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Abstract:  This article explains how to help junior-high school studers enjoy
studying geometry using some card magic. Area may be incread and de-
creased by arranging pieces of card according to the image® @ither the front
or back of the card. There are some interesting stories assiated with this puz-
zle, including “Sun owers Facing the Sun' and "The UFO-Spoting Brothers.'
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1. The Disappearing Square Piece

It's growing close to 20 years now, but there's a mathematichpuzzle | still like

to introduce to students every year during seminar time. | amvery familiar

with the puzzle, so for me it lacks freshness, but students wt come upon
it for the rst time seem impressed all the same. The puzzle that I'll now

introduce presents a surprising phenomenon that also makesne want to try to

make something similar oneself, as well as try to unlock theexret of the trick

mathematically. As a teaching resource for mathematical edcation it thus kills

three birds with just one stone.
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Figure 1: The disappearing square piece

First, allow me to introduce this puzzle | rst came across in a magazine.
The sliced up playing card on the desk shown in Figure 1(1) isdfice down. With
the help of a student, have these pieces arranged so as to rafo the pattern,
just as if it were a jigsaw, as shown in Figure 1(2). There are %ieces in total:
two trapezoids, a right-angled triangle, a rectangle, and ome square. Since there
are only a few pieces the reverse side is soon completed. Afteon rming that
they are all back together, have the pieces mixed up like at te beginning (1),
while keeping them face down.

Then, keeping the 5 pieces where they are, have them turned éa up as
shown in diagram (3). At this point it is clear that the card wa s the king of
diamonds. Have the pieces arranged together just as befor&he design on the
front of the card is reformed, but the square piece is left ove(4). The puzzle
is therefore to work out how this piece can be left over.
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(1) Back (2) Front

Figure 2: A playing card for constructing the puzzle

2. Making the Puzzle

When they see this phenomenon, most students are surprisedit that point |
explain that it is neither an illusion nor magic, so there is no secret trickery or
device involved, everything is open, and that I'd like them to think about an
explanation. Next | have them try to make something similar. The students
are given a print out resembling the design on a playing card ssshown in Figure
2, and some card or thick drawing paper onto which they can gle the design.
The image of the playing card used is a copy blown up to an appnriate size.
A height of 15 cm with a width of 10 cm should be suitable.

Using the design from a playing card is very convenient duriig construction.
First, place the image from the back side of a playing card ontie card (Figure
3). Then mark the grid points on the vertical line with a compass needle, or
by pressing down hard with a ball point pen. There are 11 grid wints in total.
After the marks have been made, remove the design and draw anlé joining the
marked points. The card is how ready (see the right hand side foFigure 3).

The thin paper playing card shown in Figure 2 (front and back) used for
the construction, and the thick card prepared according to FHgure 3 are cut out
using a pair of scissors. The number of pieces cut is 52+4 = 14: These pieces
are to be glued onto the card, but since the thin paper is prongo stretch, it
seems to be best to apply the glue to the card. The glued paper ay also have
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Card

Figure 3: The 11 grid points

a tendency to bend, so it should be kept at. So now we have the faying card
for the puzzle.

3. Thinking about the Explanation

Once the glue has dried and the card is ready to use, group thetigdents into
pairs, and have them perform the puzzle using an assistant ithe manner that
| described earlier. One of the nice things about this puzzles that anyone
can be allowed to assemble the pattern, so any suspicion ofduden trickery or
devices is dispelled.

After two or three attempts using trial-and-error, a student typically cries
out \I've got it!" If the correctly assembled design on the back (Figure 1(2)) is
ipped over without adjusting the places of the pieces, the design on the front
is not assembled. This may be called an explanation. For mehis is saying no
more than restating the phenomenon itself. The trapezoids o the left and right
are certainly swapped. So why does swapping the pieces inase or decrease
the area? | ask students to think about this, and at this point they become
very quiet.

University students in the humanities enter university wit hout doing much
mathematics. After explaining that a knowledge of junior high-school geometry
is su cient for an understanding of this mathematical puzzl e, | give a hint by a
drawing diagram of the dimensions like that shown in Figure 4on a whiteboard,
in order to help students think.
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Figure 4: The dimensions on the back of the card

These are the dimensions of the back of a playing card. It is saient to
think about a playing card with a height of 10 cm and a width of 7 cm. The
lengths of the bases of the two trapezoids are 9 cm and 8 cm. Theeight of the
rectangle is 1 cm and its width is 3 cm. The base of the right-agled triangle is
7 cm, and its height is 2 cm. There is an edge in Figure 4 which desn't have
a clearly marked length, and calculating it is the key to sohing this problem.
Thinking is important for puzzles, so I'll show an example cdculation last of
all. Please attempt this challenge yourself.

4. "Sun owers Facing the Sun'

| rst learned of this mathematical puzzle in 1987, which is now 20 years ago.
| was watching an NHK television when some footage transmited by the UK's

BBC was broadcast. It was a program called "Paul Daniel's Mag Show'.

Somehow, while | was watching the television | was completgl drawn in by

this puzzle. | remember hurriedly pressing the record buttom on the video and
saving the footage.

Around that time, there was a page in the Sunday edition of the Asahi
newspaper called "The Natural History of Puzzles', by lzuo 8kane, and this
puzzle was taken up in this entertaining series of articles mtoys and puzzles. In
the Asahi newspaper they didn't use a design from a playing card, but istead
a work by Hiroshi Kondo called "Sun owers Facing the Sun' (se Sakane, 1986)
[1]. Thisis shown in Figure 5, and has the same number of piesas the playing
card, i.e., 5. There are sun owers drawn on the two trapezoid pieces, anc
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Figure 5: "Sun owers facing the sun' by H. Kondo (see Sakane]986)
[1]

sun on the square. On the left hand side of Figure 5, while theum is out the
sun owers are facing the sun, but when the sun sets (the squaris removed)
the sun owers face where they like, as shown on the right handide.

The designs on playing cards have a sense of narrative, malgrthe puzzle
rather entertaining. Another design was also introduced bythe teachers at a
high-school mathematics education assembly. This was knawas “The UFO-
Spotting Brothers'. The two friendly brothers are gazing at the night sky. The
younger brother points and shouts \Look, a UFO!" Next the elder brother looks
in the direction of the UFO, but the UFO has suddenly vanished That is, when
the piece with the UFO (the square) is removed, the brothers ay to each other,
\Where did the UFO go?", and search the sky in di erent directi ons.

Isn't this rather nice and romantic? How about devising your own story?
Anyway, for both “Sun owers Facing the Sun' and "The UFO-Spdting Broth-
ers', when the design is face up, the trapezoids on the left ahright are ex-
changed. In the case of the playing card, turning over the whig thing reveals
that the left and right parts are swapped. When solving this problem from a
mathematical perspective all three cases are identical.

5. The Magic Conditions

So, has the hint regarding the dimensions shown in Figure 4 Hped you realize
the reason why the square piece has disappeared? The reasoecbmes apparent
when the lengths of all the dimensions besides that hinted a calculated.
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Figure 6: All dimensions of this puzzle

Speaking in terms of the result, the lengths concealed wherhe playing card

. 1. . o .
is face down are g and 1= in the vertical direction (Figure 6(1)). Perform-
ing the calculation by focusing on the right-angled triangle, and using similar

distances, ]? is rst obtained. Junior high-school level geometry is su c ient,

so everyone should con rm this for themselves. Summing thesup, the result
is 10, and the lengths on both the left and right ends are equal Carefully ex-
changing the two trapezoids on the left and right produces tte front surface of
the playing card (Figure 6(2)). "Carefully' here means taking care not to move
the right-angled triangle and the rectangle, which are not repositioned.

By exchanging the trapezoids on the right and left, the width of 7 cm before
the repositioning is not changed, but the height is slightly reduced. The 10 cm
before the repositioning is slightly reduced to % cm. It's only = cm, so no one

notices. By the same token, the gradients of the right-angld triangle and the
trapezoids are the same, so by trying to place these lines tegher, the ssure
is naturally buried away.

Let's calculate the variation in area. The width and height of the square
are 1cm, soithasanareaof1 1=1 cm?. Looking carefully at the ssure,
it is a long thin parallelogram. Let's look at the parallelogram outlined in red,
in order to emphasize the ssure. This reveals that the paralelogram really is

long and thin, with a base of% cm, and a height of 7 cm. Since the area of a
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Figure 7: The conditions for magic

: . , , 1
parallelogram is equal to its base width height, the areais= 7 =1 cm?.

We can thus see that the areas of the square piece and the pakgogram are
equal. The square piece was reshaped into the parallelogramn the natural
world there is a law dictating the conservation of energy, anl there is no such
thing as a perpetual motion machine that produces energy etmally. In just
the same way, area simply cannot be increased and decreased.

The dimensions of this puzzle were shown in Figure 4, but it' 10t necessary
to construct the puzzle using these dimensions. The conditins of this magic
formation are shown as parameters in Figure 7. If the length bthe square's
edge isx cm, then it is suitable for the rectangle to have a height ofx cm,
a width of a cm, and for the height of the right-angled triangle to be 2x cm.
The vertical length of the playing card is not magically related. With these
dimensions a parallelogram ssure with a base ok?=(2a + x) cm and a height
of 2a+ x cm is created. Ifx ! 0 in this diagram, the two trapezoids become
congruent rectangles, and the whole thing ts together corectly.

And nally, there is one more piece of ingenuity to this piece of magic. It is
in the shape of the card. Real playing cards have their cornexr cut into round
curves. However, if the corners are cut then the trick will begiven away when
the card is ipped over with the left and right pieces exchanged. The card is
shaped with square corners, but the design itself on the plapg card expresses
the curvature of the corners. | think the readers who have mae it this far are
potential magicians...
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