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Abstract: In this paper, we introduce the notion of BE-homomorphism be-
tween BE-semigroups, and investigate some of their properties. Also, we estab-
lish construct the quotient self-distributive BE-semigroup via deductive system,
and we have the fundamental theorem of homomorphisms for self-distributive
BE-semigroups as a consequence.
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1. Introduction

Imai and Iséki introduced two classes of abstract algebras, namely, BCK-algebras
and BCl-algebras [4], [5]. It is known that the class of BCK-algebras is a proper
subclass of the class of BCI-algebras. In [9], Neggers and Kim introduced the
notion of d-algebras which is a generalization of BCK-algebras. Moreover, Jun
et al [9] introduced a new notion, called a BH-algebra, which is a generaliza-
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tion of BCK/BCl-algebras. Recently, another generalization of BCK-algebras,
the notion of a BE-algebra is introduced by Kim and Kim [8]. They provided
an equivalent condition of the filters in BE-algebras using the notion of upper
sets. In [2], [3], Ahn and So introduced the notion of ideals in BE-algebras and
proved several characterizations of such ideals. In [1], Ahn and Kim combined
BE-algebras and semigroups and introduced the notion of BE-semigroups. In
this paper, we introduce the notion of BE-homomorphism of BE-semigroups,
and investigate some of their properties. In addition, the notion of quotient
self-distributive BE-semigroups is introduced.

2. Preliminaries

In this section, we cite some elementary aspects that will be used in the sequel
of this paper.

Definition 2.1. (see [8]) An algebra (X,x*,1) of type (2,0) is called a
BE-algebra if:

(BE1) zxx =1 for all z € X,

(BE2) x«1=1forall z € X,

(BE3) 1xx =z for all z € X,

(BE4) zx(y*xz) =yx (x*z) for all z,y,z € X.

We can define a relation ” < ”7on X by x <y if and only if z xy = 1.

In an BE-algebra, the following identities are true (see [8]):

(al) z* (yxx) = 1.

(a2) xx ((xxy)xy)) = 1.

Definition 2.2. (see [8]) A BE-algebra (X, *,1) is said to be self-distributive
ifxx(yxz)=(r*xy)*(r*xz)forall z,y,z € X.

Definition 2.3. (see [2]) A BE-algebra (X;x*,1) is said to be transitive if
for any x,y,z € X, y* 2z < (z*xy) * (x x 2).

Proposition 2.4. (see [2]) If X is a self-distributive BE-algebra, then it

is transitive.

Definition 2.5. (see [10]) Let X, Y be two BE-algebras. A mapping
¥ X — Y is called a homomorphism from X into Y if for any z,y € X,

Yz y) = ¥(x) * 1(y) holds.

Definition 2.6. (see [1]) An algebraic system (X;®,*,1) is called a BE-
semigroup if it satisfies the following:
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(I) (X;®) is a semigroup,

(II) (X;*,1) is a BE-algebra,

(I1I) the operation “©” is distributive (on both sides) over the operation
“x” . that is,

rOy*xz)=(x0y)*x(x@z)and (x*xy)©z=(rO®2)*(y® z) for all
x,y,z € X.

Proposition 2.7. (see [1]) Let (X;®,*,1) be a BE-semigroup. Then

() VzeX)(1lorz=201=1),

(1) (r,y,z2€X) (2 <y=202<y0z,:0x<z0y).

Definition 2.8. (see [1]) An element a(# 1) in a BE-semigroup (X; ®, %, 1)
is said to be a left (resp. right) unit divisor if

(Fb(#1) e X) (a®b=1 (resp. bO®a=1))

A unit divisor is an element of X which is both a left and a right unit
divisors.

Definition 2.9. (see [1]) Let (X;®, %, 1) be a BE-semigroup. A nonempty
subset D of X is called a left (resp. right) deductive system if it satisfies:

(ds1) X ® D C D (resp. (D® X C D)),

(ds2) (Vae D) (Vx € X) (axxz € D= x€ D).

Both left and right deductive system is a two sided deductive system or
simply deductive system.

Example 2.10. (see [1]) Let X = {1, z,y, 2z} be the set with the following
Cayley tables:

@‘lxyz *‘lxyz
111 1 1 1 111 =2 y =z
z |1 = 1 1 z|1 1 y =z
y |1l 1 vy =z y|1l 1 1 =z
z |1 1 =z z|1 1 1 1

Then (X;®,%*,1) is a BE-semigroup. It is easy to show that D = {1,z} is
a deductive system of X.

Definition 2.11. A BE-semigroup (X; ®, , 1) is said to be self-distributive
BE-semigroup if X is self-distributive BE-algebra.
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3. Main Results

In this section we generalize the notion of a mapping from one BE-semigroup X
into another BE-semigroup Y. Thus we define a BE-homomorphism in a usual
way.

Definition 3.1. Let X and Y be two BE-semigroups. A mapping 1 :
X — Y is called a BE-homomorphism if for all a,b € X, ¢(a*b) = ¢(a) * 1 (b)
and (a © b) = 1¥(a) ® (b).

A BE-homomorphism ) is called a BE-monomorphism (resp. BE-epimor-
phism) if it is injective (resp. surjective). A bijective BE-homomorphism is
called a BE-isomorphism. For any BE-homomorphism 1 : X — Y, the set
{r € X | ¢¥(x) = 0} is called the kernel of 1), denoted by Ker(¢) and the set
{Y(z) | = € X} is called the image of v, denoted by Im(i)). We denote by
Hom(X,Y) the set of all BE-homomorphisms of BE-semigroups from X to Y.

In what follows let X and Y be BE-semigroups unless otherwise specified.

Example 3.2. Let X = {1l,a,b,c} and Y = {1, z,y, 2z} be sets with cayley
tables as follows:

@‘labc *‘labc @‘lxyz
1|1 1 1 1 111 a b ¢ 171 1 1 1
a |1l 1 1 1 all 1 b ¢ z |1 1 1 1
b |11 1 1 1 bll a 1 c y |1 1 1 y
c |1l a b c c|1 1 1 1 z |1 1 y =z

*‘1xyz

111 = y =z

z|1 1 y =z

y|l1l o 1 =z

z|1 1 1 1

Then (X;®,*,1) and (Y;©®, *,1) are BE-semigroups (see [1], Example 3.2).
Define amap ¢ : X — Y by

¢(x):{ 1, ifz=1,a,b '

Z, ifez=c
Then it is easy to check that v is a BE-homomorphism from X into Y.

Proposition 3.3. Suppose that ¥ : X — Y is a BE-homomorphism of
BE-semigroups. Then
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(1) »(1) = 1.
2)Ifzxy=1, z,y € X, then ¢(z) *x(y) = 1.

Proof. Since (1) = (1% 1) =(1) x (1) =1, (1) holds. If z,y € X and
z*y =1, then by (1), (2) * ¥ (y) = ¢(z xy) = (1) = 1. O

Proposition 3.4. Suppose that v : X — Y is a BE-homomorphism of
BE-semigroups. Then v is a monomorphism if and only if Ker(y) = {1}.

Proposition 3.5. Let X,Y be BE-semigroups and ) € Hom(X,Y'). Then

(D) Yzol)=¢(1loz)=1,foral zc X.
(2) (1 xx) =(z), for all z € X.
(3) Y(xr*x1) =1, for all z € X.

Proposition 3.6. Let 1y : X — Y be a monomorphism of BE-semigroups.
If x € X is a left (resp. right) unit divisor of X then (x) is a left (resp. right)
unit divisor of Y.

Proposition 3.7. Let X,Y and Z be BE-semigroups. If 1) € Hom(X,Y)
and w € Hom(Y,Z), then wo ) € Hom(X, Z).

Theorem 3.8. Let X and Y be BE-semigroups and let B be a left (resp.
right) deductive system of Y. Then for any 1 € Hom(X,Y), ¥~ 1(B) is a left
(resp. right) deductive system of X containing Ker(1).

Proof. Let B be a left deductive system of Y. If z € X and y € ¥~ !(B),
then ¢(y) € B and ¢¥(x ©® y) = ¢¥(x) ® ¢¥(y). It follows from the fact that
B is a left deductive system that ¢(z ® y) € B, that is, z © y € ¥~ 1(B).
Hence X ® ¢~ 1(B) C ¢~1(B). Now let x,y € X be such that y € »~1(B) and
y*x € ¢ Y(B). Then ¥(y) € B and ¢(y * x) = 9 (y) * ¢(x) € B. Since B is a
left deductive system, we have v(x) € B, that is, € ¢~ 1(B). Hence ¢~!(B)
is a left deductive system of X. Since {1} C B, Ker(y) =~ 1({1}) C ¢ ~Y(B).
Similarly we have the desired result for the right case. O

Theorem 3.9. Let X and Y be BE-semigroups and let 1) : X — Y be a
BE-epimorphism of BE-semigroups. If A is a left (resp. right) deductive system
of X, then ¢(A) is a left (resp. right) deductive system of Y.

Proof. Let x € 1)(A) and y € Y. Since v is onto, there exist a € X and b € A
such that ¥ (a) = y and ¥ (b) = x. Thus, a ©® b € A implies that y ©® x € (A).
Hence Y ® ¢(A) C ¢(A). Now, suppose a € ¥(A), y € Y and a xy € (A).
Since 1 is onto, there exist b € A and = € X such that (b) = a and ¢(x) = y.
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Thus, (b *x) = (b) * Y(x) = axy, so bxx € A. It follows from (ds2) that
x € A. Hence y = 9(x) € (A). Therefore, 1)(A) is a left deductive system of
Y. Similarly we have the desired result for the right case. O

Theorem 3.10. Let : X — Y bea BE-homomorphism of BE-semigroups.
Then Ker(v) is a deductive system of X.

Proof. Let z € X and y € Ker(y). Then we have ¢(x ©® y) = ¢(x) ©®
) = $(x) ©1 = 1 and $(y © 2) = B(y) © $(z) = 10 (z) = 1. Hence
X ® Ker(y) C Ker(y) and Ker(¢) © X C Ker(y). Now, let a xx € Ker(y)
and a € Ker(y). Then 1 = ¢(a*x) = ¢(a) * P(x) = 1 x(x) = 1(x). Hence
x € Ker(1). Therefore, Ker(1) is a deductive system of X. O

Theorem 3.11. Let ¢ € Hom(X,Y). If X is transitive, then ¥ (X) is
transitive.

Proof. Let ¢(x),9¥(y),¥(z) € ¥(X). Then

(YY) * P(2) * ((D(x) * P(y)) * (Y(2) *P(2))) = Py *2)* (@ *y) * Y(x x 2))
= Py *2) xP((xxy) * (z % 2))
= Py *2)* ((zxy)* (x*2)))
= ¥(1)
= 1.
Therefore, ¥ (X) is transitive. O

Theorem 3.12. Let v : X — Y be a BE-semigroup monomorphism. If
(X)) is transitive, then X Is transitive.

Proof. Let x,y,z € X. Then (¢ (y)1(2))* ((4(x) ¥ b (y)) + (¢ (2) ¥¢(2))) =
and thus Y((y * 2) *((x xy) * (z * 2))) = (1 Since v is a monomorphlsm 1t

follows from Proposition 3.4 that (y * z) *( % (z % z)) = 1. Therefore, X
is transitive. 0

(2)

Theorem 3.13. Let X, Y and Z be BE-semigroups. Suppose that ¢ :
X — Y is a BE-epimorphism, and let v : X — Z be a BE-homomorphism. If
Ker(¢) C Ker(1), then there exists a unique BE-homomorphism v : Y — Z
such that yo ¢ = 1.
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Proof. Let y € Y. Since ¢ is onto, there exists x € X such that ¢(z) =
y. Define a mapping v : ¥ — Z by y(y) = ¥(z). If y = ¢(z1) = d(22),
x1,x9 € X, then 1 = ¢(x1) *x ¢(x2) = ¢(x1 *x2). Hence x1 x x9 € Ker(¢). Since
Ker(¢) C Ker(y), we have 1 = ¢(z1) % (x2) = (21 * x2). Similarly, we get
Y(xg) *x P(x1) = 1. Thus ¢(x1) = ¥(x2). This means that v is well-defined.
Next we show that v is a BE-homomorphism. Let a,b € Y. Then there exist
x1,w2 € X such that a = ¢(x;) and b = ¢(x2). Now we have

(a ©b) =7(d(21) © ¢(x2)) = 7(¢(x1 © 22)) = (1) © P(x2) = 7(a) © ¥(b),

and

Y(a*b) = y(d(x1) * ¢(2)) = Y(d(@1 * x2)) = h(21) * Yp(22) = 7(a) * 7(b).

Hence v is a BE-homomorphism. The uniqueness of ~ follows directly from
the fact that ¢ is a BE-epimorphism. O

Theorem 3.14. Let X, Y and Z be BE-semigroups, and let g : X — Z
be a BE-homomorphism and h : Y — Z be a BE-monomorphism with I'm(g) C
Im(h), then there is a unique BE-homomorphism f : X — Y satisfying ho f =

g.

Proof. For each z € X, g(z) € Im(g) C Im(h). Since h is a BE-monomorphism,
there exists a unique b € Y such that h(b) = g(a). Define a map f: X — Y by
f(a) =b. Then ho f = g. To show that f is a BE-homomorphism. Let ¢,d € X.
Then

h(f(exd)) = glcx d) = g(c) x g(d) = h(f(c)) * h(f(d)) = h(f(c) * f(d)).

Since h is a BE-monomorphism, we have f(c*d) = f(c) * f(d). Similarly,
we can prove that f(c®d) = f(c) ® f(d). The uniqueness of f follows from the
fact that A is a monomorphism. O

Let X be a self-distributive BE-semigroup and D be a deductive system of
X. For any z,y € X, we define a relation “~p” on X as follows:
r~pyifandonlyifxxy € D and yxx € D.

Proposition 3.15. Let X be a self-distributive BE-semigroup and D be
a deductive system of X. Then ~p is an equivalence relation on X.
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Proof. Let a € D. Since D is a deductive system of X and 1 € X, we
have 1 ®a =1 € D. Let x € X. Then x xx = 1 € D, and thus x ~p =.
This means that ~p is reflexive. The symmetry of ~p is immediate from the
definition of the relation. For any x,y,z € X, if x ~p y and y ~p z, then
xxy € Dyxx €D and yx*z,zxy € D. Using (BE2) and (BE4), we obtain
(g2 (wry) x(@2)) = (g2 (25 (y32)) = ox((yxz)(y32)) = ol = 1 € D,
which implies that (z xy) * (x *2) € D, and so z x z € D by (ds2). Similarly,
we have z x x € D. Hence x ~p z. Therefore, ~p is an equivalence relation on
X. O

Let D be a deductive system of a self-distributive BE-semigroup X. Denote
the equivalence class containing x by D* and the set of all equivalence classes
in X by X/D, that is, D* = {ye€ X |y~pz} and X/D = {D* |z € X}.
Clearly, D' = D and D® = DY if and only if x ~p y.

Theorem 3.16. If D is a deductive system of a self-distributive BE-
semigroup X, then (X/D,®,®, D) is a self-distributive BE-semigroup under
the operations

D* ® DY = D*®Y and D* ® DY = D™V

Proof. Clearly (X/D,®, D') is a BE-algebra. Let D* = DY and D% = D".
Then since D is a deductive system, we have (z @ u)* (z©v) =2 ©® (u*xv) € D
and (x ©v) *x (zO u) =x©® (vku) € D. Thus (z ®u) ~p (z ®v). On the other
hand, (zOv)*(yoOv) = (zxy)©v € D and (yoOv)x(xGv) = (y*xx)©v € D. Hence
(x®v) ~p (yOv), and so xOu ~p yOw, that is, D*®* = DY®?, This shows that
© is well-defined. Therefore, it is easy to prove that (X/D,®) is a semigroup.
Moreover, for any D*, DY, D* € X/D, we obtain D*® (DY® D?) = D*© DY** =
Dm@(y*z) _ D(m@y)*(x@z) _ D(m@y) ®D(m®z) _ (Dx@Dy) ® (D:E@DZ)' Similarly,
we have (D* ® DY) ® D* = (D* ® D*) ® (DY ® D?). Thus, X/D is a BE-
semigroup. Let D* DY, D* € X/D. Then D* ® (DY ® D*) = D* ® DY** =
Dac*(y*z) _ D(ac*y)*(;v*z) — DT @ DT — (Dac ® Dy) ® (D:v ® Dz) Therefore,
(X/D,®,®, D) is a self-distributive BE-semigroup. O

Proposition 3.17. If I and J are deductive systems of a self-distributive
BE-semigroup X and I C J, then

(1) I is also a deductive system of J.

(73) J/I is a deductive system of X/I.
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Theorem 3.18. Let1 : X — Y bea BE-homomorphism of self-distributive
BE-semigroups. Then for any deductive system D of X, D/(Ker(¢) N D) =

¥(D).
Proof. Let A = Ker(¢) N D. Clearly, A is a deductive system of D. Define

a mapping £ : D/A — Y by &(A*) = o(z), for all z in D. Then for any
A* AY € D/A, we have

AZE

AV s oxye Ayxx € A,
SYrxy)=1L¢Yy*r) =1,
S Y(r) ®Py) = L,Y(y) ® () =1,
< Y(x) =¥(y),
& {(AT) = £(4Y).

Hence ¢ is well-defined and one to one. For all A, AY € D/A, we have

§(A" ® AY) = ((A™Y) = h(x xy) = P(z) * Y (y) = E(AT) * £(AY),

and

§(AT @ AY) = {(A™) = Y(z O y) = ¥(z) © P(y) = £(A") © {(AY).

Hence £ is a BE-homomorphism of self-distributive BE-semigroups. Thus
we obtain Im(§) = {£{(A") |x € D} = {¢(x) |z € D} = (D). Therefore,
D/(Ker(¥) N D) = (D). O

Corollary 3.19. Ifvy : X — Y is a BE-epimorphism of self-distributive
BE-semigroups, then X/Ker (i) =Y.

Definition 3.20. A BE-semigroup X is said to be Noetherian if each
deductive system of X is finitely generated.

Theorem 3.21. Given two self-distributive BE-semigroups X,Y, if ¢ :
X — Y is a BE-epimorphism and X is Noetherian, then so is Y.

Proof. By Theorem 3.19, X/Ker (1) = Y. It follows from Proposition 3.17(i7),
that every deductive system of X/Ker(v) is of the form D/Ker(y), where D is
a deductive system of X with Ker(y) C D. Let D1/Ker(y) C Dy/Ker(y) C ...
be any ascending chain of deductive systems in Y. Then Ker(y) C D; C
Dy C ... is an ascending chain of deductive systems of X. Since X is Noethe-
rian, we have D, = D, = ... for some natural number n. Hence we obtain
D, /Ker(y)) = Dyy1/Ker(¢) = ... . Therefore, Y is Noetherian. O
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