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Abstract: In this paper a 2-D stationary boundary value-problem for the
diffusion equation with piecewise constant coefficients in a multi-layered do-
main is considered. Homogeneous boundary conditions of the first kind (BC)
or periodic boundary conditions (PBC) are considered in the z direction. An
analytical method for solving the problem of the above type is developed.
This method is compared with the averaging (AV) method (using integral
parabolic splines) and finite difference methods (using second-order finite dif-
ference schemes (FDS) for the space discretization in the x direction) and the
finite difference scheme with exact spectrum (FDSES).
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1. Introduction

We consider a 2-D stationary boundary-value-problem for the diffusion equation
with piecewise constant coefficients in a multi-layered domain. In the x direction
we have homogeneous boundary condition of the first kind (BC) or periodic
boundary conditions (PBC).
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We define the finite difference scheme with exact spectrum (FDSES) (see
[5], [4], [7]) using the finite difference matrix A in the form A = WDWT
(W, D are matrices, containing finite difference eigenvectors and eigenvalues),
where the elements of the diagonal matrix D are replaced with the first K
eigenvalues of the second order differential operator (K = N — 1 for BCs of
the first kind, K = N for PBCs, where N + 1 is a number of grid points in a
uniform grid). Also we consider the method of lines and Fourier methods for
solving the corresponding problems with homogeneous BCs and PBCs.

A. Buikis (see [1], [2]) developed averaging methods. These methods can
be applied on mathematical simulation of the mass transfer process in multi-
layered underground systems. In order to solve this problem, it is necessary
to solve the 3-D initial-boundary-value problems for parabolic second order
partial differential equations with piece-wise parameters in a multilayer domain.
Special splines which interpolate middle integral values of a piece-wise smooth
function allow to reduce the 3-D mathematical physics problem with piece-wise
coefficients to 2-D problems for the system of equations.

H.Kalis (see [3]) developed an effective finite-difference method for solving
the problem of the above type. This method may be considered as a general-
ization of the finite volumes method for layered systems. This procedure allows
to reduce the 2-D problem to the system of 1-D problems.

All these methods are applied on the problem. The solutions are obtained
analytically and numerically.

2. The Mathematical Model

The process of diffusion is considered in the 2-D domain
Q={(z,y):0<x <, 0<y<L}.

The domain €2 consists of a multi-layered medium. We consider the 2-D sta-
tionary problem from the linear diffusion theory for multi-layered piece-wise
homogeneous materials with M layers in the following form:

Q] = {(xay) HEURS (O’Z)’y € (yjflayj)}a 1= ]-7M7

where y; —y;_1 = h; is the height of the corresponding layer €2;,y0 = 0,yys = L.
The distribution of the concentrations u; = u;(x,y) in each layer €; at each
point (x,y) € §; will be found by solving the following PDEs:

kj82uj/8x2 + kj62uj/3y2 + fj(xa y) =0, (1)
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where k; are constant diffusion coefficients, u; = u;(x,y) — concentration func-
tions in each layer, f;(x,y) — fixed source functions.

The values u; and the flux functions k;0u; /0y should be continuous on the
contact lines between the layers y = y;,j =1,M —1:

uj(xa yj) :uj-i-l(xv yj)v

kjou;(z,y;)/0y =kj+10uj41(x,y5)/0y.

We assume that the layered material is bounded above and below with the
plane surfaces y = 0,y = L with fixed BCs of the third kind in the following
form:

(2)

y1k10u(x,0)/0y — a1 (uy(x,0) — T (x)) =0, .
Yok prOung (x, L) /0y + ag(upr(x, L) — To(x)) =0,

where v + a? # 0,73 + a3 # 0, Ty, T are given functions. For v; = 75 = 0 we
have BCs of the first kind. We shall consider two forms of fixed BCs in the z,y
directions:

1) the periodic BCs at x = 0,z = [

2) the homogeneous BCs of the first kind:
uj(oay):uj(lay)zoa Jj=1M. (5)

3. Analytical Solution with Fourier Methods

For the analytical solution of the problem (1)-(5) we consider Fourier series
methods:

1. For the BC (5):

uj(z,y) = Zaj,k(y)Xk(x)v
k=1

oo

fj(xay) = ij,k:(y)Xk:(x)? Tm(x) = Zcm,ka(x)a
k

=1 k=1
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2k
Xi(z) = \/;sin %x

are the orthonormal eigenfunctions;

where m = 1; 2,

(Xk, X / X (z r)dr = Og,m

with the eigenvalues A, = (£%)2, %@ = M Xg(z), Xx(0) = Xp(1) = 0,

bik(y) = (f5, Xi) emr = (T, Xi), m = 1;2, and 6, is the Kronecker delta.
2. For the BC (4):

oo

uj(z,y) = Z a;jr(y) Xk(z),

k=—o00

" b Xi(x), Tm(@) = Y connXi(@)

k=—o00 k=—o00

where m = 1; 2,

Xi(z) = \/gexp(Qm'k:x/l),

Xi(z) = \/gexp(—Qm'kx/l),

i = y/—1 are the biorthonormal complex eigenvectors
l
(X X5) = / Xp(2) X2 (@) = Sy
0

with the eigenvalues \j, = (%7)2, —%z(x—) = M\ Xp(2), X5 (0) = Xp (1), X;.(0) =
Xli;(l)v bj,k:(y) = (fj?XI:)vcm,k = (vaX]:)'

We can also consider the real Fourier series. For a periodic function g(z)
with the period [ we have the complex Fourier series

g(x) = Y apXp(x),
k=—00
where ay, = (g, X5) = Jq 9 z)dzr or g(z) =357 (ax Xi(2)+ap X k) +25.
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Taking into account that X_j(x) = X} (z), Aok = A\, ax = a'“ga*k 4k

_aptap  ap—a_y (1) _ apta_ b (2) _ ilagta_g) :
a_j = 5 7 0 = T NG we have the real Fourier

series in the following form:

00 (1)
2 2
= E (a](gl) cos —Wlkx + a,(f) sin ka) + 40 ;
e

—_

where
2rkx

1 2 [
a,(j) =—(9, X + X}) = 7/ g(x) cos dx,
0

Vi

7 N 2 [l . 2mkx
al(f) = W(gan: - X) = 7/0 g(x)sin T4z

Using the previous transformations the following expressions can be ob-

tained:
> 2rkx 9 2rkx a o(y)
wj(e,y) = D (afy) cos = + afl(y) sin =) + 5
k=1
oo (1)
1 2rkx 2 orkx. b 0(y)
Filw.y) = Y (053 (y) cos == + b3 () sin =) + LT,
k=1
> (1) wkx (2) 2wk 67(71?0
Tﬂpb(ac):Z(cm/,€ T—i— ) Sin )—I—T, m=1;2,
k=1
where
(1) 2 [ T
b)) =2 [ fi(,y) cos L d,
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For the Fourier coefficients a; (y) or agk): (y),aflz (y) we have the following
boundary-value-problem for the system of ODEs:

([ —kjdkajny) + kil (y) = =bjx().y € (j-1,9;), G =1, M

aj ke (Y;) = aj1,6(5)s kil o (y5) = kjral, g, (ys), =1, M —1 -
Y1k1a) 4 (0) — (a1 k(0) —c15) =0

[ vekaraly (L) + az(an k(L) — c25) = 0,

d?a, d
where a7 (y) = 7‘32»’;(3/), a . (y) = ajd’;(y).

The general solution of the system (6) is as follows:
aje(y) = Cjesinh(v/ Ae(y — yj-1)) + Bjk cosh(v Ar(y — y5-1))

1 L
Sl MG S XRDIDHCLNG

where the constants Cj 1, B, can be determined from the following system of
algebraic equations:

1
ijrle-i-l,k = kj(Cj7kChj7k + Bj7k8hj7k) — ﬁj(}j’k’

B'—I—l,k = C‘7k8h ikt B‘7kch ik — ——I1S., Jj=1,M-—1,
J J J J J ]\/— Js

Yk1CrLp VA —a1(Brg — 1) =0,

Yo (ke VA (Carchar ke + B gshar k) — ICh 1)
1
C h B h - — IS5 — =0.
+ a2 (Cor ishar i + Barpchar i Far/r M) — C2,k)

Here shjj = sinh(v/Aghy), chjp = cosh(v/Aghj),

Y5
1S, / sinh(v/ M (s5—1)b; 5 (D), IC; 4 = /

Yj—1 Yj—1

Yi

cosh (/A (y;—t))bj & (t)dt.
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4. The AV-Method with Quadratic Splines

The equations (1) are averaged along the heights h; of the corresponding layers
Q; with quadratic integral splines in the following form [1]:

uj(2,y) = Uj(x) +mj()(y — 77) + ¢;(2)G;((y = 75)°/h5 = 1/12),  (8)

where G; = h;/k;, 7 = (yj—1+vj)/2,y € [yj-1,Y;], mj,e;,U; are the unknown
coefficients of the spline-functions,

Yi
Uj(z) = hjl/ uj(x,y)dy

Yj—1

are the averaged values of u;, j = 1,M.
After averaging the system (1) along each layer €2;, we obtain the system
of M ODEs:
. TUj(@)
T da?

+ 2h]-_1€j(x) + F(z) =0, 9)
where F; = hj_1 fyi?'_l fj(x,y)dy are the average values of f;, j =1, M.

Using the boundary conditions (4),(5) and excluding the coefficients m; we
obtain the following system of linear algebraic equations [2]:

Ajej1+ (Aj + Bj + 1)ej + Bjej1 = aj(Ujr1 — Uj) — b;(U; — Uj-1),

where

e = emv1=0,45 =G /(Gi+Gj), bj =3/(Gj+Gj) = aj1, j=2,M,
B; =Gj11/(Gj+Gjy1),a; =3/(Gj + Gjy), j=1,M—1,
ap = L.5ag /(2 + G /2), b1 = Lbay /(71 + a1 G1/2),

Ar=7/(n +0a1G1/2), By =7/(ve + a2Gr/2),

U():Tl, UM+1 :TQ.
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5. The Finite Difference Approximation

For solving 2-D problems we consider an uniform grid in the z-direction xj =
kh,Nh =1,k = 0, N. We can rewrite the PDEs (1) in the following vector form:

—kj Avj (y) + kjvj (y) + 9;(y) = 0,j = 1, M, (11)
where v;(y), g;(y) are the column vectors with the elements
’Uj,k%uj(xkay)vgj,k :f](xkay)v k= 17K7
A are the finite difference 3-diagonal K—order matrices in following forms:
1) for the BCs of the first kind , K = N — 1,

2 -1 0 .. 0 0 0
-1 2 -1 0 0 0
A 1
_— _2 cee cese
h 0 0 O -1 2 -1
0 0 0 0O -1 2
2) for the periodic BCs, K = N,
2 -1 0 0 0 -1
-1 2 -1 0 0 0
s L
= 3
h o o o0 .. -1 2 -1
-1 0 o .. 0 -1 2

This circulant matrix can determined using only the first row
1

A:h2

2-10..00 —1],

see [6].
From the conditions (2, 3) follows, that:

vj(y5) = vit1(y)),
kjvi(y;) = kj1vi 4 (y5), (12)
Y1k101(0) — a1(v1(0) — T1) =0,
Yekarvn (L) + az(vp (L) — Ta) = 0,
where T, T; are the K order column vectors with the elements T} (z), Ta(zk),
k=1K.
The calculation of the circulant matrix (matrix inversion and multiplication)
can be done by using the first row of the matrix, see [6].
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6. The Finite Difference Schemes Solution

The solution of the corresponding discrete spectral problem Aw® = pjw” is:

1. For the BCs the of first kind we have k = 1, N — 1, the orthonormal
eigenvectors

N-1
k k
(w®,w™) = Z wiwi" = Op m,
i=1
k 2 . wjk
wy =4/ — sin —=—
J N N’

Jj, k=1, N — 1 (the elements of the symmetric matrix W), the eigenvalues pj =

542 sin? 5—]7\; (the elements of the diagonal matrix D);

2. For the periodic BCs we have k = 1, N, the biorthonormal complex
eigenvectors

N
k , m k, m
(w™,wl") = E WiwWy; = O m,
J=1

1 1
wi =4/ N exp(2mikj/N), wy; = ”N exp(—2mikj/N),i =+v—1
2 km

(the elements of the complex matrices W, W,.), the eigenvalues u; = 542 sin® 57
(the elements of the diagonal matrix D).

Further, we shall consider discrete real Fourier series. For the N —order
vector g and the elements g5, s = 1, N we have the following complex expression
g= fo:l apw®, where

N
ar = (gawf) = ngwf
s=1

or
*N a
k N—k N
g= (akw +an_rw )+\/—N7
k=1
N—k N—k k
w = Wy, W, =w, HKN-k = MKk

*IN N—-1
Zak = Z ap +ay/2, N =N/2.
k=1 k=1
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Using the expressions

ap +aN—k A — aAN—k
2 2 ’

ap =

" _Gktan-k @y —an-k (1) _ Gkt AN-k (2) _ i(ar +an—g)
N—k 9 2 9 k \/N 'k \/N

we have the discrete real Fourier series in the following form:

«N (1)

2k 2k
gs:kz_}(ag)cos 7;V8+a122)sin 7;\[8)—1—%, anN = ao,
where
N—

7 2 N 2wks
2 _ .
a/,(C ) = —_(g,wf — wiv k) = — 8521 Js Sin .

For the PBCs we consider the finite difference approximation of the second-
order for the derivative u”(xy) in the uniform p + 1 point stencil

(‘kap/27 G Tk—1y Ty Tht1, " " 7xk7p/2)'

We consider the approximation of the O(h?) order in following form:

/2
1 P hPy(P+2) (¢
U//(xk) = ﬁ E / Cmu(.’Ek_m) + EPTQ)(!)’ Tk—p/2 < f < Thtp/2-
m=—p/2

For m = 0 follows the equation Cy = —2 an/il Chn- The other coefficients
Cpn(m > 0) can be determined from the system of linear algebraic equations.
Solving this system we obtain the following coefficients:

Hp=2:C1=1,Cp=—-2,Fy = -2,

2)p=4:C1=%,Co=—2%,Co =2, Ey==38,

3)p=6:Cr = %,02 = —23—0,03 = %,CO = —%,E4 =72,

HhYp=8:C1=8,Co=-1,C3=F-,C1=—5.Co= -2, Bz =1152.

In this case A is a circulant matrix in the form:

1

Ah2

[007017"' 7Cp/2707”' 7070p/27cp/2717"' 702701]
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and it has the following eigenvalues (k =1, N):

Dp=2:u = }f sin?(7k/N),

2) =4 = hlsn (/) + i k),

) p=06:p,= ];1 (sin®(wk/N) + § sin(nk/N) + ¥ sin®(7k/N)),
) p=8:p,= %( sin?(rk/N) + & sin*(nk/N) + £ sin®(wk/N)

+ sin®(7k/N)).
In the matrix form we have (for the BCs of the first kind W, = W):

AW =WD, WW,=E, W l=W, A=WDW,,

where the elements of the diagonal matrix D are dj = .

Using the transformation v;(y) = WTv;(y) (WT = W, for the periodic
BCs, WT = W for the BCs of the first kind) in (11) we obtain the following
system of ODEs:

—k;Dvj(y) + kvj(y) + g;(y) =0, j=1,M, (13)

or:
—kjdivj(y) + ki0} p(v) + gin(y) =0, j=1,M, k=1,K,  (14)

where g; = Wng, dj, are the elements of the matrix D, v 1, g; « are the elements
of the vectors v;, g;.
For (13) we have the following conditions:

U k(Y5) = Vj1k(y)), Kj U] k(Y5) = j+1U]+1 pi), §=1,M —1
711’61’1_)1 k:( ) — 041(1}1 k(O) — Cl,k) 0 (15)
’Y2]€MUM W(L) + az(Op k(L) —E2x) =0, k=1,K,

where ¢} 1, G2 1, are the elements of the vectors WTTy, WT'T,. The solution of (14,
15) is the form (7), where a; , Ak, c1 k, c2 1 are replaced with v, dy, , €1 i, Co -

For the finite difference scheme with exact spectrum (FDSES) the matrix A
is represented in the Jordan normal form A = WDW7 and the diagonal matrix
D contains the first K eigenvalues dj, = A, k=1, K of the differential operator
(— 8‘9 ). The eigenvectors remain the same.

For the FDSES with the periodic BCs the elements of the matrix D are
replaced in following way:

1) dy, = Mg, for k =1, Na, where Ny = N/2.
)dk—)\N kal"k‘ NQ, 1dN—0
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We can solve the equation (11), using the discrete Fourier series in the

following form:

K K
vi(y) =D azwk, gi(y) =D bjgw®,
k=1 k=1

Cm, kw

Mw

k=1

where b;x(y) = (g;(v),wF), emr(y) = (Tm,wF), m = 1,2, K = N for the
PBCs, K = N — 1,w* = w* for the BCs of the first kind.
For the PBCs we can use the real argument expressions:

* N
1 2rks 2 . 27ks 1
vja(y) = D (a(y) cos == + ) (y) sin =) + 0 ()2,
k=1
N 2rks 2rks
1 . 1
91.s(y) = D (b)) (y) cos == + b} (y) sin =) + 1) (4)/2,
k=1
N (1) 2rks ( ) 2rks ey
1 2 si 1)
T () :;(Cm,k cos — +c HT)—F 0/ 25

1
where b;,g( )=~ ZS 1 gj,s cos 22k

N
2 . 27ks
],k(y) =N Z 9j,s S N
s=1

271',1{58
SL = Z T, s COS —— N
2ks

9 N

2 .

Cfn?k = N E T s sin
s=1

For the coefficients a§1,2 (y), aﬁz( ) the solution is in the form (7) (FDSES).

If A\ = pg, we have the FDS.
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7. The Solution of the Problem in Two Layers

For 2 layers (M=2) we consider the following parameters: N = 10,y9 = 0,y; =
1,y2 = 3,]451 = 10,]€2 = 1,T2(CC) = O,fl(.’E,y) = O,’yl = Y2 = O,a1 = 0 = 1,
fo(z,y) = Po(y — 2)sin(2wz) or fa(z,y) = Psin(2rz), Ti(x) = sin(mzx)- for
the BCs of the first kind, 77 (x) = sin(27x)- for the periodic BCs, where P =
10,5(y — 2)- is the Dirac delta function. In this case the analytical solution
depends only on two eigenvectors X1, Xo and w', w!. Numerical results in the
y direction are obtained in uniform grid with 6 and 30 grid points.

7.1. The Exact Solution

The exact solution for the BCs of first kind using two eigenvectors X7, Xo,
(sin(mx) = /1/2X;(z),sin(2rx) = /1/2X5(x)), is in the following form:

ui(z,y) = a11(y) sin(rx) + a1 2(y) sin(2rz), (16)
up(z,y) = az, (y) sin(rz) + (az2(y) — PEY) sin(2rz),
where
a1,1(y) = Cy,1 sinh(my) + By 1 cosh(my),
a1,2(y) = C12sinh(27wy) + By 2 cosh(27y), (17)
az1(y) = Co 1 sinh(m(y — 1)) + By 1 cosh(m(y — 1)),
az2(y) = Co1sinh(27(y — 1)) + Bay cosh(27(y — 1)),
Biiel Chie _ cosh(m) + k1 sinh(mr) tanh(27) R
LT BT TGNk () + iy cosh() tanh(27) T gy

B271 = 0171 sinh(w) + B171 COSh(?T), 0271 = Hl(cl,l COSh(?T) + B171 sinh(w),

Ppi(3)
27ko (sinh(27) + 1 cosh(27) sinh(47))’

B1p=0, Cio=

02’2 = I€10172 COSh(Q?T), BQ’Q = 0172 Sinh(Qﬂ'),
pi(y) = [0,y € [1,2];sinh(27(y — 2)), y € [2,3]]

for fo(x,y) = Po(y—2)sin(27x) p1(y) = (cosh(2mw(y—1))—1)/(2x) for fo(z,y) =
Psin(27z).

For the periodic BCs, using eigenvectors X1, X7, (sin(2rz) = %(Xl(x) -
X{(x), X{(x) = X_1(x)), the solution is in the form:

ui(z,y) = a11(y) sin(2rx), wa(x,y) = az1(y) sin(2rx), (18)
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where

a11(y) = C1,1sinh(27y) + By 1 cosh(2my) (19)
az1(y) = Coq sinh(2m(y — 1)) + Bay cosh(2r(y — 1)) — PLAW)
By =1,

cosh(2m) + k1 sinh(27) tanh(47) — Ppi1(3)/(27ks cosh(4m))
sinh(27) + k1 cosh(27) tanh(47) ’

Ci1=—-Bi1

3271 = Cl,l Sinh(?ﬂ) + B171 COSh(27T), 0271 = K1 (0171 COSh(27T)
+ Bl,l sinh(27r)).

7.2. The Averaging Solution
For the averaging solution Fy = 0, F5 = Psin(2mx) for
fo = Psin(2rz), Fy=0.5Psin(27x),

fo = Pd(y — 2)sin(27x)

we have two linear algebraic equations (10):

{ (Bl + 1)61 + Biey = al(UQ — Ul) — bl(Ul — Tl)
Asgey + (AQ + 1)62 = a2(T2 — Ug) — bQ(UQ — Ul),

_ _ Gy _ _ Gy _ 3 _ 3 _ 3 _
where By = G1+G2 A = GitGr M = G1+G2’b1 TGy by = GG 92 = &y
The solution of (20) is in the form:

el = 0171U1($) + CLQUQ(IL‘) + 0170T1 ({L‘) (21)
€y = CQ,1U1 ($) + 6272U2 (CC) + Cg,oTl (CC),
where
o= _b073 + bl(AQ + 1) oo — b073 + Bias o= bl(A2 + 1)
1,1 o . €12 71)071 ,€1,0 71)071 ;
_ bo2+ b1 A2 _ bo2+(Bir+1)ay _ biA
1 =7 C2=— y €20 = — )
bo,1 ’ bo,1 ’ bo,1

boi = (B1+1)(A2+1), bo2= Asar + (B1 + 1)ba, boz = (A2 + 1)as + Bibs.
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The solution of the 2 ODEs (9) for the BCs of the first kind can be obtained
using two orthonormal eigenvectors X (z), Xo(x) in the following form:

Uy(x) = af sin(nz) + absin(2nz), Uy () = a? sin(rz) + a3 sin(2rz),
where the coefficients af satisfy the following system of algebraic equations:

—k1Aal +2(ciaa] + 1203 +c10) =0
—kg)\la% + (Cg,la% + 62720,% + 6270) =0
—kl)\ga% + 2(61@@% + CLQCL%) =0
_kQ)\Qa% + (Cg,la% + 62720,%) + 5P =0.

(22)

where 8 =1 for fo = Psin(2nz), = 0.5 for fo = Pé(y — 2)sin(27x).

The solution for the periodic BCs can be obtained using the biorthonormal
eigenvectors X (x), X7 (z) similarly to (18) in following form:
Ui(x) = a} sin(27wz), Us(z) = a? sin(27z),

where the coefficients al,a? can be determined from the following system of 2

algebraic equations:

{ —kl)\la% + 2(01’10% + CLQCL% + Cl,O) =0 (23)

—k‘g)\la% + Cg’la% + 627261% + c20 + BP = 0.
We have the following solution of (22,23):
aj = (2c12(c20 + paP) — 2c10(c22 — k2A1))/dety,

aj = (2ca1010 — (c2,0 + Bp2P)(2c11 — k1)) /dety,
det; = (2c1,1 — k1A1)(c2,2 — kaA1) — 2¢12¢2,1,
ay = 2c19P/dety, a3 = —BP(2c11 — k1)\2)/deta,
dety = (2¢1,1 — k1A2)(c2,2 — kaXa) — 2¢12¢2,1,

where po = 1 for the periodic BCs, ps = 0 for the BCs of the first kind.
Since

my(z) = m%(UQ(w) —Ui(z)) —e1(z)(G1 + 3G2) — 2e2(x)Ga)

ma(x) = M(G(UQ(IE) —Ui(z)) + e2(z)(Ga + 3G1) + 2e1(z)Gh),
(24)
the functions wuj(x,y), us(x,y) can be determined from (8).
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Figure 1: Exact solution Figure 2: FDSES solution
LevFDS-nep , Maxv=0.2521, Minv=-0.2460 LevAv-nep 1, Maxu =0.3406, Minu=-0.3258

Figure 3: FDS solution Figure 4: Averaging solution

7.3. The Solutions of the FDS and FDSES

The analytical FDS solution of (13 - 15) can be obtained in the following form:

1,1(y) = Crasinh(Vdiy) + B cosh(vdyy),y € [0,1],

v12(y) = Cy2sinh(y/day) + By 2 cosh(vday),y € [0,1], (25)
v2,1(y) = Casinh(v/dy(y — 1)) + By cosh(vVdi(y — 1)),y € [1,3],

U9,2(y) = Ca2sinh(v/d2(y — 1)) + Bz cosh(v/da(y — 1)),y € [1,3],

where the coefficients Cjy, Bj; can be obtained from (17), similarly the co-
efficients a;; can be determined, where the values m,27 are replaced with

\/d—l, \/@, and Bl,l = \/N/Q. For the FDS d1 = HladQ = M2, but for the
FDSES d; = A1, dy = M.
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Prec-del u, Maxu =0.7596, Minu=-0.7548 LevFDSES-del , Maxv=0.7596, Minv=-0.7548

Figure 5: Exact solution for the Figure 6: FDSES solution for
0— function the d— function

1

For the periodic BCs, using the eigenvectors w!, wi, (sin(27z;) = \/Q—JZV(wl(aﬁj)—
1

wl(z;), wl(z;) = wN " (), un—1 = p1), we have the following results:

v1,1(y) = Ch,1sinh(V/dyy) + By,1 cosh(vVdry),y € [0,1],

U9,1(y) = Ca,1 sinh(v/di (y — 1)) + Ba1 cosh(v/di(y — 1))~ (26)
_Pkp;l\(/:illlay € [173]7

where the coefficients C 1, Bj 1, can be obtained from (19). Similarly, the co-
efficients a;;, where the value 27 is replaced with V/dy. For the FDS dy = 1,
but for the FDSES d; = A; (we have the exact solution[7]).

8. Some Numerical Results

For the BCs of the first kind the numerical results can be represented in the
following way:

1) fa(z,y) = 10sin(27)- the exact solution (see Figure 1), the FDSES so-
lution (see Figure 2), the FDS solution (see Figure 3), the averaging solution
(see Figure 4),

2) fa(x,y) = 10sin(27)d(y—2)- the exact solution (see Figure 5), the FDSES
solution (see Figure 6), the FDS solution (see Figure 7), the averaging solution
(see Figure 8).

We have the following results for the maximal and minimal values Mu and
mu of the ug(x,y) solution (for the exact and the FDSES solutions

Mu = 0.2446, mu = —0.2381, fo(z,y) = 10sin(27); Mu = 0.7596,
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LevFDS-del , Maxv=0.7722, Minv=-0.7674 LevAv-del ul, Maxu =0.1746, Minu=-0.1643

Figure 7: FDS solution for the Figure 8: Averaging solution
0— function for the §— function

p=—0.7548, fo(z,y) = 10sin(27)d(y — 2)) :

1) for the FDS and fa(x,y) = 10sin(27), Mu = 0.2521, mu = —0.2460,

2) for the FDS and fa(z,y) = 10sin(2m)d(y — 2), Mu = 0.7722,mu =
—0.7674.

For the periodic BCs we have the following results:

1) fa(z,y) = 10sin(27)- the exact and the FDSES solutions (see Figure 10),
the FDS solution (see Figure 11), the averaging solution (see Figure 12),

2) fa(x,y) = 10sin(27)d(y — 2)- the exact and the FDSES solutions (see
Figure 9), the FDS solution (see Figure 13), the averaging solution (see Figure
14).

Using the different p order (p = 2;4;6;8) finite difference approximations,
we have following results for the maximal and minimal values of the solution
us(z,y) (for the exact and the FDSES solutions-mu = 40.2401, fo(z,y) =
10sin(27); mu = £0.7568, fao(z,y) = 10sin(27)d(y — 2)) :

1) For fo(x,y) = 10sin(27), mu = £0.2480(p = 2); +£0.2405(p = 4);
+£0.2401(p = 6); £0.2401(p = 8),

2) For fo(z,y) = 10sin(27)d(y — 2), mu = £0.7694(p = 2);
+0.7575(p = 4); £0.7569(p = 6); £0.7568(p = 8).

We can see, that the FDSES method is exact. It also follows from the
theorems in [7]. The maximum relative error value for the averaging method is
approximately 10%.
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Exact-delta u , Max u=0.7568, Min u=-0.7568

Figure 9: FDSES solution for
the 6— function

FDS-cont u, Max u=0.2480, Min u=-0.2480
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Figure 11: FDS solution

9. Conclusion

Exact-cont u , Max u=0.2401, Min u=-0.2401
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Figure 10: FDSES solution

Av-cont u, Max v=0.4019, Min v=-0.4019
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Figure 12: Averaged solution

The 2-D diffusion problem in the M layered domain is described by the boundary-
value-problem for the PDEs system with piece-wise constant diffusion coef-
ficients. By the system approximation we obtain the 1-D boundary-value-
problem for the system of M ODEs. This algorithm can be used, for example,
for solving problems of a metal concentration in layered peat blocks.

For this problem the FDSES method provides the most precise results. In

some cases the FDSES method is exact.
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FDS-delta u , Max u=0.7694, Min u=-0.7694 Av-delta, Max v=0.3448, Min v=-0.3448
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