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Abstract: A Finsler space is said to be generalized C'”-Reducible Finsler
Space whose Cjji|, can be written as product of tensor of type (0, 3) and (0,
1) such as,

LCijkln = AijkBn + Aijn By + Aini Bj + AnjiBi, Aiji # ACiji

where, Ajo0 =0, Ajjo# 0 and By =0; Ajo = Aijy’y*, By = Biy'.

In the present paper, we shall find out the value of A;;, taking the value
of B; as m; and n;, where m; is C;/C and n; is unit vector perpendicular to
the plane [; and m;.
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1. Introduction

Let Cjji be the hv-torsion tensor of a n-dimensional Finsler space ™. In view
of well know identity Cjjr|n — Cijnle = 0,  Cyjilp is symmetric in all of its
indices. The symbol | denotes v-covariant differentiation with respect to the
Cartan connection CT'. In the paper [1], first author has studied the Finsler
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spaces whose Cjji|h can be written as product of tensor of type (0, 3) and (0,
1) such as,

LCijkln = AijkBn + Aijn By + Aini Bj + AnjiBi, Aiji # ACiji

where, Ajo0 =0, Agjo # 0 and By =0; Ajo = Aijey’y”, Bo = Biy'.

In the paper [1] first author has defined has defined C”-Reducible Finsler
Spaces taking Ay = hiji = —L2L|Z-|j|k and found value of B;.

In the present paper, we shall find out the value of A;j;, taking the value of
B; as m; and n;, where m; is C;/C and n; is unit vector perpendicular to the
plane [; and m;.

2. Preliminaries

Let us consider a Finsler space F™ of dimension n, whose Cjji|, can be
written as,

LCjjkln = AijkBn + AijnBi + Aink B + ApjiB; (1)
where, A;j;, is assumed to be a symmetric tensor. Contracting (1) by y", we
have

—LCjji, = AijiBo + Aijo By + Aijor Bj + AojiBi (2)
where, 0’ denotes the contraction by y”, for instance, By = Bpy".

Again contracting (2) by y*, 47 and %, in order we obtain,

0 = A;joBo + AijoBo + AiooBj + AgjoBi (3)
0 = Aj00Bo + AiooBo + AiooBo + Aooo Bi (4)
0= AOOOBO (5)

If Bo 7& 0, then we have Aooo = 0, AiOO = 0, Az‘jo =0 and Aijk = —(L/Bo)cijk
which contradicts to our assumption, therefore By = 0. As By (4) gives Agog =
0, and form (3), we have AjqB; + AipoB; = 0 which leads to Ajo0B;By =
_AiOOBjBk = AkOOBiBj == —A]’O(]B,L'Bk that is AjOOBin =0.

Thus we have two cases: Ajgo = 0 or B; = 0 leads to Cjyji, = 0 by (2).

Consequently we have, A;op = 0. Since if F" is assumed to be non-
Riemannian, we have A;jo # 0 from (2).

Proposition 2.1. (see [1]) If the v-covariant derivative of Cyj;, of the
non-Riemannian Finsler space F™ is written in the form (1), then A;;, and B;,
satisfy Ajoo = 0, Ajjx # 0 and By = 0.
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3. Generalized C"-Reducible Finsler Space of type 1

A Finsler space F" [4] (n> 2) is called generalzed CV-reducible Finsler Space
of type I if B; = m;, i.e.,

L2Cyjln = Aijemn + Aijnmu, + Aiemj + Apjem, (6)
contracting (6) by m”, we have
LQCQC_’WO = Ajji + Aijomk + AiOkzmj + AOjkmi (7)

2 _ h h _ k_ j
where, C*Cyjklo = Cijplpm”, — mpm" =1, Aijpm” = Agjo.
contracting (7) by m*, m? and m? in order, we obtain,

L*C*Cijolo = Aijo + Asjo + Aiom;j + Agjoms (8)
L*C*Cio0lo = 34400 + Aooom 9)
L2C*Conolo = 44000 (10)

using (10) and (9), we have

- L2C?% 1.
Ajoo = 3 [Cioolo — Zcooolomi] (11)
From (11) and (8), we get
_ L*C? _ 1 - - 1~
Ajjo = T[Cij0|0 - §(Ci00|0mj + Cjoolomi) + 60000|0mimj] (12)

Again using (12) and (7), we get,
221 A 1 = 2 =
Aiji = L°C7[Cijklo = 57 (Cigolom) + 571 (Cioolommi) (13)
—Eéooo!omimj'mk]

where, ;1) represents sum of cylic permutation of the indices i, j, k.
Proposition 3.1. If B; = m; in (1), the tensor A;j, must be given by

(13).
Again from (5) and (13), we have

Cijiln = C*[m(ijiny (Cijilomn) — m(ijrny (Cijolomuma) + (14)
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QW(ijkh)(C'ioo!omjmkmh) — 2C000|omimjmymp)

where, 7(;pn) Tepresents sum of cylic permutation of the indices i, j, k, h.
Definition 1 Let F™ be a Finsler space of dimension n > 2. Then F" is said
to be generalized C"-reducible Finsler space of type I if the tensor Cjji|, can
be written as (14).

In two-dimensional Finsler space, [2, 3] Berwald frame considered which
consists of two mutually perpendicular vector. The first vector e’i) is the nor-

malized supporting element I° = y’L(z,y) and the second eé) =m' = :l:%i is

the unit vector orthogonal to I* relative to 3. In two-dimensional Finsler space,
the hv-torsion tensor Cjj;, can be written as,

LCz'jk = Imimjmk (15)
Where, = 0222.
Taking v-covariant derivative of (15) and using L|; = l;, Lm|; = —lymy,
we get,
1
LCijkln + nCijk = Ilpmimymy, — - (Limjmymp +mglmymy, (16)
+mim;lmp)

contracting above by m”, we have
2 g = I
LC Cz’jk’O = I\omimjmk — E(lzm]'mk + miljmk + 'mimjlk) (17)

contracting (17) by m*, m/ and m’ in order, we obtain,

_ _ I
LC2CZ‘j0‘0 = I’omimj — Z(lzm] + milj) (18)
9 A - I
LC Ci00|0 = I|0ml - le (19)
LC%Coolo = I)o (20)

Using above relation in (13), we get
= 21
Aijr = L[I|lomimjmy — gzﬂ(z‘jk)(limjmk)] (21)

Corollary 3.1. If B; = m; in (1), then in two-dimensional Finsler space,
the tensor A;j, must be given by (21).
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Using (21) and (5), we have

_ 21
LCiji|n = 4l lomsmjmymy, — fﬂ(ijkh)(limjmkmh) (22)

Thus, from (16) and (22), we have
1|, = 41 |omy,
Contracting above by m”, we have
Tlo = 0

Theorem 3.1. A two-dimensional Finsler space Is said to be generalized
C"-reducible Finsler space of type (I) if I|y vanishes identically.

The Miron frame of a three-dimensional Finsler space is called the Moor frame
(l;;m4,n;). The first vector is the normalized supporting element /;, the second
vector is the normalized torsion vector m’ = C?/C and the third n; is unit
vector perpendicular to the plane /; and m;. The (v)hv-torsion tensor Cjjj for
three-dimensional Finsler space is given by,

LCijx = Hmimjmy, — Jmr) (mimjng) + Iw(ijk)(mmjnk) + (23)

Jnmjnk

Where, H = 0222, I = 0233, J = 0333 = —0233, H + I = LC

Taking v-covariant derivative of (23), and using L|; = l;, Lm;|; = —l;mj +nv;,
Ln;|; = —linj — myvj, we get
LCjji|n = Hlpmimjmy, — J\hﬂ(ijk)(mimjnk) + (24)
I\ ijry (mingng) + Jpningng + %W(ijkh)(li’mj’mkmh)
+ H —1) (k) (Mamyng )on — —mjen) (limgmyny) —

L L

1 31 J
7 T (Limgnnn) + —=ningngon — + ) (lingneng)
contracting (24) by m”", we have

LCQCZ‘jHO = ﬁ|0mimjmk - J_|077(Z-jk)(mimjnk) + (25)

_ _ H
lom(ijy (mangnw) + Jloningng + —m(ijr) (limgm)
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(H—T) 7
—I—TW(ijk)(mimjnk)vo — E(limjnk + lymjn; +
I
ljmink + lkminj + limknj + ljmkni) — Zﬂ(ijk)(linjnk)

31

+fninjnkvo

contracting (25) by m*, m/ and m’ in order, we obtain,

LC&CZ']'()’() = H!omimj — jlo('mmj + mjni) + f\onmj +
H (H—-1)

—(lymj + 1ym;) + (minj + mjn;)vg

L L
J
— 7 (inj +4mi)
. o (H-1 H
LC*Cinolo = Hlomi — (o — ( I ))nz’ + 7l

LC*Cooolo = Hlo
Using equation (25), (26), (27) and (28) in (13), we get

_ 2 - H—1T)v
Ajjx = L[H|omimjmy, — g(ﬂo - %)W(zjk) (mimjng) +
Iy 2H 3
—Q‘W(z‘jk) (mingng) + 5 7 mjr) limgme) — 5+ (Lingmy,
—Hjnimk + lmkmj + lknimj + ljnkmi + lknjmi) —
I - 31v
7k limgne) + (Jlo + To)ni”j”k]

(26)

Corollary 3.2. If B; = m, in (1), then in three-dimensional Finsler space,

the tensor A;j;, must be given by (28).

Using equation (29) and (6), we have

LC’ijk‘h = 4ﬁ\0mimjmkmh — 2(j’0 —

H-1 Vo =
%)W(iﬂch) (mimgmgnp) + Ilom(ijen) (mimgngnn)

2H 3J
gy (limgmima) — =) (Ling + Lngmgma) —

I

- 31v
7 gk (L + Lma)ngng) + (J]o + —

7 )T (ijkn) (Ringngmp,)

Thus, using relation (30) and (24), we have

(30)
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Theorem 3.2. A three-dimensional Finsler space is said to be generalized

C"-reducible Finsler space of type (I) if the relations

H|;, = 4H |ymy, j’o—wzoa j‘O"‘SI%:O’ Ifo=0

holds good.

4. Generalized C'’-Reducible Finsler Space of type II

A Finsler space F™ (n > 3) is called generalized CV-reducible Finsler space
of type I1, if B; = n;, where n; is component of any vector perpendicular to y°*

and m’, i.e.,
L2Cijiln = Aijenn + Ajrnni + Agning + Anijni,
contracting equation (31) by n”, we have,
L20ijk:|0 = Ay + f_ljkoni + Akoinj + AOZ’jnk

Where, Aijknk = AijOa nini =
Again contracting (32) by

1, L2Cijk|hnh = Cijklo-
n*, n? and n' in order, we obtain
L*Cijolo = Asjo + Ajooni + Aooin + Aoij
L?Cioolo = 3Ai00 + Agoon
L*Conolo = 44000
Using relation (34) and (35), we have

- L? 1
Ajoo = —[Cioolo — = i
0 =3 [Cioolo 4cooo|0n ]
using (33) and (36), we get
_ L? 1 1
Ajjo = ?[Cij0|0 - g(CjOO|Oni + Cioolonj) + 60000|0nmj]

using (32) and (37), we get

1 2
Ajji = L*[Cijilo — 3Gk (Cijolon) + 37 ijk) (Cioolorymn) —

(31)

(32)

(38)
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1
50000|0nmjnk:]

using (31) and (38), we have

Cijkln = T(ijkn) (Cijklonn) — 7k (Cijolonknn) + (39)
27 ijxn) (Cioolomjnens) — 2Co00|oningngnp)

Proposition 4.1. If B; = n; in (1), the tensor A;;;, must be given by (38).

Definition 2 Let F™ be a Finsler space of dimension n > 3, then F™ is
said to be generalized C"-reducible Finsler space of type II if the tensor Cjx|n
can be written as (39).

Now, contracting equation (24) by n", we get

LC’ijk’O = H\omimjmk — JIOW(ijk)(mimjnk) + I‘Oﬂ(ijk) (mm]nk) + (40)
(H 1)
L

Jloninng, + M(agk) (mamng oo — T e (Limgmi) -

1
—(limjnk + ljmink + ljmkni + lkmjni + limknj + lkminj)

L
37 B
—|—fnmjnkvo = 7 k) (limjny)

where, v,n* = 7y, n;n’ = 1, contracting (40) by n*, n and n’ in order, we
obtain,
LCZ']'0|0 = —J|0mimj + I|0(mmj + mjnl-) + J|0nin]’ + (41)
(H-1) _ I 31 _
—I m;m;vg — E(li’mj + ljmi) + fnmjvo

J
—Z(linj + ljni)

310y J

LCioolo = Ilomi + (J|o + 7 )i — fli (42)
31v
LCooolo = Jlo + LO (43)

using (43), (42), (41) and (40) in (38), we have

1 2
Aijre = LIHomimgmy, — o Jlome) (mimgng) + S Tlomage (mingne) - (44)



ON GENERALIZED C*-REDUCIBLE FINSLER SPACES 475

317v J I
+(J‘0 + To)nm]nk — E”T(z]k)(llmjmk) — i(lzm]nk + lj'mmk

17
+lymgng + lgmgng + lmgng 4 lyming) — gzﬂ(z‘jk)(linjnk)]

using (44) in (31), we have

Lcijk:|h = H|07T(ijkh) (mimjmknh) - J|07T(ijkh)(mimjnknh) (45)
31v
+21 o7 (i) (Mingngng) + 4(Jo + To)ninjnknh -
J I
Zﬂ(z‘jkzh)(li’mjmknh) - zﬂ(ijkh)(limjnknh) -
J
Zﬂ'(ijkh)(linjnknh)

Thus, using (45) and (24), we have

Theorem 4.1. A three-dimensional Finsler space is said to be generalized
C"-reducible Finsler space of type (II) if the relations

Jlo+ 30 —o gy - 0 Hlp=0

holds good.
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