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Abstract: A Finsler space is said to be generalized Cv-Reducible Finsler
Space whose Cijk|h can be written as product of tensor of type (0, 3) and (0,
1) such as,

LCijk|h = AijkBh + AijhBk + AihkBj + AhjkBi, Aijk 6= λCijk

where, Ai00 = 0, Aij0 6= 0 and B0 = 0; Ai00 = Aijky
jyk, B0 = Biy

i.

In the present paper, we shall find out the value of Aijk, taking the value
of Bi as mi and ni, where mi is Ci/C and ni is unit vector perpendicular to
the plane li and mi.
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1. Introduction

Let Cijk be the hv-torsion tensor of a n-dimensional Finsler space Fn. In view
of well know identity Cijk|h − Cijh|k = 0, Cijk|h is symmetric in all of its
indices. The symbol ′|′ denotes v-covariant differentiation with respect to the
Cartan connection CΓ. In the paper [1], first author has studied the Finsler
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spaces whose Cijk|h can be written as product of tensor of type (0, 3) and (0,
1) such as,

LCijk|h = AijkBh + AijhBk + AihkBj + AhjkBi, Aijk 6= λCijk

where, Ai00 = 0, Aij0 6= 0 and B0 = 0; Ai00 = Aijky
jyk, B0 = Biy

i.
In the paper [1] first author has defined has defined Cv-Reducible Finsler

Spaces taking Aijk = hijk = −L2L|i|j |k and found value of Bi.
In the present paper, we shall find out the value of Aijk, taking the value of

Bi as mi and ni, where mi is Ci/C and ni is unit vector perpendicular to the
plane li and mi.

2. Preliminaries

Let us consider a Finsler space Fn of dimension n, whose Cijk|h can be
written as,

LCijk|h = AijkBh + AijhBk + AihkBj + AhjkBi (1)

where, Aijk is assumed to be a symmetric tensor. Contracting (1) by yh, we
have

−LCijk = AijkB0 + Aij0Bk + Ai0kBj + A0jkBi (2)

where, ’0’ denotes the contraction by yh, for instance, B0 = Bhy
h.

Again contracting (2) by yk, yj and yi, in order we obtain,

0 = Aij0B0 + Aij0B0 + Ai00Bj + A0j0Bi (3)

0 = Ai00B0 + Ai00B0 + Ai00B0 + A000Bi (4)

0 = A000B0 (5)

If B0 6= 0, then we have A000 = 0, Ai00 = 0, Aij0 = 0 and Aijk = −(L/B0)Cijk

which contradicts to our assumption, therefore B0 = 0. As B0 (4) gives A000 =
0, and form (3), we have Aj00Bi + Ai00Bj = 0 which leads to Aj00BiBk =
−Ai00BjBk = Ak00BiBj = −Aj00BiBk that is Aj00BiBk = 0.

Thus we have two cases: Ai00 = 0 or Bi = 0 leads to Cijk = 0 by (2).
Consequently we have, Ai00 = 0. Since if Fn is assumed to be non-

Riemannian, we have Aij0 6= 0 from (2).
Proposition 2.1. (see [1]) If the v-covariant derivative of Cijk of the

non-Riemannian Finsler space Fn is written in the form (1), then Aijk and Bi,
satisfy Ai00 = 0, Aijk 6= 0 and B0 = 0.
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3. Generalized Cv-Reducible Finsler Space of type I

A Finsler space Fn [4] (n≥ 2) is called generalzed Cv-reducible Finsler Space
of type I if Bi = mi, i.e.,

L2Cijk|h = Aijkmh + Aijhmk + Aihkmj + Ahjkmi, (6)

contracting (6) by mh, we have

L2C2C̄ijk|0 = Aijk + Āij0mk + Āi0kmj + Ā0jkmi (7)

where, C2C̄ijk|0 = Cijk|hm
h, mhm

h = 1, Aijkm
k = Āij0.

contracting (7) by mk, mj and mi in order, we obtain,

L2C2C̄ij0|0 = Āij0 + Āij0 + Āi00mj + Ā0j0mi (8)

L2C2C̄i00|0 = 3Āi00 + Ā000mi (9)

L2C2C̄000|0 = 4Ā000 (10)

using (10) and (9), we have

Āi00 =
L2C2

3
[C̄i00|0 −

1

4
C̄000|0mi] (11)

From (11) and (8), we get

Āij0 =
L2C2

2
[C̄ij0|0 −

1

3
(C̄i00|0mj + C̄j00|0mi) +

1

6
C̄000|0mimj ] (12)

Again using (12) and (7), we get,

Aijk = L2C2[C̄ijk|0 −
1

2
π(ijk)(C̄ij0|0mk) +

2

3
π(ijk)(C̄i00|0mjmk) (13)

−
1

2
C̄000|0mimjmk]

where, π(ijk) represents sum of cylic permutation of the indices i, j, k.
Proposition 3.1. If Bi = mi in (1), the tensor Aijk must be given by

(13).

Again from (5) and (13), we have

Cijk|h = C2[π(ijkh)(C̄ijk|0mh) − π(ijkh)(C̄ij0|0mkmh) + (14)
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2π(ijkh)(C̄i00|0mjmkmh) − 2C̄000|0mimjmkmh]

where, π(ijkh) represents sum of cylic permutation of the indices i, j, k, h.
Definition 1 Let Fn be a Finsler space of dimension n ≥ 2. Then Fn is said
to be generalized Cv-reducible Finsler space of type I if the tensor Cijk|h can
be written as (14).

In two-dimensional Finsler space, [2, 3] Berwald frame considered which
consists of two mutually perpendicular vector. The first vector ei1) is the nor-

malized supporting element li = yi L(x, y) and the second ei2) = mi = ±Ci

C
is

the unit vector orthogonal to li relative to yi. In two-dimensional Finsler space,
the hv-torsion tensor Cijk can be written as,

LCijk = Imimjmk (15)

where, I = C222.
Taking v-covariant derivative of (15) and using L|i = li, Lmi|j = −limj,

we get,

LCijk|h + lhCijk = I|hmimjmk −
I

L
(limjmkmh + miljmkmh (16)

+mimj lkmh)

contracting above by mh, we have

LC2C̄ijk|0 = Ī|0mimjmk −
I

L
(limjmk + miljmk + mimj lk) (17)

contracting (17) by mk, mj and mi in order, we obtain,

LC2C̄ij0|0 = Ī|0mimj −
I

L
(limj + milj) (18)

LC2C̄i00|0 = Ī|0mi −
I

L
li (19)

LC2C̄000|0 = Ī|0 (20)

Using above relation in (13), we get

Aijk = L[Ī |0mimjmk −
2

3

I

L
π(ijk)(limjmk)] (21)

Corollary 3.1. If Bi = mi in (1), then in two-dimensional Finsler space,
the tensor Aijk must be given by (21).
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Using (21) and (5), we have

LCijk|h = 4Ī|0mimjmkmh −
2I

L
π(ijkh)(limjmkmh) (22)

Thus, from (16) and (22), we have

I|h = 4Ī |0mh

Contracting above by mh, we have

Ī|0 = 0

Theorem 3.1. A two-dimensional Finsler space is said to be generalized
Cv-reducible Finsler space of type (I) if Ī|0 vanishes identically.

The Miron frame of a three-dimensional Finsler space is called the Moor frame
(li,mi, ni). The first vector is the normalized supporting element li, the second
vector is the normalized torsion vector mi = Ci/C and the third ni is unit
vector perpendicular to the plane li and mi. The (v)hv-torsion tensor Cijk for
three-dimensional Finsler space is given by,

LCijk = Hmimjmk − Jπ(ijk)(mimjnk) + Iπ(ijk)(minjnk) + (23)

Jninjnk

where, H = C222, I = C233, J = C333 = −C233, H + I = LC

Taking v-covariant derivative of (23), and using L|i = li, Lmi|j = −limj +nivj ,
Lni|j = −linj −mivj, we get

LCijk|h = H|hmimjmk − J |hπ(ijk)(mimjnk) + (24)

I|hπ(ijk)(minjnk) + J |hninjnk +
H

L
π(ijkh)(limjmkmh)

+
(H − I)

L
π(ijk)(mimjnk)vh −

J

L
π(ijkh)(limjmknh) −

I

L
π(ijkh)(limjnknh) +

3I

L
ninjnkvh −

J

L
π(ijkh)(linjnknh)

contracting (24) by mh, we have

LC2Cijk|0 = H̄|0mimjmk − J̄ |0π(ijk)(mimjnk) + (25)

Ī|0π(ijk)(minjnk) + J̄ |0ninjnk +
H

L
π(ijk)(limjmk)
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+
(H − I)

L
π(ijk)(mimjnk)v0 −

J

L
(limjnk + lkmjni +

ljmink + lkminj + limknj + ljmkni) −
I

L
π(ijk)(linjnk)

+
3I

L
ninjnkv0

contracting (25) by mk, mj and mi in order, we obtain,

LC2Cij0|0 = H̄|0mimj − J̄ |0(minj + mjni) + Ī |0ninj + (26)

H

L
(limj + ljmi) +

(H − I)

L
(minj + mjni)v0

−
J

L
(linj + ljni)

LC2Ci00|0 = H̄|0mi − (J̄ |0 −
(H − I)

L
)ni +

H

L
li (27)

LC2C000|0 = H̄|0 (28)

Using equation (25), (26), (27) and (28) in (13), we get

Aijk = L[H̄|0mimjmk −
2

3
(J̄ |0 −

(H − I)v0
L

)π(ijk)(mimjnk) + (29)

Ī|0
2
π(ijk)(minjnk) +

2

3

H

L
π(ijk)(limjmk) −

3

2

J

L
(linjmk

+ljnimk + linkmj + lknimj + ljnkmi + lknjmi) −

I

L
π(ijk)(linjnk) + (J̄ |0 +

3Iv0
L

)ninjnk]

Corollary 3.2. If Bi = mi in (1), then in three-dimensional Finsler space,
the tensor Aijk must be given by (28).

Using equation (29) and (6), we have

LCijk|h = 4H̄|0mimjmkmh − 2(J̄ |0 − (30)

(H − I)v0
L

)π(ijkh)(mimjmknh) + Ī|0π(ijkh)(mimjnknh)

+
2H

L
π(ijkh)(limjmkmh) −

3J

L
π(ijkh)((linj + ljni)mkmh) −

I

L
π(ijkh)((limj + ljmi)nknh) + (J̄ |0 +

3Iv0
L

)π(ijkh)(ninjnkmh)

Thus, using relation (30) and (24), we have
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Theorem 3.2. A three-dimensional Finsler space is said to be generalized
Cv-reducible Finsler space of type (I) if the relations

H|h = 4H̄|0mh, J̄ |0 −
(H−I)v0

L
= 0, J̄ |0 + 3Iv0

L
= 0, Ī|0 = 0

holds good.

4. Generalized Cv-Reducible Finsler Space of type II

A Finsler space Fn (n ≥ 3) is called generalized Cv-reducible Finsler space
of type II, if Bi = ni, where ni is component of any vector perpendicular to yi

and mi, i.e.,

L2Cijk|h = Aijknh + Ajkhni + Akhinj + Ahijnk (31)

contracting equation (31) by nh, we have,

L2Cijk|0 = Aijk + Ājk0ni + Ākoinj + Ā0ijnk (32)

where, Aijkn
k = Āij0, nin

i = 1, L2Cijk|hn
h = Cijk|0.

Again contracting (32) by nk, nj and ni in order, we obtain

L2Cij0|0 = Āij0 + Āj00ni + Ā00inj + Ā0ij (33)

L2Ci00|0 = 3Āi00 + Ā000ni (34)

L2C000|0 = 4Ā000 (35)

Using relation (34) and (35), we have

Āi00 =
L2

3
[Ci00|0 −

1

4
C000|0ni] (36)

using (33) and (36), we get

Āij0 =
L2

2
[Cij0|0 −

1

3
(Cj00|0ni + Ci00|0nj) +

1

6
C000|0ninj] (37)

using (32) and (37), we get

Aijk = L2[Cijk|0 −
1

2
π(ijk)(Cij0|0nk) +

2

3
π(ijk)(Ci00|0njnk) − (38)
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1

2
C000|0ninjnk]

using (31) and (38), we have

Cijk|h = π(ijkh)(Cijk|0nh) − π(ijkh)(Cij0|0nknh) + (39)

2π(ijkh)(Ci00|0njnknh) − 2C000|0ninjnknh)

Proposition 4.1. If Bi = ni in (1), the tensor Aijk must be given by (38).

Definition 2 Let Fn be a Finsler space of dimension n ≥ 3, then Fn is
said to be generalized Cv-reducible Finsler space of type II if the tensor Cijk|h
can be written as (39).

Now, contracting equation (24) by nh, we get

LCijk|0 = H|0mimjmk − J |0π(ijk)(mimjnk) + I|0π(ijk)(minjnk) + (40)

J |0ninjnk +
(H − I)

L
π(ijk)(mimjnk)v̄0 −

J

L
π(ijk)(limjmk) −

I

L
(limjnk + ljmink + ljmkni + lkmjni + limknj + lkminj)

+
3I

L
ninjnkv̄0 −

J

L
π(ijk)(linjnk)

where, vhn
h = v̄0, nin

i = 1, contracting (40) by nk, nj and ni in order, we
obtain,

LCij0|0 = −J |0mimj + I|0(minj + mjni) + J |0ninj + (41)

(H − I)

L
mimj v̄0 −

I

L
(limj + ljmi) +

3I

L
ninj v̄0

−
J

L
(linj + ljni)

LCi00|0 = I|0mi + (J |0 +
3Iv̄0
L

)ni −
J

L
li (42)

LC000|0 = J |0 +
3Iv̄0
L

(43)

using (43), (42), (41) and (40) in (38), we have

Aijk = L[H|0mimjmk −
1

2
J |0π(ijk)(mimjnk) +

2

3
I|0π(ijk)(minjnk) (44)
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+(J |0 +
3Iv̄0
L

)ninjnk −
J

L
π(ijk)(limjmk) −

I

2L
(limjnk + ljmink

+ljmkni + lkmjni + limknj + lkminj) −
1

3

I

L
π(ijk)(linjnk)]

using (44) in (31), we have

LCijk|h = H|0π(ijkh)(mimjmknh) − J |0π(ijkh)(mimjnknh) (45)

+2I|0π(ijkh)(minjnknh) + 4(J |0 +
3Iv̄0
L

)ninjnknh −

J

L
π(ijkh)(limjmknh) −

I

L
π(ijkh)(limjnknh) −

J

L
π(ijkh)(linjnknh)

Thus, using (45) and (24), we have

Theorem 4.1. A three-dimensional Finsler space is said to be generalized
Cv-reducible Finsler space of type (II) if the relations

J |0 + 3Iv̄0
L

= 0, J |0 −
(H−I)v̄0

L
= 0, H|0 = 0

holds good.
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