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Abstract: This research studies the robust optimal output feedback sliding
mode control law design for attitude tracking maneuvers of a rigid spacecraft.
The proposed control technique, which combines the first-order sliding mode
control (SMC) concept and control Lyapunov function (CLF) approach, is ap-
plied to quaternion-based attitude tracking with external disturbances and an
uncertainty inertia matrix. For the CLF-based optimal controller design the
state-dependent Riccati equation (SDRE) method is used in the design pro-
cedure to determine a suitable CLF. The Sontag formula is then applied to
construct a new optimal controller. The SDRE compensator technique is em-
ployed to estimate the system state. The second method of Lyapunov is used
to show that the stability of the closed-loop system and external disturbance
attenuation can be ensured. An example of multiaxial attitude maneuvers is
presented and simulation results are given to verify the usefulness of the pro-
posed controller.
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1. Introduction

Optimal attitude control has been extensively studied by various researchers
(see, e.g., [1]-[3]). The main objective of optimal attitude control of a spacecraft
is to design a controller that stabilizes the attitude of the spacecraft system
to an equilibrium state and minimizes a given performance criterion for the
stabilization process. In the past decade SDRE techniques have been developed
to offer a systematic and effective means for the design of control systems for
nonlinear dynamical systems (Mracek and Cloutier, [4], [5], Cloutier et al. [6],
Cloutier and Stansbery [7]). Later, extension of the SDRE methodology to the
nonlinear state estimation problem has been presented in Banks et al. [8] and
Cimen [9]. The work in reference [8] includes local convergence results for the
nonlinear state estimation and a numerical example. Recent applications of the
SDRE techniques for implementations of optimal control can be found in the
works by Pittner and Simaan [10] and Pittner et al. [11]. On the other hand the
CLF-based control methods [12]-[16] can be used to solve the nonlinear optimal
control problem without solving the Hamilton-Jacobi-Bellman (HJB) equation.
By finding a CLF, which can also be shown to be a value function, an optimal
controller that optimizes a derived cost can be designed (Sontag [12], Freeman
and Kokotovic [17]).

As extensions of the above studies, optimal control and robust control have
been merged to obtain robust optimal control laws. Various nonlinear control
methods for developing robust optimal controllers such as nonlinear H∞ con-
trol [18], H∞ inverse optimal adaptive control [19], minimax control [20], and
optimal SMC [21], have been proposed for solving the attitude tracking control
problem. However, most of these controller designs require feedback of attitude
angle and angular velocity (i.e., they are full-state feedback controllers). In
practical attitude controller designs, it may be difficult to know all of the states
of the attitude control system.

In this research the CLF approach and the first-order SMC are merged to
develop a novel robust optimal control. It is not straightforward to use the
concept of CLF as a design tool, since there is no systematic technique for
finding CLFs for general nonlinear systems. Here we apply the SDRE method
to find a CLF for the tracking system. Furthermore, the SDRE observer is
used to estimate the system state in the design procedure. To the author’s
knowledge, the robust optimal output feedback sliding mode controller design
is proposed for the first time in this paper. The desired control objective is that
the robust optimal output feedback controller obtained is expected to yield both
robustness and optimality.
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This paper is organized as follows. In Section 2, the dynamic equation of
error rate and the kinematics of attitude error ([21], [22]) are described. In
section 3, SDRE approaches for the development of observer-based controller
are discussed. The systematic design procedure is described and the control
formulation is given. In Section 4, fundamental concepts of the CLF-based
control technique are given. The resulting control and first order SMC are then
merged to develop a robust optimal feedback controller design. In Section 5, an
example of spacecraft attitude maneuvers is presented to verify the usefulness
of the proposed controller. In Section 6, we present conclusions.

2. Mathematical Model of Spacecraft Attitude Tracking Control

2.1. Dynamic Equations of the Error Rate

In this section the mathematical model of a rigid spacecraft is briefly restated.
The model is the one used in [20], [21] and the reader is referred to these
papers for more details. We define here the attitude error Qe = [eT e4]

T with
e = [e1 e2 e3]

T , the angular velocity ω = [ω1 ω2 ω3]
T and the error angular

velocity rate ωe = [ω1e ω2e ω3e]
T . The kinematic equation for the attitude

error quaternion and the dynamic equation of the error rate are given as

Q̇e =
1

2

[

e× + e4I3
−eT

]

ωe (1)

and
Jω̇e = −ω×

e Jωe − ω×

e Jωr − ω×

r Jωe + τ + ξ, (2)

where I3 is the 3× 3 identity matrix and

e× =





0 −e3 e2
e3 0 −e1
−e2 e1 0



 (3)

is the 3× 3 skew-symmetric matrix.
Here τ = [τ1 τ2 τ3]

T represents the control vector,
ξ = [ξ1 ξ2 ξ3]

T are bounded disturbances, J is the inertia matrix and ωr =
[ω1r ω2r ω3r]

T denotes the desired reference rate. In (2) ωe can be obtained
from ωe = ω − ωd and ω×

e is a skew-symmetric matrix with a formula similar
to e×.

Note that in (1) e4 is not independent of e1, e2, e3 because of the constraint
relation eT e+ e24 = 1 among the four unitary quaternions.
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To avoid the singularity of the matrix e× + e4I3 that will occur at e4 = 0,
we let the attitude error of the spacecraft be restricted to the workspace W
[24] defined by

W = {Qe|Qe = [eT e4]
T , ‖e‖ ≤ β0 < 1, e4 ≥

√

1− β20 > 0}, (4)

where β0 is a positive constant. To facilitate the controller design, (1) is utilized
to obtain

ė =
1

2
Beωe, (5)

where Be = e×+ e4I3. In our design the spacecraft’s attitude error is restricted
to the workspace W to ensure that Be is invertible.

Taking the time derivative of (5) and premultiplying both sides of the result
by B−T

e JB−1
e , one obtains [25]

B−T
e JB−1

e ë =
1

2
B−T
e JB−1

e Ḃeωe +
1

2
B−T
e JB−1

e ω̇e. (6)

Letting Je = B−T
e JB−1

e and using (5), equation (6) becomes

Jeë = JeḂeB
−1
e ė−B−T

e (2B−1
e ė)×JB−1

e ė−B−T
e (2B−1

e ė)×Jωr

−B−T
e ω×

r J2B
−1
e ė+

1

2
B−T
e τ +

1

2
B−T
e ξ. (7)

Letting αi =
∑3

j=1 Jijωjr, i = 1, 2, 3 and using basic matrix operations, we
obtain

(B−1
e ė)×Jωr = −α×(B−1

e ė), (8)

where α× is a skew-symmetric matrix with a formula similar to ω×

e . Substitut-
ing (8) into (7), one has

Jeë = JeḂeB
−1
e ė−B−T

e (2B−1
e ė)×JB−1

e ė+ α×(B−1
e ė)

−B−T
e ω×

r J(B
−1
e ė) + u+ d, (9)

where the new control input and external disturbance are defined as

u =
1

2
B−T
e τ and d =

1

2
B−T
e ξ. (10)

If we let x = [eT ėT ]T and Γ(e, ė, ωr) = ḂeB
−1
e ė− J−1

e (2B−1
e ė)×JB−1

e

+ J−1
e α×B−1

e − J−1ω×

r JB
−1
e , then the kinematic and dynamic equations can

be transformed into the new coordinates as

ẋ = f(x) +G(x)u+G(x)d
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y = Hx, (11)

where

f(x) =

[

ė

Γ(e, ė, ωr)ė

]

G(x) =

[

03×3

J−1
e

]

and H =
[

I3 03×3

]

. (12)

3. SDRE Approach

3.1. SDRE Control

This section briefly describes the SDRE technique and a systematic procedure
for the design of the SDRE controller. The formulation of motion tracking
as an optimal control problem of a rigid spacecraft is considered. For the
optimal controller design, the difficulty of using the SDRE approach is to find
the appropriate state-dependent coefficient (SDC) matrix. In this section it
is assumed that external disturbances are not taken into account. The SDRE
controller design can be processed as below.

We discuss an optimal control law minimizing the performance index

I =

∫

∞

0
(xTQ(x)x+ uTR(x)u)dt, (13a)

where ẋ = f(x) +G(x)u, x(0) = x0 (13b)

and Q ∈ Rn×n is a symmetric positive semidefinite matrix and R ∈ Rm×m

is a symmetric positive definite matrix. Further, we assume that f(x) can
be decomposed as f(x) = A(x)x, where A(x) ∈ Rn×n is an analytic valued
function for every given x ∈ Rn, and the pair (A(x), G(x)) is stabilizable in the
linear quadratic regulator sense.

Obviously, it is difficult to obtain the SDC matrix A(x) from the system
(13b). Based on the theory in [26], the matrix A(x) is chosen as

A(x) =

[

0 I3
0 Γ(e, ė, ωr)

]

. (14)

Thus, the optimal control υ∗ is given as [6]

υ∗ = −R−1GTΠ(x)x, (15)

where Π(x) is the solution to the generalized SDRE

Π(x)A(x) +AT (x)Π(x) +Q(x)−Π(x)G(x)R−1(x)GT (x)Π(x) = 0. (16)
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In general the choice of the matrix A(x) is not unique. It has explicitly been
selected to make the stability problem analytically tractable. Note that because
of the problem of robustness, we have not directly applied the SDRE controller
to the attitude tracking system. In Section 4 the control method to design a
robust optimal control will be addressed and SDRE concepts will be used in
the design process to find a CLF.

3.2. SDRE State Estimator

This section presents the SDRE-estimator-based controller. This control law
design uses the SDRE state estimator proposed in [8] to estimate the state
feedback in the controller design. We consider systems that can be written as

ẋ = A(x)x+B(x)u

y = C(x)x, (17)

where A(x) ∈ Rn×n, B(x) ∈ Rn×m and C(x) ∈ Rp×n are continuous matrix-
valued functions. The SDRE nonlinear estimator can be formulated by mimick-
ing the theory of estimators for linear systems. The control law using estimator
compensation is formulated as

ẋ = A(x)x+B(x)u(x̂)

˙̂x = A(x̂)x̂+B(x̂)u(x̂)− L(x̂)(y − C(x̂)x̂), (18)

where
L(x̂) = Γ(x̂)CT (x̂)V −1, (19)

and Π(x) solves the dual SDRE

Γ(x̂)A(x̂) +AT (x̂)Γ(x̂) + U − Γ(x̂)CT (x̂)V −1(x)C(x̂)Γ(x̂) = 0. (20)

Here, U ∈ Rn×n is the symmetric positive semidefinite matrix and V ∈ Rm×m

is the positive semidefinite matrix that are obtained as the design parameters
from the corresponding cost functional for the SDRE state estimator. In the
estimator-compensated system, the actual state x can be replaced by the es-
timated state x̂. If the respective pairs {A(x), G(x)} and {A(x), C(x)} are
pointwise stabilizable and have detectable parameterizations, then the com-
pensated closed-loop system is locally asymptotically stable in a neighborhood
about the origin (Banks et al. [8]). Banks et al. [8] have shown that the state
estimate obtained using the SDRE observer locally asymptotically converges to
the actual state.
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4. CLF-Based Sliding Mode Control

In this section the attitude tracking problem for a spacecraft is addressed
through the combination of optimal control and SMC. A particularly inter-
esting optimal control design is based on the existence of a CLF. Applying the
SDRE concept we can find a CLF for the optimal control problem of the atti-
tude tracking. Then the Sontag formula can be used with the CLF obtained to
construct a new optimal stabilizing control. Using the proposed technique, we
can make optimal or suboptimal control more robust and applicable to space-
craft systems with uncertainties.

4.1. Control Lyapunov Functions

We consider the optimal control problem (13). A suboptimal solution based on
CLF is given below.

Definition 1. (Sepulchre et al. [15] ) A smooth, positive definite and
radially unbounded function V is called a control Lyapunov function for system
(13b) if for all x 6= 0

LGV = 0 =⇒ LfV < 0 ∀x 6= 0. (21)

Here, the Lie derivative of V with respect to f is defined as the inner product

of the gradient of V with f , i.e. LfV (x) =
[

∂V
∂x

]T
f(x).

A stabilizing optimal control law for the cost of the form (13a) can be
selected such that a CLF V becomes the optimal value function. A particular
optimizing control law can be designed by the Sontag formula [12]

u∗ =

{

−ψ(x)+
√

(ψ(x))2+xTQxβT (x)R−1(x)β(x)

β(x) for β(x) 6= 0

0 for β(x) = 0
(22)

where ψ(x) = LfV (x) and β(x) = [LGV (x)]T .
It is noted that the difficulty of employing the Sontag formula is how to

find a CLF for the tracking system (13b). The following lemma provides an
alternative way to obtain such a CLF.

Lemma 2. The following positive definite function is a CLF for the space-
craft tracking system (13b)

V = xTP (x)x, (23)

where P (x) is the solution to the following matrix Riccati equation

(P +
1

2
xTPx)

TA(x) +AT (x)(P +
1

2
xTPx) +Q(x)
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−(P +
1

2
xTPx)

TG(x)R−1(x)GT (x)(P +
1

2
xTPx) = 0. (24)

Clearly by setting Π(x) = P + 1
2x

TPx the matrix Riccati equation (24) is
equivalent to the matrix Riccati equation (11). Thus the Lyapunov function
above comes from the SDRE design.

Proof. Let the optimal value function for the infinite time problem be given
by (23). We obtain

∂V

∂x
= xTP + PxT + xTPxx. (25)

Putting Π(x) = P + 1
2x

TPx, (25) becomes

∂V

∂x
= 2xTΠ(x). (26)

We know that LGV (x) =
[

∂V
∂x

]T
G, so it follows that

LGV (x) = 2xTΠ(x)G. (27)

Clearly, if we set LGV (x) = 0, Π(x)G = 0 is obtained.

Next, letting LGV (x) = 0 we can show that LfV (x) < 0. First, LfV (x)
can be derived as

LfV (x) =

[

∂V

∂x

]T

A(x)x

= 2xTΠ(x)A(x)x. (28)

With the substitution of the matrix Riccati equation (37) one has

LfV (x) = xT (−Q(x) + Π(x)G(x)R−1(x)GT (x)Π(x))x. (29)

Substituting Π(x)G = 0 into (29), we obtain

LfV (x) = −xTQ(x)x < 0. (30)

This implies that we obtain LfV (x) < 0 whenever LGV (x) = 0. Therefore, the
function V (x) defined in (23) is the CLF for system (13b).
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4.2. Control Law

Now, we are in a position to address the construction of the optimal sliding
mode scheme, which is summarized in the following Theorem.

Theorem 3. Let uo be the optimal control defined in (22), κi be the ith

element of a vector. With ρi ≥ |di|, i = 1, 2, . . . m and

sign(βT (x)) = [sign(κ1(β
T (x))) sign(κ2(β

T (x)) . . . sign(κm(β
T (x))]T

the integrated optimal sliding mode control law

u = −uo − ρsign(βT (x)) (31)

achieves asymptotic stability for system (11).

Proof. Choose the CLF V = xTP (x)x as the Lyapunov function candidate.
Differentiating V yields

V̇ (x) =

[

∂V

∂x

]T

(f(x) +G(x)u +G(x)d)

= LfV + LGV u0 − LGV ρsign(LGV ) + LGV d

= −
√

(ψ(x))2 + xTQxβT (x)R−1(x)β(x)

−2xTΠ(x)Gs
[

ρsign(βT (x))− d
]

≤ −
√

(ψ(x))2 + xTQxβT (x)R−1(x)β(x) < 0 (32)

Clearly, V̇ (x) is negative definite and asymptotic stability has been proved.

4.3. Output Feedback Law

Now the robust optimal output feedback control law design is briefly summa-
rized. In the SDC form the attitude tracking system along with an SDRE
compensator can be written as

ẋ =

[

0 I3
0 Γ(e, ė, ωr)

]

x+

[

0
J−1
e

]

u(x̂) (33)

˙̂x =

[

0 I3
0 Γ(ê, ˙̂e, ωr)

]

x̂+

[

0

J−1
ê

]

u(x̂), (34)
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where L(x̂) is the solution of (20) and u(x̂) is given by

u(x̂) = uo(x̂)− ρsign(βT (x̂)) (35)

with

uo(x̂) =

{

−ψ(x̂)+
√

(ψ(x̂))2+x̂TQx̂βT (x̂)R−1(x̂)β(x̂)

β(x̂) for β(x̂) 6= 0

0 for β(x̂) = 0.

Here ψ(x̂) and β(x̂) can be determined from ψ(x̂) = LfV (x̂) and β(x̂) =

[LGV (x̂)]T with
∂V (x̂)

∂x̂
= 2x̂TΠ(x̂), (36)

where Π(x̂) is the solution to the generalized SDRE

Π(x̂)A(x̂) +AT (x̂)Π(x̂) +Q(x̂)−Π(x̂)G(x̂)R−1(x̂)GT (x̂)Π(x̂) = 0. (37)

Due to the chattering in the sliding mode controller design, the sign function
of the control law (35) is replaced by

f(si) = tanh(
si

ε
), i = 1, 2, . . . m, (38)

where tanh(·) is the hyperbolic tangent function and ε is a positive constant.

5. Simulation Results

An example of a rigid-body satellite [27] is presented with numerical simulations
to verify the performance of the developed controller. The spacecraft is assumed
to have the inertia matrix

J =





21 0.6 1.1
0.6 22 0.3
1.1 0.3 20



 kg ·m2.

Suppose that the workspaceW is defined by β2 = 0.75. The weighting matrices
are chosen to be Q = diag(1, 1, 1, 5, 5, 5), R = diag(1, 1, 1), U = Q and V =
0.2R. The initial conditions are Qe(0) = [0.3 −0.2 −0.3 0.8832]T , ωe(0) =
[0.06 −0.04 0.05]T rad/s for the state and Q̂e(0) = [0 −0.5 −0.5 0.707]T ,
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ω̂e(0) = [0 0 0]T rad/s for the estimated state. The desired angular velocity
is of the form

ωd(t) =





0.1 cos(0.025t)
−0.1 sin(0.02t)

−0.1 cos(0.0167t)



 N-m. (39)

The attitude control problem is considered in the presence of external distur-
bance d(t). The disturbance model [27] is

d(t) = 0.01 ×





3 cos(0.1t) + 1
1.5 sin(0.1t) + 3 cos(0.1t)

3 sin(0.1t) + 1



 N-m (40)

Figure 1: Quaternion tracking errors.

As shown Figs. 1 and 2 responses of the quaternion tracking and angular
velocity errors reach zero after 40 seconds. Obviously, the effect of external
disturbances on both responses is totally removed. From Fig. 3 it can be
seen that the proposed controller stabilizes the closed-loop system and provides
smooth control torque responses. As shown in Figs. 4 - 6 it can be seen that
the ith component of the estimated disturbance vector properly tracks the ith
component of the angular velocity error vector.
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Figure 2: Angular velocity tracking errors.

Figure 3: Control torques.
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Figure 4: First component of estimated angular velocity error vector.

Figure 5: Second component of estimated angular velocity error vector.
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Figure 6: Third component of estimated angular velocity error vector.

6. Conclusion

We have studied a robust optimal output feedback sliding mode controller de-
sign to control some spacecraft tracking attitude manoeuvres. The developed
control law has been successfully applied to the attitude tracking control prob-
lem. To obtain this controller design, first-order SMC combined with the CLF-
based optimal control approach has been applied to quaternion-based spacecraft
attitude regulation manoeuvres with external disturbances and an uncertain in-
ertia matrix. We have applied the SDRE method to find a suitable CLF in the
design procedure. The second method of Lyapunov is used to show that the
stability of closed-loop system is achieved. An example of multiaxial attitude
manoeuvres is presented and simulation results are included to verify the use-
fulness of the proposed controller.
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