is generalized of the classical population growth model to arbitrary order. The
resulted non-linear system of algebraic equations using FDM is solved with
the well know Newton iteration method. Where the condition of convergence is
verified. Using initial value, the explicit solutions of population size for different
particular cases have been derived. Numerical results show that the proposed
methods are extremely efficient to solve this complicated biological model.
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ference method, variational iteration method

1. Introduction

The fractional order Logistic model can obtain by applying the fractional deriva-
tive operator on the Logistic equation. The model is initially published by Pierre
Verhulst in 1838 [4]. The continuous Logistic model is described by first order
ordinary differential equation. The discrete Logistic model is simple iterative
equation that reveals the chaotic property in certain regions [1]. There are
many variations of the population modeling. The Verhulst model is the classic
example to illustrate the periodic doubling and chaotic behavior in dynamical
system [1]. The model is described the population growth may be limited by
certain factors like population density (see [2], [15]).

Ordinary and partial fractional differential equations have been the focus of
many studies due to their frequent appearance in various applications in fluid
mechanics, viscoelasticity, biology, physics and engineering [3]. Recently, a large
amount of literatures developed concerning the application of fractional differ-
ential equations in non-linear dynamics. Consequently, considerable attentions
have been given to the solutions of fractional differential equations of physical
interest. Most fractional differential equations do not have exact solutions, so
approximate and numerical techniques (see [5], [6], [10]-[13]), must be used.
Recently, several numerical and approximate methods to solve the fractional
differential equations have been given such as variational iteration method [7],
homotopy perturbation method [21], Adomian decomposition method, homo-
topy analysis method and collocation method (see [9], [25]).

Among them of these methods is the variational iteration method which is
proposed by He [7] as a modification of the general Lagrange multiplier method.
This method is based on the use of restricted variations and correction function-
als which has found a wide application for the solution of non-linear differential
equations [22]. This method does not require the presence of small parame-
ters in the differential equation, and does not require that the nonlinearities be
differentiable with respect to the dependent variable and its derivatives. This
technique provides a sequence of functions which converges to the exact solution
of the problem. This procedure is a powerful tool for solving various kinds of
problems, for example, VIM is used to solve the delay differential equations [8].
This technique solves the problem without any need to discretization of the
variables, therefore, in some problems, it is not affected by computation round
off errors and one is not faced with necessity of large computer memory and
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time. The proposed scheme provides the solution of the problem in a closed
form while the mesh point techniques, such as finite difference method (see
[14], [19], [23]-[25]) provide the approximation at mesh points only.

The solution of Logistic equation is explained the constant population growth
rate which not includes the limitation on food supply or spread of diseases [15].
The solution curve of the model is increase exponentially from the multipli-
cation factor up to saturation limit which is maximum carrying capacity [15],
dN
dt

= ρN(1− N
K
) where N is the population with respect to time, ρ is the rate

of maximum population growth and K is the carrying capacity. The solution
of continuous Logistic equation is in the form of constant growth rate as in
formula N(t) = N0e

ρt where N0 is the initial population [20].
We describe some necessary definitions and mathematical preliminaries of

the fractional calculus theory required for our subsequent development.

Definition 1. The Caputo fractional derivative operator Dα of order α is
defined in the following form

Dαf(x) =
1

Γ(m− α)

∫ x

0

f (m)(t)

(x− t)α−m+1
dt, α > 0,

where m− 1 < α ≤ m, m ∈ N, x > 0 and Γ(.) is the Gamma function.

Similar to integer-order differentiation, Caputo fractional derivative opera-
tor is a linear operation

Dα (λ f(x) + µ g(x)) = λDα f(x) + µDα g(x),

where λ and µ are constants. Recall that for α ∈ N, the Caputo differential
operator coincides with the usual differential operator of integer order.

For more details on fractional derivatives definitions and its properties (see
[16], [18]).

In this article, we consider FOLE of the form

dαu(t)

dtα
= ρu(t)(1− u(t)), t > 0, ρ > 0, (1)

the parameter α refers to the fractional order of time derivative with 0 < α ≤ 1.
We also assume an initial condition

u(0) = u0, u0 > 0. (2)

For α = 1, Eq.(1) is the standard Logistic equation

du(t)

dt
= ρu(t)(1− u(t)).
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The exact solution to this problem is

u(t) =
u0

(1− u0)e−ρ t + u0
.

Applications of Logistic Equation

A typical application of the Logistic equation is a common model of population
growth. Let u(t) represents the population size and t represents the time where
the constant ρ > 0 defines the growth rate.

Another application of Logistic curve is in medicine, where the Logistic
differential equation is used to model the growth of tumors. This application
can be considered an extension of the above mentioned use in the framework
of ecology. Denoting with u(t) the size of the tumor at time t.

The existence and the uniqueness of the proposed problem (1) are intro-
duced in details in [6]. The main idea of this work is to derive an approximate
formula of the fractional derivative Dαu(t) and use it to discretize (1) to get a
non-linear system of algebraic equations thus greatly simplifying the problem
to solve the resulting system. And comparing with the variational iteration
method.

This paper is arranged as follows: Section 2, is assigned to introduce an
approximate formula of the fractional derivative. Section 3, is assigned to ob-
tain the numerical scheme using FDM of the fractional-order Logistic equation.
Section 4, the procedure of the solution using variational iteration method is
given. Finally in section 5, the report ends with a brief conclusion.

2. Approximate Formula of Fractional Derivative

In this section, we present a discrete approximation to the fractional derivative
Dαu(t). For a positive integer M, the grid in time for the finite difference

algorithm is defined by k =
Tf

M
. The grid points in the time interval [0, Tf ] are

labeled tn = nk, n = 0, 1, 2, ...,M.

Now, the discrete approximation of the fractional derivative Dαu(t) can be
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obtained by a simple quadrature formula as follows (see [17], [24])

dαu(tn)

dtα
=

1

Γ(1− α)

∫ tn

0
(tn − s)−α d

ds
u(s)ds

=
1

Γ(1− α)

n
∑

j=1

∫ jk

(j−1)k

[

uj − uj−1

k
+ o(k)

]

(nk − s)−αds

=
1

Γ(1− α)(1 − α)

n
∑

j=1

[

uj − uj−1

k
+ o(k)

]

× [(n − j + 1)1−α − (n− j)1−α][k1−α]

=
1

Γ(1− α)(1 − α)kα

n
∑

j=1

(uj − uj−1)
[

(n− j + 1)1−α − (n− j)1−α
]

+
1

Γ(1− α)(1 − α)

n
∑

j=1

[

(n− j + 1)1−α − (n − j)1−α
]

o(k2−α).

Setting and shifting indices, we have

σα,k =
1

Γ(1− α)(1 − α)kα
and ω

(α)
j = j1−α − (j − 1)1−α, (3)

Setting and shifting indices, we have

σα,k =
1

Γ(1− α)(1 − α)kα
and ω

(α)
j = j1−α − (j − 1)1−α, (4)

and

dαu(tn)

dtα
= σα,k

n
∑

j=1

ω
(α)
j (un−j+1 − un−j) +

1

Γ(1− α)(1 − α)
n1−αo(k2−α)

= σα,k

n
∑

j=1

ω
(α)
j (un−j+1 − un−j) + o(k).

Here
dαu(tn)

dtα
= Dαun + o(k),

and the first-order approximation method for the computation of Caputo’s frac-
tional derivative is given by the expression

Dαun ∼= σα,k

n
∑

j=1

ω
(α)
j (un−j+1 − un−j), n = 1, 2, ...,M. (5)
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3. Discretization for Fractional Logistic Equation

In this section, finite difference method with the discrete formula (5) is used
to estimate the time α-order fractional derivative to solve numerically, the
fractional-order Logistic equation (1). Using (5) the restriction of the exact
solution to the grid points centered at tn = nk, in Eq.(1)

σα,k

n
∑

j=1

ω
(α)
j (un−j+1 − un−j) + o(k) = ρun(1− un),

σα,k

n
∑

j=1

ω
(α)
j (un−j+1 − un−j) = ρun(1− un) + T (t), (6)

where T (t) is the truncation term. Thus, according to Eq.(6), the numerical
method is consistent, first order correct in time.

The resulting finite difference equations are defined by

σα,k

n
∑

j=1

ω
(α)
j (un−j+1 − un−j) = ρun(1− un), n = 1, 2, ...,M. (7)

This scheme presents a non-linear system of algebraic equations. In our calcu-
lation, we used the Newton iteration method to solve this system.

In view of Newton iteration method, we can write the non-linear system (7)
in the following iteration formula

Um+1 = Um − J−1(Um)F (Um), (8)

where F (Um) is the vector which represents the non-linear equations and J−1(Um)
is the inverse of the Jacobian matrix, where

J(Um) = Diagonal(rω
(α)
1 − ρ+ 2ρu

(m)
1 , ..., rω

(α)
M − ρ+ 2ρu

(m)
M ),

and |J(Um)| =

M
∏

i=1

(rω
(α)
i − ρ+ 2ρu

(m)
i ).

Since, it is easy to see that the quantity
∏M

i=1(rω
(α)
i − ρ + 2ρu

(m)
i ) 6= 0, we

can deduce that the Jacobian matrix which corresponding to Newton’s formula
(8) is nonsingular, therefore, we can show that the numerical scheme (7) is
convergent.
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4. Procedure Solution using VIM

The VIM gives the possibility to write the solution of Eq.(1), (0 < α ≤ 1) with
the aid of the correction functionals in the form

un+1(t) = un(t) +

∫ t

0
λ(τ)

[ dun

dτ
− ρũn(1− ũn)

]

dτ, (9)

where λ is a general Lagrange multiplier, which can be identified optimally
via the variational theory [7]. The function ũn is a restricted variation, which
means that δũn = 0. Therefore, we first determine the Lagrange multiplier
λ that will be identified optimally via integration by parts. The successive
approximations un, n ≥ 0, of the solution u(t) will be readily obtained upon
using the obtained Lagrange multiplier and by using any selective function
u0. The initial values of the solution are usually used for selecting the zeroth
approximation u0. With λ determined, then several approximations un, n ≥ 0,
follow immediately. Making the above correction functional stationary

δun+1(t) = δun(t) + δ

∫ t

0
λ(τ)

[ dun

dτ
− ρũn(1− ũn)

]

dτ

= δun(t) +

∫ t

0
δλ(τ)

[ dun

dτ

]

dτ

= δun(t) + [λ(τ)δun(τ)]τ=t −

∫ t

0
δunλ̇(τ)dτ = 0,

(10)

where δũn is considered as a restricted variation, i.e., δũn = 0, yields the follow-
ing stationary conditions (by comparison the two sides in the above equation)

λ̇(τ) = 0, 1 + λ(τ)|τ=t = 0. (11)

The equation in (11) is called Lagrange-Euler equation with the natural bound-
ary condition. The solution of this equation gives the Lagrange multiplier
λ(τ) = −1.

Now, by substituting in Eq.(9), the following variational iteration formula
can be obtained

un+1(t) = un(t)−

∫ t

0

[ dαun

dτα
− ρun(1− un)

]

dτ, n ≥ 0. (12)

We start with initial approximation u0(t) = 0.85, and by using the above it-
eration formula (12), we can directly obtain the components of the solution.
Consequently, the exact solution may be obtained by using

u(t) = lim
n→∞

un(t). (13)
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Figure 1: A comparison between the numerical solution and the exact
solution at α = 1 (left). The behavior of the numerical solution at
α = 0.85 (right) using FDM

Figure 2: The behavior of the numerical solution using FDM at α = 0.55
(left) and at α = 0.25 (right)

Now, the first three components of the solution u(t) of the Logistic equation
by using (12)

u0(t) = 0.85,

u1(t) = 0.85 + 0.06375 t,

u2(t) = 0.85 + 0.06375 t − t (−0.06375 + 0.05941 t0.15 + 0.01115 t + 0.00067 t2).

The behavior of the approximation solutions using variational iteration
method, uVIM, with n = 4, compared with the numerical solution using FDM,
uFDM, with k = 0.1 are presented in Figures 1-4 in the interval [0, 3] for
different values of α (α = 1, 0.85, 0.55, 0.25).
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Figure 3: A comparison between the approximate solution and the
exact solution α = 1 (left). The behavior of the numerical solution at
α = 0.85 (right) using VIM

Figure 4: The behavior of the approximate solution using VIM at α =
0.55 (left) and at α = 0.25 (right)

From the numerical results in all Figures 1-4, we can conclude that the two
proposed methods, FDM and VIM are in excellent agreement with the exact
solution. Also, we can find that these two methods are extremely efficient to
solve this complicated biological model.

5. Conclusion

In this article, we used two computational methods, FDM and VIM for solving
the fractional-order Logistic equation. We derived an approximate formula of
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the fractional derivative. Using finite difference scheme the FOLE reduced to
a non-linear system of algebraic equations which solved by Newton iteration
method. The results obtained by FDM is comparied with VIM. Also, it is
evident that the overall errors can be made smaller by adding new terms from
the obtained sequence of solutions using VIM. From the obtained numerical
results we can conclude that these two methods give results with excellent
agreement with the exact solution. All numerical results are obtained using
Matlab 8.

References

[1] K.T. Alligood, T.D. Sauer, J.A. Yorke, An Introduction to Dynamical Sys-

tems, Springer (1996).

[2] M. Ausloos, The Logistic map and the route to chaos: From the Beginnings
to Modern Applications XVI, 411 (2006).

[3] R.L. Bagley, P.J. Torvik, On the appearance of the fractional derivative in
the behavior of real materials, J. Appl. Mech., 51 (1984), 294-298.

[4] J. M. Cushing, An Introduction to Structured Population Dynamics, Soci-
ety for Industrial and Applied Mathematics, (1998).

[5] K. Diethelm, An algorithm for the numerical solution of differential equa-
tions of fractional order, Electron Trans. Numer. Anal., 5 (1997), 1-6.

[6] A.M.A. El-Sayed, A.E.M. El-Mesiry, H.A.A. El-Saka, On the fractional-
order Logistic equation, Appl. Math. Letters, 20(7) (2007), 817-823.

[7] J.H. He, Variational iteration method-a kind of non-linear analytical tech-
nique: some examples, International Journal of Non-Linear Mechanics, 34
(1999), 699-708.

[8] J.H. He, Variational iteration method for delay differential equations,
Comm. Non-Linear Sci. Numer. Simulation, 2 (1997), 235-236.

[9] M.M. Khader, On the numerical solutions for the fractional diffusion equa-
tion, Communications in Nonlinear Science and Numerical Simulation, 16
(2011), 2535-2542.

[10] M.M. Khader, Introducing an efficient modification of the variational it-
eration method by using Chebyshev polynomials, Application and Applied

Mathematics: An International Journal, 7(1) (2012), 283-299.



NUMERICAL STUDIES FOR... 1209

[11] M.M. Khader, Introducing an efficient modification of the homotopy per-
turbation method by using Chebyshev polynomials, Arab Journal of Math-

ematical Sciences, 18 (2012), 61-71.

[12] M.M. Khader, N.H. Sweilam, A.M.S. Mahdy, An efficient numerical
method for solving the fractional diffusion equation, Journal of Applied

Mathematics and Bioinformatics, 1 (2011), 1-12.

[13] M.M. Khader, A.S. Hendy, The approximate and exact solutions of the
fractional-order delay differential equations using Legendre pseudospectral
method, International Journal of Pure and Applied Mathematics, 74(3)
(2012), 287-297.

[14] C. Lubich, Discretized Fractional Calculus, SIAM J. Math. Anal., 17
(1986), 704-719.

[15] H. Pastijn, Chaotic Growth with the Logistic Model of P.-F. Verhulst,
Understanding Complex Systems, (2006), The Logistic Map and the Route
to Chaos, Pages 3-11.

[16] I. Podlubny, Fractional Differential Equations, Academic Press, New York,
(1999).

[17] R.D. Richtmyer, K.W. Morton, Difference Methods for Initial-Value Prob-

lems, Inter. Science Publishers, New York, (1967).

[18] S. Samko, A. Kilbas, O. Marichev, Fractional Integrals and Derivatives:

Theory and Applications, Gordon and Breach, London, (1993).

[19] G.D. Smith, Numerical Solution of Partial Differential Equations, Oxford
University Press, (1965).

[20] Y. Suansook, K. Paithoonwattanakij, Dynamic of Logistic model at frac-
tional order, IEEE International Symposium on Industrial Electronics,

(2009).

[21] N.H. Sweilam, M.M. Khader, R.F. Al-Bar, Numerical studies for a multi-
order fractional differential equation, Physics Letters A, 371, (2007), 26-33.

[22] N.H. Sweilam, M.M. Khader, On the convergence of VIM for nonlinear cou-
pled system of partial differential equations, Int. J. of Computer Maths.,
87(5) (2010), 1120-1130.



1210 N.H. Sweilam, M.M. Khader, A.M.S. Mahdy

[23] N.H. Sweilam, M.M. Khader, A.M. Nagy, Numerical solution of two-sided
space-fractional wave equation using finite difference method, Journal of
Computional and Applied Mathematics, 235, (2011), 2832-2841.

[24] N.H. Sweilam, M.M. Khader, A.M.S. Mahdy, Crank-Nicolson finite dif-
ference method for solving time-fractional diffusion equation, Journal of
Fractional Calculus and Applications, 2(2) (2012), 1-9.

[25] N.H. Sweilam, M.M. Khader, A.M.S. Mahdy, Numerical studies for
fractional-order Logistic differential equation with two different delays, Ac-
cepted in Journal of Applied Mathematics, to appear in 2012.


