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Abstract: In this paper, we introduce the notion of BE-homomorphism be-
tween BE-semigroups, and investigate some of their properties. Also, we estab-
lish construct the quotient self-distributive BE-semigroup via deductive system,
and we have the fundamental theorem of homomorphisms for self-distributive
BE-semigroups as a consequence.
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1. Introduction

Imai and Iséki introduced two classes of abstract algebras, namely, BCK-algebras
and BCI-algebras [4], [5]. It is known that the class of BCK-algebras is a proper
subclass of the class of BCI-algebras. In [9], Neggers and Kim introduced the
notion of d-algebras which is a generalization of BCK-algebras. Moreover, Jun
et al [9] introduced a new notion, called a BH-algebra, which is a generaliza-
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tion of BCK/BCI-algebras. Recently, another generalization of BCK-algebras,
the notion of a BE-algebra is introduced by Kim and Kim [8]. They provided
an equivalent condition of the filters in BE-algebras using the notion of upper
sets. In [2], [3], Ahn and So introduced the notion of ideals in BE-algebras and
proved several characterizations of such ideals. In [1], Ahn and Kim combined
BE-algebras and semigroups and introduced the notion of BE-semigroups. In
this paper, we introduce the notion of BE-homomorphism of BE-semigroups,
and investigate some of their properties. In addition, the notion of quotient
self-distributive BE-semigroups is introduced.

2. Preliminaries

In this section, we cite some elementary aspects that will be used in the sequel
of this paper.

Definition 2.1. (see [8]) An algebra (X, ∗, 1) of type (2, 0) is called a
BE-algebra if:

(BE1) x ∗ x = 1 for all x ∈ X,

(BE2) x ∗ 1 = 1 for all x ∈ X,

(BE3) 1 ∗ x = x for all x ∈ X,

(BE4) x ∗ (y ∗ z) = y ∗ (x ∗ z) for all x, y, z ∈ X.

We can define a relation ” ≤ ”on X by x ≤ y if and only if x ∗ y = 1.
In an BE-algebra, the following identities are true (see [8]):

(a1) x ∗ (y ∗ x) = 1.

(a2) x ∗ ((x ∗ y) ∗ y)) = 1.

Definition 2.2. (see [8]) A BE-algebra (X, ∗, 1) is said to be self-distributive
if x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z) for all x, y, z ∈ X.

Definition 2.3. (see [2]) A BE-algebra (X; ∗, 1) is said to be transitive if
for any x, y, z ∈ X, y ∗ z ≤ (x ∗ y) ∗ (x ∗ z).

Proposition 2.4. (see [2]) If X is a self-distributive BE-algebra, then it
is transitive.

Definition 2.5. (see [10]) Let X, Y be two BE-algebras. A mapping
ψ : X → Y is called a homomorphism from X into Y if for any x, y ∈ X,
ψ(x ∗ y) = ψ(x) ∗ ψ(y) holds.

Definition 2.6. (see [1]) An algebraic system (X;⊙, ∗, 1) is called a BE-
semigroup if it satisfies the following:
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(I) (X;⊙) is a semigroup,

(II) (X; ∗, 1) is a BE-algebra,

(III) the operation “⊙” is distributive (on both sides) over the operation
“∗”, that is,

x⊙ (y ∗ z) = (x⊙ y) ∗ (x⊙ z) and (x ∗ y)⊙ z = (x⊙ z) ∗ (y ⊙ z) for all
x, y, z ∈ X.

Proposition 2.7. (see [1]) Let (X;⊙, ∗, 1) be a BE-semigroup. Then

(i) (∀x ∈ X) (1⊙ x = x⊙ 1 = 1),

(ii) (x, y, z ∈ X) (x ≤ y ⇒ x⊙ z ≤ y ⊙ z, z ⊙ x ≤ z ⊙ y).

Definition 2.8. (see [1]) An element a(6= 1) in a BE-semigroup (X;⊙, ∗, 1)
is said to be a left (resp. right) unit divisor if

(∃b(6= 1) ∈ X) (a⊙ b = 1 (resp. b⊙ a = 1))

A unit divisor is an element of X which is both a left and a right unit
divisors.

Definition 2.9. (see [1]) Let (X;⊙, ∗, 1) be a BE-semigroup. A nonempty
subset D of X is called a left (resp. right) deductive system if it satisfies:

(ds1) X ⊙D ⊆ D (resp. (D ⊙X ⊆ D)),

(ds2) (∀a ∈ D) ((∀x ∈ X) (a ∗ x ∈ D ⇒ x ∈ D).

Both left and right deductive system is a two sided deductive system or
simply deductive system.

Example 2.10. (see [1]) Let X = {1, x, y, z} be the set with the following
Cayley tables:

⊙ 1 x y z

1 1 1 1 1
x 1 x 1 1
y 1 1 y z
z 1 1 z y

∗ 1 x y z

1 1 x y z
x 1 1 y z
y 1 1 1 z
z 1 1 1 1

Then (X;⊙, ∗, 1) is a BE-semigroup. It is easy to show that D = {1, x} is
a deductive system of X.

Definition 2.11. ABE-semigroup (X;⊙, ∗, 1) is said to be self-distributive
BE-semigroup if X is self-distributive BE-algebra.
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3. Main Results

In this section we generalize the notion of a mapping from one BE-semigroup X
into another BE-semigroup Y. Thus we define a BE-homomorphism in a usual
way.

Definition 3.1. Let X and Y be two BE-semigroups. A mapping ψ :
X → Y is called a BE-homomorphism if for all a, b ∈ X, ψ(a ∗ b) = ψ(a) ∗ ψ(b)
and ψ(a⊙ b) = ψ(a) ⊙ ψ(b).

A BE-homomorphism ψ is called a BE-monomorphism (resp. BE-epimor-
phism) if it is injective (resp. surjective). A bijective BE-homomorphism is
called a BE-isomorphism. For any BE-homomorphism ψ : X → Y, the set
{x ∈ X | ψ(x) = 0} is called the kernel of ψ, denoted by Ker(ψ) and the set
{ψ(x) | x ∈ X} is called the image of ψ, denoted by Im(ψ). We denote by
Hom(X,Y ) the set of all BE-homomorphisms of BE-semigroups from X to Y .

In what follows let X and Y be BE-semigroups unless otherwise specified.

Example 3.2. Let X = {1, a, b, c} and Y = {1, x, y, z} be sets with cayley
tables as follows:

⊙ 1 a b c

1 1 1 1 1
a 1 1 1 1
b 1 1 1 1
c 1 a b c

∗ 1 a b c

1 1 a b c
a 1 1 b c
b 1 a 1 c
c 1 1 1 1

⊙ 1 x y z

1 1 1 1 1
x 1 1 1 1
y 1 1 1 y
z 1 1 y z

∗ 1 x y z

1 1 x y z
x 1 1 y z
y 1 x 1 z
z 1 1 1 1

Then (X;⊙, ∗, 1) and (Y ;⊙, ∗, 1) are BE-semigroups (see [1], Example 3.2).
Define a map ψ : X → Y by

ψ(x) =

{

1, if x = 1, a, b
z, if x = c

.

Then it is easy to check that ψ is a BE-homomorphism from X into Y .

Proposition 3.3. Suppose that ψ : X → Y is a BE-homomorphism of
BE-semigroups. Then
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(1) ψ(1) = 1.

(2) If x ∗ y = 1, x, y ∈ X, then ψ(x) ∗ ψ(y) = 1.

Proof. Since ψ(1) = ψ(1 ∗ 1) = ψ(1) ∗ ψ(1) = 1, (1) holds. If x, y ∈ X and
x ∗ y = 1, then by (1), ψ(x) ∗ ψ(y) = ψ(x ∗ y) = ψ(1) = 1.

Proposition 3.4. Suppose that ψ : X → Y is a BE-homomorphism of
BE-semigroups. Then ψ is a monomorphism if and only if Ker(ψ) = {1}.

Proposition 3.5. Let X,Y be BE-semigroups and ψ ∈ Hom(X,Y ). Then

(1) ψ(x⊙ 1) = ψ(1⊙ x) = 1, for all x ∈ X.

(2) ψ(1 ∗ x) = ψ(x), for all x ∈ X.

(3) ψ(x ∗ 1) = 1, for all x ∈ X.

Proposition 3.6. Let ψ : X → Y be a monomorphism of BE-semigroups.
If x ∈ X is a left (resp. right) unit divisor of X then ψ(x) is a left (resp. right)
unit divisor of Y.

Proposition 3.7. Let X,Y and Z be BE-semigroups. If ψ ∈ Hom(X,Y )
and ω ∈ Hom(Y,Z), then ω ◦ ψ ∈ Hom(X,Z).

Theorem 3.8. Let X and Y be BE-semigroups and let B be a left (resp.
right) deductive system of Y . Then for any ψ ∈ Hom(X,Y ), ψ−1(B) is a left
(resp. right) deductive system of X containing Ker(ψ).

Proof. Let B be a left deductive system of Y. If x ∈ X and y ∈ ψ−1(B),
then ψ(y) ∈ B and ψ(x ⊙ y) = ψ(x) ⊙ ψ(y). It follows from the fact that
B is a left deductive system that ψ(x ⊙ y) ∈ B, that is, x ⊙ y ∈ ψ−1(B).
Hence X ⊙ ψ−1(B) ⊆ ψ−1(B). Now let x, y ∈ X be such that y ∈ ψ−1(B) and
y ∗ x ∈ ψ−1(B). Then ψ(y) ∈ B and ψ(y ∗ x) = ψ(y) ∗ ψ(x) ∈ B. Since B is a
left deductive system, we have ψ(x) ∈ B, that is, x ∈ ψ−1(B). Hence ψ−1(B)
is a left deductive system of X. Since {1} ⊆ B, Ker(ψ) = ψ−1({1}) ⊆ ψ−1(B).
Similarly we have the desired result for the right case.

Theorem 3.9. Let X and Y be BE-semigroups and let ψ : X → Y be a
BE-epimorphism of BE-semigroups. If A is a left (resp. right) deductive system
of X, then ψ(A) is a left (resp. right) deductive system of Y.

Proof. Let x ∈ ψ(A) and y ∈ Y. Since ψ is onto, there exist a ∈ X and b ∈ A
such that ψ(a) = y and ψ(b) = x. Thus, a ⊙ b ∈ A implies that y ⊙ x ∈ ψ(A).
Hence Y ⊙ ψ(A) ⊆ ψ(A). Now, suppose a ∈ ψ(A), y ∈ Y and a ∗ y ∈ ψ(A).
Since ψ is onto, there exist b ∈ A and x ∈ X such that ψ(b) = a and ψ(x) = y.
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Thus, ψ(b ∗ x) = ψ(b) ∗ ψ(x) = a ∗ y, so b ∗ x ∈ A. It follows from (ds2) that
x ∈ A. Hence y = ψ(x) ∈ ψ(A). Therefore, ψ(A) is a left deductive system of
Y. Similarly we have the desired result for the right case.

Theorem 3.10. Let ψ : X → Y be a BE-homomorphism of BE-semigroups.
Then Ker(ψ) is a deductive system of X.

Proof. Let x ∈ X and y ∈ Ker(ψ). Then we have ψ(x ⊙ y) = ψ(x) ⊙
ψ(y) = ψ(x) ⊙ 1 = 1 and ψ(y ⊙ x) = ψ(y) ⊙ ψ(x) = 1 ⊙ ψ(x) = 1. Hence
X ⊙Ker(ψ) ⊆ Ker(ψ) and Ker(ψ) ⊙X ⊆ Ker(ψ). Now, let a ∗ x ∈ Ker(ψ)
and a ∈ Ker(ψ). Then 1 = ψ(a ∗ x) = ψ(a) ∗ ψ(x) = 1 ∗ ψ(x) = ψ(x). Hence
x ∈ Ker(ψ). Therefore, Ker(ψ) is a deductive system of X.

Theorem 3.11. Let ψ ∈ Hom(X,Y ). If X is transitive, then ψ(X) is
transitive.

Proof. Let ψ(x), ψ(y), ψ(z) ∈ ψ(X). Then

(ψ(y) ∗ ψ(z)) ∗ ((ψ(x) ∗ ψ(y)) ∗ (ψ(x) ∗ ψ(z))) = ψ(y ∗ z) ∗ (ψ(x ∗ y) ∗ ψ(x ∗ z))

= ψ(y ∗ z) ∗ ψ((x ∗ y) ∗ (x ∗ z))

= ψ((y ∗ z) ∗ ((x ∗ y) ∗ (x ∗ z)))

= ψ(1)

= 1.

Therefore, ψ(X) is transitive.

Theorem 3.12. Let ψ : X → Y be a BE-semigroup monomorphism. If
ψ(X) is transitive, then X is transitive.

Proof. Let x, y, z ∈ X. Then (ψ(y)∗ψ(z))∗((ψ(x)∗ψ(y))∗(ψ(x)∗ψ(z))) = 1,
and thus ψ((y ∗ z) ∗((x ∗ y) ∗ (x ∗ z))) = 1. Since ψ is a monomorphism, it
follows from Proposition 3.4 that (y ∗ z) ∗((x ∗ y) ∗ (x ∗ z)) = 1. Therefore, X
is transitive.

Theorem 3.13. Let X, Y and Z be BE-semigroups. Suppose that φ :
X → Y is a BE-epimorphism, and let ψ : X → Z be a BE-homomorphism. If
Ker(φ) ⊆ Ker(ψ), then there exists a unique BE-homomorphism γ : Y → Z
such that γ ◦ φ = ψ.
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Proof. Let y ∈ Y. Since φ is onto, there exists x ∈ X such that φ(x) =
y. Define a mapping γ : Y → Z by γ(y) = ψ(x). If y = φ(x1) = φ(x2),
x1, x2 ∈ X, then 1 = φ(x1) ∗ φ(x2) = φ(x1 ∗ x2). Hence x1 ∗ x2 ∈ Ker(φ). Since
Ker(φ) ⊆ Ker(ψ), we have 1 = ψ(x1) ∗ ψ(x2) = ψ(x1 ∗ x2). Similarly, we get
ψ(x2) ∗ ψ(x1) = 1. Thus ψ(x1) = ψ(x2). This means that γ is well-defined.
Next we show that γ is a BE-homomorphism. Let a, b ∈ Y. Then there exist
x1, x2 ∈ X such that a = φ(x1) and b = φ(x2). Now we have

γ(a⊙ b) = γ(φ(x1)⊙ φ(x2)) = γ(φ(x1 ⊙ x2)) = ψ(x1)⊙ ψ(x2) = γ(a) ⊙ γ(b),

and

γ(a ∗ b) = γ(φ(x1) ∗ φ(x2)) = γ(φ(x1 ∗ x2)) = ψ(x1) ∗ ψ(x2) = γ(a) ∗ γ(b).

Hence γ is a BE-homomorphism. The uniqueness of γ follows directly from
the fact that φ is a BE-epimorphism.

Theorem 3.14. Let X, Y and Z be BE-semigroups, and let g : X → Z
be a BE-homomorphism and h : Y → Z be a BE-monomorphism with Im(g) ⊆
Im(h), then there is a unique BE-homomorphism f : X → Y satisfying h◦ f =
g.

Proof. For each x ∈ X, g(x) ∈ Im(g) ⊆ Im(h). Since h is a BE-monomorphism,
there exists a unique b ∈ Y such that h(b) = g(a). Define a map f : X → Y by
f(a) = b. Then h◦f = g. To show that f is a BE-homomorphism. Let c, d ∈ X.
Then

h(f(c ∗ d)) = g(c ∗ d) = g(c) ∗ g(d) = h(f(c)) ∗ h(f(d)) = h(f(c) ∗ f(d)).

Since h is a BE-monomorphism, we have f(c ∗ d) = f(c) ∗ f(d). Similarly,
we can prove that f(c⊙ d) = f(c)⊙ f(d). The uniqueness of f follows from the
fact that h is a monomorphism.

Let X be a self-distributive BE-semigroup and D be a deductive system of
X. For any x, y ∈ X, we define a relation “∼D” on X as follows:

x ∼D y if and only if x ∗ y ∈ D and y ∗ x ∈ D.

Proposition 3.15. Let X be a self-distributive BE-semigroup and D be
a deductive system of X. Then ∼D is an equivalence relation on X.
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Proof. Let a ∈ D. Since D is a deductive system of X and 1 ∈ X, we
have 1 ⊙ a = 1 ∈ D. Let x ∈ X. Then x ∗ x = 1 ∈ D, and thus x ∼D x.
This means that ∼D is reflexive. The symmetry of ∼D is immediate from the
definition of the relation. For any x, y, z ∈ X, if x ∼D y and y ∼D z, then
x ∗ y ∈ D,y ∗ x ∈ D and y ∗ z, z ∗ y ∈ D. Using (BE2) and (BE4), we obtain
(y∗z)∗((x∗y)∗(x∗z)) = (y∗z)∗(x∗(y∗z)) = x∗((y∗z)∗(y∗z)) = x∗1 = 1 ∈ D,
which implies that (x ∗ y) ∗ (x ∗ z) ∈ D, and so x ∗ z ∈ D by (ds2). Similarly,
we have z ∗ x ∈ D. Hence x ∼D z. Therefore, ∼D is an equivalence relation on
X.

Let D be a deductive system of a self-distributive BE-semigroup X. Denote
the equivalence class containing x by Dx and the set of all equivalence classes
in X by X/D, that is, Dx = {y ∈ X | y ∼D x} and X/D = {Dx | x ∈ X} .
Clearly, D1 = D and Dx = Dy if and only if x ∼D y.

Theorem 3.16. If D is a deductive system of a self-distributive BE-
semigroup X, then (X/D,⊚,⊛,D1) is a self-distributive BE-semigroup under
the operations

Dx
⊚Dy = Dx⊙y and Dx

⊛Dy = Dx∗y

Proof. Clearly (X/D,⊛,D1) is a BE-algebra. Let Dx = Dy and Du = Dv.
Then since D is a deductive system, we have (x⊙u) ∗ (x⊙ v) = x⊙ (u ∗ v) ∈ D
and (x⊙ v) ∗ (x⊙ u) = x⊙ (v ∗ u) ∈ D. Thus (x⊙ u) ∼D (x⊙ v). On the other
hand, (x⊙v)∗(y⊙v) = (x∗y)⊙v ∈ D and (y⊙v)∗(x⊙v) = (y∗x)⊙v ∈ D. Hence
(x⊙v) ∼D (y⊙v), and so x⊙u ∼D y⊙v, that is, Dx⊙u = Dy⊙v. This shows that
⊚ is well-defined. Therefore, it is easy to prove that (X/D,⊚) is a semigroup.
Moreover, for any Dx,Dy,Dz ∈ X/D, we obtain Dx

⊚(Dy
⊛Dz) = Dx

⊚Dy∗z =
Dx⊙(y∗z) = D(x⊙y)∗(x⊙z) = D(x⊙y)

⊛D(x⊙z) = (Dx
⊚Dy)⊛(Dx

⊚Dz). Similarly,
we have (Dx

⊛ Dy) ⊚ Dz = (Dx
⊚ Dz) ⊛ (Dy

⊚ Dz). Thus, X/D is a BE-
semigroup. Let Dx,Dy,Dz ∈ X/D. Then Dx

⊛ (Dy
⊛ Dz) = Dx

⊛ Dy∗z =
Dx∗(y∗z) = D(x∗y)∗(x∗z) = Dx∗y

⊛Dx∗z = (Dx
⊛ Dy) ⊛ (Dx

⊛ Dz). Therefore,
(X/D,⊚,⊛,D1) is a self-distributive BE-semigroup.

Proposition 3.17. If I and J are deductive systems of a self-distributive
BE-semigroup X and I ⊂ J, then

(i) I is also a deductive system of J.

(ii) J/I is a deductive system of X/I.
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Theorem 3.18. Let ψ : X → Y be a BE-homomorphism of self-distributive
BE-semigroups. Then for any deductive system D of X, D/(Ker(ψ) ∩ D) ∼=
ψ(D).

Proof. Let A = Ker(ψ) ∩D. Clearly, A is a deductive system of D. Define
a mapping ξ : D/A → Y by ξ(Ax) = ψ(x), for all x in D. Then for any
Ax, Ay ∈ D/A, we have

Ax = Ay ⇔ x ∗ y ∈ A, y ∗ x ∈ A,

⇔ ψ(x ∗ y) = 1, ψ(y ∗ x) = 1,

⇔ ψ(x) ⊛ ψ(y) = 1, ψ(y) ⊛ ψ(x) = 1,

⇔ ψ(x) = ψ(y),

⇔ ξ(Ax) = ξ(Ay).

Hence ξ is well-defined and one to one. For all Ax, Ay ∈ D/A, we have

ξ(Ax
⊛Ay) = ξ(Ax∗y) = ψ(x ∗ y) = ψ(x) ∗ ψ(y) = ξ(Ax) ∗ ξ(Ay),

and

ξ(Ax
⊚Ay) = ξ(Ax⊙y) = ψ(x⊙ y) = ψ(x)⊙ ψ(y) = ξ(Ax)⊙ ξ(Ay).

Hence ξ is a BE-homomorphism of self-distributive BE-semigroups. Thus
we obtain Im(ξ) = {ξ(Ax) | x ∈ D} = {ψ(x) | x ∈ D} = ψ(D). Therefore,
D/(Ker(ψ) ∩D) ∼= ψ(D).

Corollary 3.19. If ψ : X → Y is a BE-epimorphism of self-distributive
BE-semigroups, then X/Ker(ψ) ∼= Y.

Definition 3.20. A BE-semigroup X is said to be Noetherian if each
deductive system of X is finitely generated.

Theorem 3.21. Given two self-distributive BE-semigroups X,Y , if ψ :
X → Y is a BE-epimorphism and X is Noetherian, then so is Y.

Proof. By Theorem 3.19, X/Ker(ψ) ∼= Y. It follows from Proposition 3.17(ii),
that every deductive system of X/Ker(ψ) is of the form D/Ker(ψ), where D is
a deductive system of X with Ker(ψ) ⊆ D. Let D1/Ker(ψ) ⊆ D2/Ker(ψ) ⊆ ...
be any ascending chain of deductive systems in Y. Then Ker(ψ) ⊆ D1 ⊆
D2 ⊆ ... is an ascending chain of deductive systems of X. Since X is Noethe-
rian, we have Dn = Dn+1 = ... for some natural number n. Hence we obtain
Dn/Ker(ψ) = Dn+1/Ker(ψ) = ... . Therefore, Y is Noetherian.
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