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Abstract: In this paper a 2-D stationary boundary value-problem for the
diffusion equation with piecewise constant coefficients in a multi-layered do-
main is considered. Homogeneous boundary conditions of the first kind (BC)
or periodic boundary conditions (PBC) are considered in the x direction. An
analytical method for solving the problem of the above type is developed.
This method is compared with the averaging (AV) method (using integral
parabolic splines) and finite difference methods (using second-order finite dif-
ference schemes (FDS) for the space discretization in the x direction) and the
finite difference scheme with exact spectrum (FDSES).
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1. Introduction

We consider a 2-D stationary boundary-value-problem for the diffusion equation
with piecewise constant coefficients in a multi-layered domain. In the x direction
we have homogeneous boundary condition of the first kind (BC) or periodic
boundary conditions (PBC).
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We define the finite difference scheme with exact spectrum (FDSES) (see
[5], [4], [7]) using the finite difference matrix A in the form A = WDW T

(W,D are matrices, containing finite difference eigenvectors and eigenvalues),
where the elements of the diagonal matrix D are replaced with the first K
eigenvalues of the second order differential operator (K = N − 1 for BCs of
the first kind, K = N for PBCs, where N + 1 is a number of grid points in a
uniform grid). Also we consider the method of lines and Fourier methods for
solving the corresponding problems with homogeneous BCs and PBCs.

A. Buikis (see [1], [2]) developed averaging methods. These methods can
be applied on mathematical simulation of the mass transfer process in multi-
layered underground systems. In order to solve this problem, it is necessary
to solve the 3-D initial-boundary-value problems for parabolic second order
partial differential equations with piece-wise parameters in a multilayer domain.
Special splines which interpolate middle integral values of a piece-wise smooth
function allow to reduce the 3-D mathematical physics problem with piece-wise
coefficients to 2-D problems for the system of equations.

H.Kalis (see [3]) developed an effective finite-difference method for solving
the problem of the above type. This method may be considered as a general-
ization of the finite volumes method for layered systems. This procedure allows
to reduce the 2-D problem to the system of 1-D problems.

All these methods are applied on the problem. The solutions are obtained
analytically and numerically.

2. The Mathematical Model

The process of diffusion is considered in the 2-D domain

Ω = {(x, y) : 0 ≤ x ≤ l, 0 ≤ y ≤ L}.

The domain Ω consists of a multi-layered medium. We consider the 2-D sta-
tionary problem from the linear diffusion theory for multi-layered piece-wise
homogeneous materials with M layers in the following form:

Ωj = {(x, y) : x ∈ (0, l), y ∈ (yj−1, yj)}, i = 1,M,

where yj−yj−1 = hj is the height of the corresponding layer Ωj, y0 = 0, yM = L.
The distribution of the concentrations uj = uj(x, y) in each layer Ωj at each
point (x, y) ∈ Ωj will be found by solving the following PDEs:

kj∂
2uj/∂x

2 + kj∂
2uj/∂y

2 + fj(x, y) = 0, (1)
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where kj are constant diffusion coefficients, uj = uj(x, y) – concentration func-
tions in each layer, fj(x, y) – fixed source functions.

The values uj and the flux functions kj∂uj/∂y should be continuous on the
contact lines between the layers y = yj, j = 1,M − 1 :

uj(x, yj) =uj+1(x, yj),

kj∂uj(x, yj)/∂y =kj+1∂uj+1(x, yj)/∂y.
(2)

We assume that the layered material is bounded above and below with the
plane surfaces y = 0, y = L with fixed BCs of the third kind in the following
form:

γ1k1∂u1(x, 0)/∂y − α1(u1(x, 0)− T1(x)) =0,

γ2kM∂uM (x,L)/∂y + α2(uM (x,L)− T2(x)) =0,
(3)

where γ21 + α2
1 6= 0, γ22 + α2

2 6= 0, T1, T2 are given functions. For γ1 = γ2 = 0 we
have BCs of the first kind. We shall consider two forms of fixed BCs in the x, y
directions:

1) the periodic BCs at x = 0, x = l:

uj(0, y) = uj(l, y), ∂uj(0, y)/∂x = ∂uj(l, y)/∂x, (4)

2) the homogeneous BCs of the first kind:

uj(0, y) = uj(l, y) = 0, j = 1,M. (5)

3. Analytical Solution with Fourier Methods

For the analytical solution of the problem (1)-(5) we consider Fourier series
methods:

1. For the BC (5):

uj(x, y) =

∞
∑

k=1

aj,k(y)Xk(x),

fj(x, y) =

∞
∑

k=1

bj,k(y)Xk(x), Tm(x) =

∞
∑

k=1

cm,kXk(x),
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where m = 1; 2,

Xk(x) =

√

2

l
sin

kπx

l

are the orthonormal eigenfunctions;

(Xk,Xm) =

∫ l

0
Xk(x)Xm(x)dx = δk,m

with the eigenvalues λk = (kπl )
2, −d2Xk(x)

dx2 = λkXk(x), Xk(0) = Xk(l) = 0,
bj,k(y) = (fj ,Xk), cm,k = (Tm,Xk), m = 1; 2, and δk,m is the Kronecker delta.

2. For the BC (4):

uj(x, y) =
∞
∑

k=−∞
aj,k(y)Xk(x),

fj(x, y) =

∞
∑

k=−∞
bj,k(y)Xk(x), Tm(x) =

∞
∑

k=−∞
cm,kXk(x),

where m = 1; 2,

Xk(x) =

√

1

l
exp(2πikx/l),

X∗
k(x) =

√

1

l
exp(−2πikx/l),

i =
√
−1 are the biorthonormal complex eigenvectors

(Xk,X
∗
m) =

∫ l

0
Xk(x)X

∗
m(x)dx = δk,m

with the eigenvalues λk = (2kπl )2, −d2Xk(x)
dx2 = λkXk(x),Xk(0) = Xk(l),X

′
k(0) =

X ′
k(l), bj,k(y) = (fj,X

∗
k), cm,k = (Tm,X∗

k ).

We can also consider the real Fourier series. For a periodic function g(x)
with the period l we have the complex Fourier series

g(x) =
∞
∑

k=−∞
akXk(x),

where ak = (g,X∗
k ) =

∫ l
0 g(x)X

∗
k (x)dx or g(x) =

∑∞
k=1(akXk(x)+a−kX−k)+

a0√
l
.
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Taking into account that X−k(x) = X∗
k(x), λ−k = λk, ak =

ak+a
−k

2 +
ak−a

−k

2 ,

a−k =
ak+a

−k

2 − ak−a
−k

2 , a
(1)
k =

ak+a
−k√
l

, a
(2)
k =

i(ak+a
−k)√

l
we have the real Fourier

series in the following form:

g(x) =
∞
∑

k=1

(a
(1)
k cos

2πkx

l
+ a

(2)
k sin

2πkx

l
) +

a
(1)
0

2
,

where

a
(1)
k =

1√
l
(g,Xk +X∗

k) =
2

l

∫ l

0
g(x) cos

2πkx

l
dx,

a
(2)
k =

i√
l
(g,X∗

k −Xk) =
2

l

∫ l

0
g(x) sin

2πkx

l
dx.

Using the previous transformations the following expressions can be ob-
tained:

uj(x, y) =

∞
∑

k=1

(a
(1)
j,k(y) cos

2πkx

l
+ a

(2)
j,k(y) sin

2πkx

l
) +

a
(1)
j,0(y)

2
,

fj(x, y) =

∞
∑

k=1

(b
(1)
j,k(y) cos

2πkx

l
+ b

(2)
j,k(y) sin

2πkx

l
) +

b
(1)
j,0(y)

2
,

Tm(x) =

∞
∑

k=1

(c
(1)
m,k cos

2πkx

l
+ c

(2)
m,k sin

2πkx

l
) +

c
(1)
m,0

2
, m = 1; 2,

where

b
(1)
j,k(y) =

2

l

∫ l

0
fj(x, y) cos

2πkx

l
dx,

b
(2)
j,k(y) =

2

l

∫ l

0
fj(x, y) sin

2πkx

l
dx,

c
(1)
m,k =

2

l

∫ l

0
Tm(x) cos

2πkx

l
dx,

c
(2)
m,k =

2

l

∫ l

0
Tm(x) sin

2πkx

l
dx, m = 1; 2.
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For the Fourier coefficients aj,k(y) or a
(1)
j,k(y), a

(2)
j,k(y) we have the following

boundary-value-problem for the system of ODEs:































−kjλkaj,k(y) + kja
′′
j,k(y) = −bj,k(y), y ∈ (yj−1, yj), j = 1,M

aj,k(yj) = aj+1,k(yj), kja
′
j,k(yj) = kj+1a

′
j+1,k(yj), j = 1,M − 1

γ1k1a
′
1,k(0) − α1(a1,k(0)− c1,k) = 0

γ2kMa′M,k(L) + α2(aM,k(L)− c2,k) = 0,

(6)

where a′′j,k(y) =
d2aj,k(y)

d2y
, a′j,k(y) =

daj,k(y)
dy .

The general solution of the system (6) is as follows:

aj,k(y) = Cj,k sinh(
√

λk(y − yj−1)) +Bj,k cosh(
√

λk(y − yj−1))

− 1

kj
√
λk

∫ y

yj−1

sinh(
√

λk(y − t))bj,k(t)dt, (7)

where the constants Cj,k, Bj,k can be determined from the following system of
algebraic equations:

kj+1Cj+1,k = kj(Cj,kchj,k +Bj,kshj,k)−
1√
λk

ICj,k,

Bj+1,k = Cj,kshj,k +Bj,kchj,k −
1

kj
√
λk

ISj,k, j = 1,M − 1,

γ1k1C1,k

√

λk − α1(B1,k − c1,k) = 0,

γ2(kM
√

λk(CM,kchM,k +BM,kshM,k)− ICM,k)

+ α2(CM,kshM,k +BM,kchM,k −
1

kM
√
λk

ISM,k)− c2,k) = 0.

Here shj,k = sinh(
√
λkhj), chj,k = cosh(

√
λkhj),

ISj,k =

∫ yj

yj−1

sinh(
√

λk(yj−t))bj,k(t)dt, ICj,k =

∫ yj

yj−1

cosh(
√

λk(yj−t))bj,k(t)dt.
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4. The AV-Method with Quadratic Splines

The equations (1) are averaged along the heights hj of the corresponding layers
Ωj with quadratic integral splines in the following form [1]:

uj(x, y) = Uj(x) +mj(x)(y − yj) + ej(x)Gj((y − yj)
2/h2j − 1/12), (8)

where Gj = hj/kj , yj = (yj−1+ yj)/2, y ∈ [yj−1, yj ], mj , ej , Uj are the unknown
coefficients of the spline-functions,

Uj(x) = h−1
j

∫ yj

yj−1

uj(x, y)dy

are the averaged values of uj , j = 1,M.

After averaging the system (1) along each layer Ωj, we obtain the system
of M ODEs:

kj
d2Uj(x)

dx2
+ 2h−1

j ej(x) + F (x) = 0, (9)

where Fj = h−1
j

∫ yj
yj−1

fj(x, y)dy are the average values of fj, j = 1,M.

Using the boundary conditions (4),(5) and excluding the coefficients mj we
obtain the following system of linear algebraic equations [2]:

Ajej−1 + (Aj +Bj + 1)ej +Bjej+1 = aj(Uj+1 − Uj)− bj(Uj − Uj−1),

j = 1,M, (10)

where

e0 = eM+1 = 0, Aj = Gj−1/(Gj+Gj−1), bj = 3/(Gj +Gj−1) = aj−1, j = 2,M,

Bj = Gj+1/(Gj +Gj+1), aj = 3/(Gj +Gj+1), j = 1,M − 1,

aM = 1.5α2/(γ2 + α2GM/2), b1 = 1.5α1/(γ1 + α1G1/2),

A1 = γ1/(γ1 + α1G1/2), BM = γ2/(γ2 + α2GM/2),

U0 = T1, UM+1 = T2.
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5. The Finite Difference Approximation

For solving 2-D problems we consider an uniform grid in the x-direction xk =
kh,Nh = l, k = 0, N. We can rewrite the PDEs (1) in the following vector form:

−kjAvj(y) + kjv
′′
j (y) + gj(y) = 0, j = 1,M, (11)

where vj(y), gj(y) are the column vectors with the elements

vj,k ≈ uj(xk, y), gj,k = fj(xk, y), k = 1,K,

A are the finite difference 3-diagonal K–order matrices in following forms:

1) for the BCs of the first kind , K = N − 1,

A =
1

h2













2 −1 0 ... 0 0 0
−1 2 −1 ... 0 0 0
... ... ... ... ... ... ...
0 0 0 ... −1 2 −1
0 0 0 ... 0 −1 2













2) for the periodic BCs, K = N ,

A =
1

h2













2 −1 0 ... 0 0 −1
−1 2 −1 ... 0 0 0
... ... ... ... ... ... ...
0 0 0 ... −1 2 −1
−1 0 0 ... 0 −1 2













This circulant matrix can determined using only the first row

A =
1

h2
[2 − 1 0 ... 0 0 − 1],

see [6].
From the conditions (2, 3) follows, that:























vj(yj) = vj+1(yj),

kjv
′
j(yj) = kj+1v

′
j+1(yj),

γ1k1v1(0) − α1(v1(0) −T1) = 0,

γ2kMvM (L) + α2(vM (L)−T2) = 0,

(12)

where T1,T1 are the K order column vectors with the elements T1(xk), T2(xk),
k = 1,K.

The calculation of the circulant matrix (matrix inversion and multiplication)
can be done by using the first row of the matrix, see [6].
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6. The Finite Difference Schemes Solution

The solution of the corresponding discrete spectral problem Awk = µkw
k is:

1. For the BCs the of first kind we have k = 1, N − 1, the orthonormal
eigenvectors

(wk, wm) =
N−1
∑

j=1

wk
jw

m
j = δk,m,

wk
j=

√

2

N
sin

πjk

N
,

j, k=1, N − 1 (the elements of the symmetric matrix W ), the eigenvalues µk =
4
h2 sin

2 kπ
2N (the elements of the diagonal matrix D);

2. For the periodic BCs we have k = 1, N , the biorthonormal complex
eigenvectors

(wk, wm
∗ ) =

N
∑

j=1

wk
jw

m
∗j = δk,m,

wk
j =

√

1

N
exp(2πikj/N), wk

∗j =

√

1

N
exp(−2πikj/N), i =

√
−1

(the elements of the complex matrices W,W∗), the eigenvalues µk = 4
h2 sin

2 kπ
N

(the elements of the diagonal matrix D).

Further, we shall consider discrete real Fourier series. For the N−order
vector g and the elements gs, s = 1, N we have the following complex expression
g =

∑N
k=1 akw

k, where

ak = (g,wk
∗ ) =

N
∑

s=1

gsw
k
s

or

g =

∗N̄
∑

k=1

(akw
k + aN−kw

N−k) +
aN√
N

,

wN−k = wk
∗ , wN−k

∗ = wk, µN−k = µk,

∗N̄
∑

k=1

ak =

N̄−1
∑

k=1

ak + aN̄/2, N̄ = N/2.
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Using the expressions

ak =
ak + aN−k

2
+

ak − aN−k

2
,

aN−k =
ak + aN−k

2
− ak − aN−k

2
, a

(1)
k =

ak + aN−k√
N

, a
(2)
k =

i(ak + aN−k)√
N

we have the discrete real Fourier series in the following form:

gs =
∗N̄
∑

k=1

(a
(1)
k cos

2πks

N
+ a

(2)
k sin

2πks

N
) +

a
(1)
0

2
, aN = a0,

where

a
(1)
k =

1√
N

(g,wk
∗ + wN−k

∗ ) =
2

N

N
∑

s=1

gs cos
2πks

N
,

a
(2)
k =

i√
N

(g,wk
∗ − wN−k

∗ ) =
2

N

N
∑

s=1

gs sin
2πks

N
.

For the PBCs we consider the finite difference approximation of the second-
order for the derivative u′′(xk) in the uniform p+ 1 point stencil

(xk−p/2, · · · , xk−1, xk, xk+1, · · · , xk−p/2).

We consider the approximation of the O(hp) order in following form:

u′′(xk) =
1

h2

p/2
∑

m=−p/2

Cmu(xk−m) + Ep
hpu(p+2)(ξ)

(p+ 2)!
, xk−p/2 < ξ < xk+p/2.

For m = 0 follows the equation C0 = −2
∑p/2

m=1 Cm. The other coefficients
Cm(m > 0) can be determined from the system of linear algebraic equations.
Solving this system we obtain the following coefficients:

1) p = 2 : C1 = 1, C0 = −2, E2 = −2,

2) p = 4 : C1 =
4
3 , C2 = − 1

12 , C0 = −5
2 , E4 == 8,

3) p = 6 : C1 =
3
2 , C2 = − 3

20 , C3 =
1
90 , C0 = −49

18 , E4 = −72,

4) p = 8 : C1 =
8
5 , C2 = −1

5 , C3 = 8
315 , C4 = − 1

560 , C0 = −205
72 , E8 = 1152.

In this case A is a circulant matrix in the form:

A =
1

h2
[C0, C1, · · · , Cp/2, 0, · · · , 0, Cp/2, Cp/2−1, · · · , C2, C1]
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and it has the following eigenvalues (k = 1, N ):

1) p = 2 : µk = 4
h2 sin

2(πk/N),

2) p = 4 : µk = 4
h2 (sin

2(πk/N) + 1
3 sin

4(πk/N)),

3) p = 6 : µk = 4
h2 (sin

2(πk/N) + 1
3 sin

4(πk/N) + 8
45 sin

6(πk/N)),

4) p = 8 : µk = 4
h2 (sin

2(πk/N) + 1
3 sin

4(πk/N) + 8
45 sin

6(πk/N)
+ 4

35 sin
8(πk/N)).

In the matrix form we have (for the BCs of the first kind W∗ = W ):

AW = WD, WW∗ = E, W−1 = W∗, A = WDW∗,

where the elements of the diagonal matrix D are dk = µk.

Using the transformation v̄j(y) = W Tvj(y) (W T = W∗ for the periodic
BCs, W T = W for the BCs of the first kind) in (11) we obtain the following
system of ODEs:

−kjDv̄j(y) + kj v̄
′′
j (y) + ḡj(y) = 0, j = 1,M, (13)

or:

−kjdkv̄j,k(y) + kj v̄
′′
j,k(y) + ḡj,k(y) = 0, j = 1,M, k = 1,K, (14)

where ḡj = W Tgj , dk are the elements of the matrixD, v̄j,k, ḡj,k are the elements
of the vectors v̄j , ḡj .

For (13) we have the following conditions:







v̄j,k(yj) = v̄j+1,k(yj), kj v̄
′
j,k(yj) = kj+1v̄

′
j+1,k(yj), j = 1,M − 1

γ1k1v̄
′
1,k(0) − α1(v̄1,k(0) − c̄1,k) = 0

γ2kM v̄′M,k(L) + α2(v̄M,k(L)− c̄2,k) = 0, k = 1,K,

(15)

where c̄1,k, c̄2,k are the elements of the vectors W TT1,W
TT2. The solution of (14,

15) is the form (7), where aj,k, λk, c1,k, c2,k are replaced with v̄j,k, dk, , c̄1,k, c̄2,k.

For the finite difference scheme with exact spectrum (FDSES) the matrix A
is represented in the Jordan normal form A = WDW T and the diagonal matrix
D contains the first K eigenvalues dk = λk, k=1,K of the differential operator
(− ∂2

∂x2 ). The eigenvectors remain the same.

For the FDSES with the periodic BCs the elements of the matrix D are
replaced in following way:

1) dk = λk for k = 1, N2, where N2 = N/2.

2) dk = λN−k for k = N2, N − 1, dN = 0.
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We can solve the equation (11), using the discrete Fourier series in the
following form:

vj(y) =

K
∑

k=1

aj,kw
k, gj(y) =

K
∑

k=1

bj,kw
k,

Tm =
K
∑

k=1

cm,kw
k,

where bj,k(y) = (gj(y), w
k
∗ ), cm,k(y) = (Tm, wk

∗), m = 1; 2, K = N for the
PBCs, K = N − 1, wk

∗ = wk for the BCs of the first kind.

For the PBCs we can use the real argument expressions:

vj,s(y) =
∗N̄
∑

k=1

(a
(1)
j,k(y) cos

2πks

N
+ a

(2)
j,k(y) sin

2πks

N
) + a

(1)
j,0(y)/2,

gj,s(y) =

∗N̄
∑

k=1

(b
(1)
j,k(y) cos

2πks

N
+ b

(2)
j,k(y) sin

2πks

N
) + b

(1)
j,0 (y)/2,

Tm(xs) =

∗N̄
∑

k=1

(c
(1)
m,k cos

2πks

N
+ c

(2)
m,k sin

2πks

N
) + c

(1)
m,0/2,

where b
(1)
j,k(y) =

2
N

∑N
s=1 gj,s cos

2πks
N ,

b
(2)
j,k(y) =

2

N

N
∑

s=1

gj,s sin
2πks

N
,

c
(1)
m,k =

2

N

N
∑

s=1

Tm,s cos
2πks

N
,

c
(2)
m,k =

2

N

N
∑

s=1

Tm,s sin
2πks

N
.

For the coefficients a
(1)
j,k(y), a

(2)
j,k(y) the solution is in the form (7) (FDSES).

If λk = µk, we have the FDS.
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7. The Solution of the Problem in Two Layers

For 2 layers (M=2) we consider the following parameters: N = 10, y0 = 0, y1 =
1, y2 = 3, k1 = 10, k2 = 1, T2(x) = 0, f1(x, y) = 0, γ1 = γ2 = 0, α1 = α2 = 1,
f2(x, y) = Pδ(y − 2) sin(2πx) or f2(x, y) = P sin(2πx), T1(x) = sin(πx)- for
the BCs of the first kind, T1(x) = sin(2πx)- for the periodic BCs, where P =
10, δ(y − 2)- is the Dirac delta function. In this case the analytical solution
depends only on two eigenvectors X1,X2 and w1, w1

∗. Numerical results in the
y direction are obtained in uniform grid with 6 and 30 grid points.

7.1. The Exact Solution

The exact solution for the BCs of first kind, using two eigenvectors X1,X2,
(sin(πx) =

√

l/2X1(x), sin(2πx) =
√

l/2X2(x)), is in the following form:

{

u1(x, y) = a1,1(y) sin(πx) + a1,2(y) sin(2πx),

u2(x, y) = a2,1(y) sin(πx) + (a2,2(y)− P p1(y)
2πk2

) sin(2πx),
(16)

where














a1,1(y) = C1,1 sinh(πy) +B1,1 cosh(πy),
a1,2(y) = C1,2 sinh(2πy) +B1,2 cosh(2πy),
a2,1(y) = C2,1 sinh(π(y − 1)) +B2,1 cosh(π(y − 1)),
a2,2(y) = C2,1 sinh(2π(y − 1)) +B2,1 cosh(2π(y − 1)),

(17)

B1,1 = 1, C1,1 = −cosh(π) + κ1 sinh(π) tanh(2π)

sinh(π) + κ1 cosh(π) tanh(2π)
, κ1 =

k1
k2

,

B2,1 = C1,1 sinh(π) +B1,1 cosh(π), C2,1 = κ1(C1,1 cosh(π) +B1,1 sinh(π),

B1,2 = 0, C1,2 =
Pp1(3)

2πk2(sinh(2π) + κ1 cosh(2π) sinh(4π))
,

C2,2 = κ1C1,2 cosh(2π), B2,2 = C1,2 sinh(2π),

p1(y) = [0, y ∈ [1, 2]; sinh(2π(y − 2)), y ∈ [2, 3]]

for f2(x, y) = Pδ(y−2) sin(2πx) p1(y) = (cosh(2π(y−1))−1)/(2π) for f2(x, y) =
P sin(2πx).

For the periodic BCs, using eigenvectors X1,X
∗
1 , (sin(2πx) =

√
l

2i (X1(x) −
X∗

1 (x),X
∗
1 (x) = X−1(x)), the solution is in the form:

u1(x, y) = a1,1(y) sin(2πx), u2(x, y) = a2,1(y) sin(2πx), (18)
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where
{

a1,1(y) = C1,1 sinh(2πy) +B1,1 cosh(2πy)

a2,1(y) = C2,1 sinh(2π(y − 1)) +B2,1 cosh(2π(y − 1))− P p1(y)
2πk2

,
(19)

B1,1 = 1,

C1,1 = −B1,1
cosh(2π) + κ1 sinh(2π) tanh(4π) − Pp1(3)/(2πk2 cosh(4π))

sinh(2π) + κ1 cosh(2π) tanh(4π)
,

B2,1 = C1,1 sinh(2π) +B1,1 cosh(2π), C2,1 = κ1(C1,1 cosh(2π)

+B1,1 sinh(2π)).

7.2. The Averaging Solution

For the averaging solution F1 = 0, F2 = P sin(2πx) for

f2 = P sin(2πx), F2 = 0.5P sin(2πx),

f2 = Pδ(y − 2) sin(2πx)

we have two linear algebraic equations (10):

{

(B1 + 1)e1 +B1e2 = a1(U2 − U1)− b1(U1 − T1)
A2e1 + (A2 + 1)e2 = a2(T2 − U2)− b2(U2 − U1),

(20)

where B1 =
G2

G1+G2
A2 =

G1

G1+G2
, a1 =

3
G1+G2

, b1 =
3
G1

, b2 =
3

G1+G2
, a2 =

3
G2

.

The solution of (20) is in the form:

{

e1 = c1,1U1(x) + c1,2U2(x) + c1,0T1(x)

e2 = c2,1U1(x) + c2,2U2(x) + c2,0T1(x),
(21)

where

c1,1 = −b0,3 + b1(A2 + 1)

b0,1
, c1,2 =

b0,3 +B1a2
b0,1

, c1,0 =
b1(A2 + 1)

b0,1
,

c2,1 =
b0,2 + b1A2

b0,1
, c2,2 = −b0,2 + (B1 + 1)a2

b0,1
, c2,0 = −b1A2

b0,1
,

b0,1 = (B1 + 1)(A2 + 1), b0,2 = A2a1 + (B1 + 1)b2, b0,3 = (A2 + 1)a1 +B1b2.
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The solution of the 2 ODEs (9) for the BCs of the first kind can be obtained
using two orthonormal eigenvectors X1(x),X2(x) in the following form:

U1(x) = a11 sin(πx) + a12 sin(2πx), U2(x) = a21 sin(πx) + a22 sin(2πx),

where the coefficients akj satisfy the following system of algebraic equations:















−k1λ1a
1
1 + 2(c1,1a

1
1 + c1,2a

2
1 + c1,0) = 0

−k2λ1a
2
1 + (c2,1a

1
1 + c2,2a

2
1 + c2,0) = 0

−k1λ2a
1
2 + 2(c1,1a

1
2 + c1,2a

2
2) = 0

−k2λ2a
2
2 + (c2,1a

1
2 + c2,2a

2
2) + βP = 0.

(22)

where β = 1 for f2 = P sin(2πx), β = 0.5 for f2 = Pδ(y − 2) sin(2πx).

The solution for the periodic BCs can be obtained using the biorthonormal
eigenvectors X1(x),X

∗
1 (x) similarly to (18) in following form:

U1(x) = a11 sin(2πx), U2(x) = a21 sin(2πx),

where the coefficients a11, a
2
1 can be determined from the following system of 2

algebraic equations:
{

−k1λ1a
1
1 + 2(c1,1a

1
1 + c1,2a

2
1 + c1,0) = 0

−k2λ1a
2
1 + c2,1a

1
1 + c2,2a

2
1 + c2,0 + βP = 0.

(23)

We have the following solution of (22,23):

a11 = (2c1,2(c2,0 + p2P )− 2c1,0(c2,2 − k2λ1))/det1,

a21 = (2c2,1c1,0 − (c2,0 + βp2P )(2c1,1 − k1λ1))/det1,

det1 = (2c1,1 − k1λ1)(c2,2 − k2λ1)− 2c1,2c2,1,

a12 = 2c1,2P/det2, a
2
2 = −βP (2c1,1 − k1λ2)/det2,

det2 = (2c1,1 − k1λ2)(c2,2 − k2λ2)− 2c1,2c2,1,

where p2 = 1 for the periodic BCs, p2 = 0 for the BCs of the first kind.
Since

{

m1(x) =
1

3k1(G1+G2)
(6(U2(x)− U1(x))− e1(x)(G1 + 3G2)− 2e2(x)G2)

m2(x) =
1

3k2(G1+G2)
(6(U2(x)− U1(x)) + e2(x)(G2 + 3G1) + 2e1(x)G1),

(24)
the functions u1(x, y), u2(x, y) can be determined from (8).
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Figure 1: Exact solution
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Figure 2: FDSES solution
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Figure 3: FDS solution
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Figure 4: Averaging solution

7.3. The Solutions of the FDS and FDSES

The analytical FDS solution of (13 - 15) can be obtained in the following form:















v̄1,1(y) = C1,1 sinh(
√
d1y) +B1,1 cosh(

√
d1y), y ∈ [0, 1],

v̄1,2(y) = C1,2 sinh(
√
d2y) +B1,2 cosh(

√
d2y), y ∈ [0, 1],

v̄2,1(y) = C2,1 sinh(
√
d1(y − 1)) +B2,1 cosh(

√
d1(y − 1)), y ∈ [1, 3],

v̄2,2(y) = C2,2 sinh(
√
d2(y − 1)) +B2,2 cosh(

√
d2(y − 1)), y ∈ [1, 3],

(25)

where the coefficients Cj,k, Bj,k can be obtained from (17), similarly the co-
efficients aj,k can be determined, where the values π, 2π are replaced with√
d1,

√
d2, and B1,1 =

√

N/2. For the FDS d1 = µ1, d2 = µ2, but for the
FDSES d1 = λ1, d1 = λ2.
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Figure 5: Exact solution for the
δ− function
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Figure 6: FDSES solution for
the δ− function

For the periodic BCs, using the eigenvectors w1, w1
∗ , (sin(2πxj) =

√
N
2i (w1(xj)−

w1
∗(xj), w

1
∗(xj) = wN−1(xj), µN−1 = µ1), we have the following results:










v̄1,1(y) = C1,1 sinh(
√
d1y) +B1,1 cosh(

√
d1y), y ∈ [0, 1],

v̄2,1(y) = C2,1 sinh(
√
d1(y − 1)) +B2,1 cosh(

√
d1(y − 1))−

−P p1(3)

k2
√
d1
, y ∈ [1, 3],

(26)

where the coefficients Cj,k, Bj,k can be obtained from (19). Similarly, the co-
efficients aj,k, where the value 2π is replaced with

√
d1. For the FDS d1 = µ1,

but for the FDSES d1 = λ1 (we have the exact solution[7]).

8. Some Numerical Results

For the BCs of the first kind the numerical results can be represented in the
following way:

1) f2(x, y) = 10 sin(2π)- the exact solution (see Figure 1), the FDSES so-
lution (see Figure 2), the FDS solution (see Figure 3), the averaging solution
(see Figure 4),

2) f2(x, y) = 10 sin(2π)δ(y−2)- the exact solution (see Figure 5), the FDSES
solution (see Figure 6), the FDS solution (see Figure 7), the averaging solution
(see Figure 8).

We have the following results for the maximal and minimal values Mu and
mu of the u2(x, y) solution (for the exact and the FDSES solutions

Mu = 0.2446, mu = −0.2381, f2(x, y) = 10 sin(2π); Mu = 0.7596,
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Figure 7: FDS solution for the
δ− function
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Figure 8: Averaging solution
for the δ− function

µ = −0.7548, f2(x, y) = 10 sin(2π)δ(y − 2)) :

1) for the FDS and f2(x, y) = 10 sin(2π),Mu = 0.2521,mu = −0.2460,

2) for the FDS and f2(x, y) = 10 sin(2π)δ(y − 2),Mu = 0.7722,mu =
−0.7674.

For the periodic BCs we have the following results:

1) f2(x, y) = 10 sin(2π)- the exact and the FDSES solutions (see Figure 10),
the FDS solution (see Figure 11), the averaging solution (see Figure 12),

2) f2(x, y) = 10 sin(2π)δ(y − 2)- the exact and the FDSES solutions (see
Figure 9), the FDS solution (see Figure 13), the averaging solution (see Figure
14).

Using the different p order (p = 2; 4; 6; 8) finite difference approximations,
we have following results for the maximal and minimal values of the solution
u2(x, y) (for the exact and the FDSES solutions-mu = ±0.2401, f2(x, y) =
10 sin(2π); mu = ±0.7568, f2(x, y) = 10 sin(2π)δ(y − 2)) :

1) For f2(x, y) = 10 sin(2π), mu = ±0.2480(p = 2);±0.2405(p = 4);
±0.2401(p = 6);±0.2401(p = 8),

2) For f2(x, y) = 10 sin(2π)δ(y − 2), mu = ±0.7694(p = 2);
±0.7575(p = 4); ±0.7569(p = 6);±0.7568(p = 8).

We can see, that the FDSES method is exact. It also follows from the
theorems in [7]. The maximum relative error value for the averaging method is
approximately 10%.
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Figure 9: FDSES solution for
the δ− function
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Figure 10: FDSES solution
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Figure 11: FDS solution
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Figure 12: Averaged solution

9. Conclusion

The 2-D diffusion problem in theM layered domain is described by the boundary-
value-problem for the PDEs system with piece-wise constant diffusion coef-
ficients. By the system approximation we obtain the 1-D boundary-value-
problem for the system of M ODEs. This algorithm can be used, for example,
for solving problems of a metal concentration in layered peat blocks.

For this problem the FDSES method provides the most precise results. In
some cases the FDSES method is exact.
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Figure 13: FDS solution with
δ− function
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Figure 14: Averaged solution
with δ− function
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